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Figure 1.1: Rontgen and his first X-Ray exposure
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Figure 1.2: The Electromagnetic spectrum
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Figure 1.3: Linear Tomography: schematic depiction of the method
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Figure 1.4: Linear Tomography: schematic depiction of the method — perpendicular
section
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Figure 1.5: Operation of a CT machine
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E nsnp v ndon 2.1 99N
Figure 2.1: Projection of a set £
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— 00
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(2.2) X, E(z) = X, 1g(x)
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(E-H

NP2 199 ,YOP NN M DMIPN OY NNIAPN TIIN X ,NNNP NN £ N¥Ipnv 0non oN
NN ,TYNN2 NNNVY YD . NTNRN NANNL THY PRI TIN DY 0»DY02 DMHYINI PINDNY IVAN MY
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wu €S D7 X, F=X,E" 1E € F oxw > (E2nu7nn) S noio 09 nyiaz 1nay
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Figure 2.2: Two (convex) sets with an identical projection in the u direction
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ORI WA NV DY DTN (NN IP) DMOYN  (PNPN) INYHN DTN DY 2.3 IPNX
MNY MYLN NPND MNN INYNN DWYY ,NPYNKI VN NNTIV NN MY SOV PYKIN DO

INPNRN DIWYN DY ITNND DXPXN M2
Figure 2.3: The deformed unit circle (dashed): The circle (solid line) is enlarged in
the second and fourth quadrants, and made smaller in the first and third quadrants.
Although it seems otherwise at first glance, the deformed circle must have projections
in the direction of the axes that are different from those of the original circle

IXJN2 NINNX D'7'02 IX

(2.5) /oo P(z)dz = /oo Q(y)dy

—o0 — 00
, N0 N2 WTNN O'XIND TAXY D10N (2112 .([21]72 nnoin NX1) 7217w D'XIN Tax 72771
22 700 air 11 Q(y) L P(x) “w 137 a2 woxn 'n13nn 'xann xin (2.5) 'xanaw jion

NX1270 NT'A7 DY 002 Y 0N (2.5) '0ax v AT 017N D ,NN"I0N NXIA7 7Y D'1'XN
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Figure 2.4: Example of a switching component
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Figure 2.5: Rectangle inscribed in a circle
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Figure 2.6: The circle is the union of circles inscribed within it: example of three of the
rectangles
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Figure 2.7: A circle is not determined by its projections in a pair of non-orthogonal
directions

: 119 D) DOXIN ,DIPNN M YW NIPN D P72
S a0t NIZoN TV NITTAN NIXI2ZN 2 NYA7 NA0ITRSS X7 16 0avn
:NPDVITN MY NNY PIYN VIVN [9]72 NN T

((z,y) € E <= (—=x,y) € E i)y 1'¥7 n'on* mon'on uw'na 9ia E n'n' 17 vawn
DA D71) 20 TR-S XN E 't (11131 '7IX) Yo7 (N2 y 1'X7 2X0 W' 0V 17¢ NN 7D N1
J11'2 DX D700 X127 XIS AWXD (S (112 1'NI70Nn NITITAN NIXIAEN 22 TN UTNY? (N1

.0'9011 DNY7> DD IYI TN

m,x E = {(z,y) € R? : 22 < g(y)*} v 72 g nPT0 N9 ¢ 1o mninnm N
(14.3.1 P97 32 VAV NN NN J92)) DY PN NN INY MON MDOVIN E NN 0

DN ,12199) MHYNIN TIT DNYII DN DWW WY a1 # as i = 1,2 ,a; # 0,y + a;x = 0 v
PVOY (YN IN TN PN ND
1

ag(al — CLQ)

1

0< g0 —a* = (9 ~ ) + s

2
Y+ asx
@102 2—a1) ( 2)

2
(y + a1x)” +
Wt asr = 01y +arr = 0,270 P8 P1IY MIAN) ,MININ NN DI NPIPND DI NI PR PN
AN IND
[

NTNYY DIPYIDN DN,y ™) 2 DXAX)T DM NN DINMI MW DINPIY TUNRD NN NINNY 9
SUOHY PO TN PN VAVNI NTIND PN DY TN

[73 Ty ,11] YT .1PNIIN NN L,YOP NID ¥ XY 282 9NN TINNY 07PN VIVNI NNINN
D0 DN MY T 2 PP O T-DY NYAPI KOV (DNY 1IN DY DY) NYIVL DY NnNT IXIND

VIVNN NOYIMN [ NPDVFTRN NNON DY NN TINDD 7PNNTIDIIVY NPLININPND D)2
: TINAN NIPONN NYAPNND ,2MWY DY NINNND



27 MNP MNP MY 2.3

[271 N'2'0'TXS X' N0 W2 DNY7D DY D' NYIZY 7Y NXI27 S N'NN 1 Aypon
.S 7w DD N0 TV NITTAN NIXIZZN (20 NYA7)

NYPDVYTIRNOININ (DN NP NY KW NIPNRY TINIL) S N0 DMPI NXIIAPHY 210 DIWY ¥ 1IN
DD DYDY DI RNV I INY [, NTY PR INNYY DPNIIN DININ DPX NONN ININ
DO PYWHY DY NNYON27S IPRY NINY IWIN TR PPOYTX NINY PON ,0TIP 1KV 199)
PDVTNS D) NN IPON™27S 91 9OV NN [10] DT 2PN 270 P80 57/6 ,7/6 ,0 nyiva
IDNIPN TN PPN TN

N8P NN UNIND I E DTT0 N8EIP NN DT MNP UK DY 9279 nyd Naw
DO NN AMN M MIPR2 .E-5 NNt XD DX MYVN NIy PITaY oW E' naon nmIn
DNYI2 £ E 5w m50nnv Ind02w 1IN DY 1INY JWON DX NONVYM TN £72 09NN
2.1 9992 4 7ITHIN N L(DON DTN DY NNIAP XTI TY) MY E'7) £ DX P9 DX MINT 19N

: N2 LAVN NN NI [10] DTN

910 D'IN'D NXI7 QX DTV NIN'X7 NIN1I NIXY DTN NXI2;7 NN'i7 18 VaVN

DOYOINND DY IN™)2 TIVOK NONY ,TPVPIDIP NXIAP KON VIVNT NN NYIND 3T NN TN NONT
,MTIPY DV IPMD NP NINY NP0 299775 DINPIY AWRIY XN NININN MNINND 1PYIN DOV
7'901 DM NP DX IX,S MNMIN TN NNV MNP KOV NXIAP NN T DOIDINY N0 DN
AIN DI NIY D) NPT D¥ON MOV NP SO DAN7

DN VIVN IR ININD NI DT

DD AYIZY TV DITHTAN NIXIAZA (120 DIA'K7 (N1 N7 V7N 7> 19 vavn

NVIDY YT DY NYNNPN MNP PO NN I NP G0 DOV ININY 27 VIVN NN TYHINL DN
NI MY TSNY ,NPTTHN MXIAPN Y P20 IMNY DY 12T0W TI2 N PIN SNINN VAVYHIN .DNPD
LDOYDIND MNIY P NTIY INNDINY TI2 1NN WoN

MNP MNP MY 2.3

,MTTRN MNAPN DI PN NNIAP NI MIVAND DY TIND NI WD ,0TIPN PI192 1PNV 19D
9792 MAIP DXMYY , 00N . NNYN NN DYPY9DNI DMNIIN DININ DIVIT DN NYI MHVND)
NN NP NHPP DRN NYTY DIPNYNI ,IVP NIV NPYPR NN 1TNYI DIOIN NMNY NNINNY
PIRY (NYYND 1IN NMOPN) NMINN MNP NPV OV MY ,MNMN MOVND NNINNNN 1D
NN MOVNY NOIRNDY MPYP

NNAYN NN DMIMNANND PDY MNP NNAVND TUND DN MONRY DY YD Ny HpY 971nn
,YOPI NN NP NOMN JIPY XIN MNNP MKIAP HW NYUNIN NI20 NI . NDPN MNP
NYPY NN MY NNNDP MNP INNY DY MXNINDND PON OOIN .NI0N DTN NXIAPA XD
MPHNPHN INY

YTFHY INYNID DN JIPMDVN TINND MNNIP NPNLHD MNE AP IN INYD 1) XNN MONYN
IND PP XYN2 (AMS) NpPvRnNnd MIPINND NH2NN YW 0111 ,196171 [15] P. C. Hammer
.DINNA M DV NPN NP 92010 [11] DY 1 P99 .02 DXIINND 1NDIIN XY 29 IPNN YN¥IND



TPHODINI MMV .2 P9 28

1P OXPOIW [3, 4] VDY TNX DI ¥ MNP MNIN NNIVN PN MM NINYIAY 17121010
TN NOY NPOPVI DY IWPNL D) 11T DIV MDY MNP MM IT-HY 157 HY ©ONN
(D»2n99) DYNYIN) DMNNP DX DY DIPNIDLNI DI19V2

PYTY DIV IRV O MNP MSIAP NINY DY DTN DOVAVNIN DY NP N2 DY PI1
DP’90) D»NIIN DININ DIIT> XD DU ,ONN XYND IPNNNY IXRHD MNIND IRV NPYA 19010
[11]72 M9 NT PYDA DXVIVNT 21D NN DN NIWN MOV IT-DY NNNIP NP INNYD

NP NP Y HY DN MNY MNYLANY S DN MR PoN  2.3.1

DN MXIAP WINI IDIZI 7 NY NNDNY P32 MIVINNDY .S DINNI MNP 1IN PIDY) DT PYyDa
SS0192 PMYLNN NP NXIAP 22 HY TN TNV MNVINY NI S
NP NXIAP DI HY TN NITNY INVD MDDV 12 DIV NI 1INV I90N PRY 2D DIWY TWAN T

DY DUNEZ 07X QY D'AYZY 1D 0'UY DU 0 W AXAg nntizn € N 757 20 vawn
17X D11'22 NI70N [NIX DY

SV ,(272 MDY, MYIN 1 Y2 KW YOINND DY DINDI : NVIV NHNT NP ST-DY NN ININN
W DNPIN NN TNN DT .MYON 21 5¥2 YOI8n XN Q'Y Q DY Mmpn Q"1 uow /1711110
DTN Q'Y Q HY NY PP MOVNNY MINIY Y ION MY

NANNY .S NXIAPY NIN NN NN MIPDN : DTIPN LAV NNDIN DNON TN NIVN I NPT
NP NP 22 DY TN MNNY NYVIND NDID NN DTN Y2IND DY MYINN MNP DY NP NN

TPNNNIDIV NN ¢ DX : NPV TPPAN 7PY2 NN MDIAPN MOLNND NMNYN YA |19 DY 5
DONP YN G~Y PPN WX, U P12 MYV NN DY DI0P 029N 01 K7 K-w 13,0290 mI»IN
K'Yy ¢ K mmnnne yan ,0°572pn DWOP HY DN P2 ONY DY 90 ,0°9%2p0n DINPY DOY2Iapn
DONTN DY TPPAN PNNIIODII0 NYYIN YT-IY ININD .du P2 MOV JMN MY MNP N
: IN2N MIPONN NX DOPION ,NRTIPN

,1'OXT7701wn V71X 7Y NIY7XN 211D NYIA7 W NXIA7 NN XN S D11 NYIA7 DX 2 AYpon
N'OX-7721wn Yy7ixn) S 111> 732 NI70N NIX DX NINRY NINY NINNAZ NIXI2Z ‘DY NN 7 TR
(772100 y2i1¥n 7w 'nw75 N11OX N'¥NID01I0 NNN NANAN KIN

NON ,TNY NITIND 22900 ONIN P KXY NI D7IN ONIND 9109, XN D) 112 TINN VIVNIN
:2N997 NN D)

V7IXn QX 7w NIYy7¥n NXIA7 7w X7 Nn N1'XY 0910 7Y N'9I0 NXIa7 S 1NN 21 vavn
.S D212 N'NI7ONN NI NXIAE 72 DITN ITNY? (N1 'TX . D'OX~771UN

T HY AN INMNNDT 1D KINND I ANV NI NN TN ,[12]72 NHIUNID NN DT VIVYN

Y DN IPNI-S NIN G PINTRY NP YIINNY DPTHIN DT NID DININN YY) [32-37 DTy ,11]

Q 5V U Q0N TPTP UMD u P2 U TITIWNIN,u € STY,Q YV TPTP v DN : NI NNINN DX Y
:WPIANN LAYNT NN NN THXAY NNIYV SNY DI IN

D7 X ,S 2 ni7on nix oy K' K 0w pMingz 01913 9w w7 niTnt 'X DX .1
.1M7137-S V7ixn



29 MNP MNP MY 2.3

2590 Yy 09onon , KAK' 5w mwp 2557 DNPY : MDOPIIVONIP NN I YO NN
IVAN) NYAPY TY ,D2PIN INWYD N 0327590 NINDN 191,000 TN 292 MWD qNa MmN
YOINN DYINY PN DYDY DY T2I1ON N1V DIXIND  IYND DYDY DY 9D 9900 (NDINY

RaPA R

“7o1un Yy7iyn 7w Ny i 7w 7w nxiznn Xin S X ,M7121°S y2ixn 07 DX .2
.J11'OX
SV NUIDNK NITO M2 NINNNY (5] 1297 DY MY N> NNY DY NODIANN MYLN NN
IN LR, 70ar-5951wn NINY Y2I8Na Nn»omy  )DNMN ¥0INNa NDNNNRY 09007 DYINN
NNIAP~NN DN .S MNPIV X NN ,NTTOL DOYIINNN 9 113 »HNI-S NI D) 1Y D12 YoIN
POV WY 2D OOV MDY 1 DY H9IWN YINND R ONX LR DY DINDIIND MYONN PO HY
9991 Y918 DY DINDITRN MYIST NN PTI 0N MYIS 21 HYa DIWN Y9I8Nn HY Mmyosn
5¥2) TPPANHINWN YOIND DY MYINN MNP DY NXIAPNIN XN STY YN 199 MY n bya
AMyoN 2n

9N DI MTN2 N 7PN IVARY ¥T5 .S DMIPIN NP DY P2301D) YNIIN ONIN NNYN 197)
£ ¥ Y2 VY92 .S DNMIL PMOVNIN NP

NXI12/7 QX X, UNEZ QI3 7D 7 TN UTNY NIYOXA 01" NYAIX 7€ NIN'YION NIXIAT7 22 VOUN
.XT NIWOXN NI'X (NIND IX) D' NWITY 7@

TINNN NN THPPAN PPNV Y=YV PPN NP0 NI DM VIV DY NXIAPY N2
,DTIP PRIV 2901 MYON MY UIVN DY MIYONN MO0 DMWY DIMNPI IOV DI Iy 1)
MY0N NN NN DONNY MYIX MY DIVUIIWN MY DIY’ 1IN DNV

DN, NP 9N DI OV TN INNYY MPXADN DN NYIIN DY NIDINDN MXIAPY MININD 7T
D99IVN YOIND MYON P DY PPN NN NPND MDD NOY DINPI NYIIN DY MNP WY
: DWW NYIIN DY (cross-ratio) 2195-0n> P 1NY XN )PYIN

(53 — 51)(84 — 52)
(54 - 81)(83 - 52)
SV UMY I0199) MION 1901 XN DD2IWN YOI MY MM Y 51950 OndNY oo [11] 9T
OV NXIAP D120 LIPPAN MPXNTADITV YTIDY 19V 91957 DNINVY 19Y,(D3I0V DINTPN DY DI
TMYONN MM HY NXIAP™NN NPND NI NN PIINTND) Y0ITINDIIV 91957DN> DY DI NYIIN
JPPAN-DYIIVN YO8N DY
(PLITINDITV DID-DN’ DY) DN NYIINY NNDINY 1IN, NDVPITVONP NN DN VIV NN
MO0 NN PN NN XINND 1) T NXRIN XD TN ) PMOVNN NP N 9D MNYD DYP*90Nn
NYIIND MOVN MNMIVI) DIPNDN DMIPN OYUYN NTNYD XTI WNNY DIPINON NN 3 P92
MOLN MNMIVYI (P XD TR) VI, TPV NN NNV DIPININ NN 4 P2 IWVIDN NINY,DIND
DN NY2IN2
DOWINNDN PN, NMNYN MTNIR DY NMINDINTNAIN Y NI MM XOV DN NP, N
:(VOICiC HW 97102) NNAN IRNIND DX X210 [11] DTN .0TIP IPNIY (D722100) DXAINN

(S1y...,84) =

D'W7I¥NN 1901 .NOXT70IwN Y7IYn 7w nwoxn D 7w nxiaznn S Nnn 23 vawn
N'7X1¥121907X NINS7 171V S D' NI70N [NIX DN7 W'Y , NIY7Y 1 17V ,0'99IN"X71 D'INZN
.n oy



TPHODINI MMV .2 P9 30

NOV ,7DOYYINT DO NPYIY NXIAP 11290 )T DIV, POIT 22 VAV TPNIPY Y2 v
DI MY DINPIZ DX D) YWYN J9IND 1997 (X2N VIYN NPINY 193) NNAY N7 ,NYTN DINN
SV MDY NORY DY TIY . 7PIN XY /AP DNIN TIOND NDIDY MLP 1PNV NV
Y PI9 TVUNNA MDY dYa

NN (DY DY INNX 1901 555 DX TN MTN> NNNN NIV NPYIIN MDY NN MNIND ¥T
: N2 LIVNT NN DIWNN

DA77 0'912 2w 0'"j7 DX "NYNA" XN 021 n 7@ NXIAZY 0T 09WN )IX7, 1K1 24 VaYnN
.0'21N10 024122 NI70N [NIX DY 0'NY

,INNX D'7'02 .0'01'0 NI'™n AN1A2 N9I9Y X' 01D 7¢ "NIviNa"n nirn-n NXI27 'TX
D2 X7 (ul)? " P limy_ oo uf = u; ,uf nT0 W TN DN N e ANz (u)? | OX
.k 727 "nyna"

M2 .0 < 0 < ) 27NN P DT PP Y PG IIND RONY ITINT NN PTI PPI DI NN
DN 122 7N DMON U3 NP DAY DN 7 YW NPDINXT NI NOIY NN DY DMNINY
NIV MPONN NYAN ,/NYIINNY N T DY NPDINKT MDD JIY NPNT DY DN 7771 DOV NN
Rabeilap)
70010 XYY 70 O NI MDD Y (2 = 1...7n) §; NN DY DN N DNN DX ,JON)
NNRY MDY 2k DY 550N Y2180 DY HoN0) ON DaN (D30 my) 0; = Er v T2k gmwn
TPNHN M N30 0 < me < k535 Zm PPTAIN PIIYOS NPMAIN,T PN )PP PIYISH
)29 .91 Y9INNN DY MYINN MNP HY NP NN DN §; DNYON 19D .(3—}; NI MYON 2k DY YoI18na
SV NOT 97N DO NXIIP L2 MIPONN
[

09199 %IYA JPMIVNN MNP MHAP MY 2.3.2

(D MPN DXNN PAR) NHIP 9N DI DY TN MNYD P90 KD DN N GRY INXI DTIPN Pyl
NI [27] VOICIiC nwynd 150 91TNDY DN XOYW DI NNDP DXND N2 MINDIVT ¥ DI It Do)
NYAPNN PITY DN .8 NN XD (NNN) DINPD NXIAPY) NPTIN MNDNTN NP NNXIYY
NN NP TN PITY TWIN ,DONPI NT JNIND IR MOV 30 NPTNIN MINDTIY NWIINN

: N2 12192 ,1)9) NT INITYA DN 721

NIXAZ 7¢ N1IN72 TIN'K X' DX NIYXIY NNIA0ZA NXIZ2 (101 2N0102) NYI27 18 AN
N1207N NXIA7 7Y D'7wWnn X' DX N'ZXIT'TY NXY71 AXIA7  .0I7R DIY2 NISIDY [I'XY
.NIYUN

.NININD NIXI2j7 7¢ N2 3NN X' DX G5 NXIj7 NXIA7

NPXMLVY DY NPNYNT MNNBPN MHAPN ININ NN DM2TH NN POY DOV VNN 2NN
NYNT VDN MNP 237 DY PNIYNT 1IN NI PIPIRITTY NIXIAPY YITH 2D . GNTOND
NTIPI DO NYY 2NIH2,9191) MTIPIN 2 NN NN VN AN NNNAN NP DNDY 2IWND TWIN
0N PITY TN ,NNAPA NP OTOY PD N 2092 NTIPI DI 1IN (TPNIVIN NXIAP THINNH
7217 AN NODID NONY TPYY TOIND NYP TR ,NNAN NI DPIINNIN NXIAP ,OWND Y WNNn I¥O2 INvN



31 MNP MNP MY 2.3

NN D) (D5IPNITIND DI0NN) NYY DIIWNM TN DI NNV MIVP NNNNY ,NYYND : DI9DDN
1991,M107 NP NN NIYKI MINVPN NXIAP 1T 7Y NIM TPONITIY NP DY NITHNN .99
.M07 NH2PY VI, 2NN MTIPIN 2T DX NNV NXIAP NN TPONXIDIY NP

,MN2YN NIND) NN G5 NXIAP NPIIN NN DN P DN IPONITTI N7 NXIAP , DOV VN NN
[158—160 ©>Ty0Y ,25]72 ,oWnH

NN NN DN NN NINYD INN) MMNHNPN MNP 7217 JORY NININY [, NXIN LIV
[11]72 D) NN¥NDI NITION NNIN TN ,[28]2 NHWNXID

D'211'22 DA'NI70N 'T'~7V D'W2j73¢ 0™UNZN 091N 7D NYI2j7,0'1W D' 1Y [NIN2 25 VOWN
.(9UTOIXN Nj70N DV, NN NNINMEA NIXaEN 2anm) K2 anma niximm X 1w

NI OPMYVLN YT-HY DOWIAPIV DINNPN DN DI NNIAP NN JID) : NI NI NINNN PPV
29011 YNI1ON OUNITYY D-w MNIND >T2 ,05% 2 N0 K2-w 2oon D > 15y )im oo
MY G5 NN D-w mNINY

MIND MNP DY 7INTJ2 TINN I, F, XD DYwnnw ooxIn Gy o0 D-v mxny »1o .1
NN DNPININAMOVN MR IV Y K 0»pw 75 K 09090 n¥1ap o0 D Ov odownn
MovN IMN 0Y ,P) K 0»pw 13 K ¢ D 0y )npn Dann n¥iap nong 4, o »mnn s
1/(n+1) <H(K,K') <1/nwn < 6(K,K') < n+100»pnqonawv (0m»on »va
Mo NN Ay, 9w ooy K2\ D = U, A,"w M2

ININY ¥ NIV DY G0 OITDY NNRP PN DI 2990 IWIN PN DN ,NINAY D~w MININY T .2
Y2187 2999 IPOM PON P HIPYNY 91 D2 21PN N2 .DOINMN DMNPIL PMDLNN TN
PMOVNN TN MNYY 1N XINY DIXIN)

MNP MNP DN 2.3.3

DM ,NDP PN DI DY TR NINY DIVIANAY DN DY 921D TWIN NN 1K DINTIPN DPYDI
NP PPN NNY NP IRNIN OXPNYN OXPYY .0¥NNPN DXANN 21 DY TN INMNY DMIVANDY
K75 Ny NN DR MSVN NIYA PIT0 03I KT 900 NP 90 PN WURIND T INNsY K
DY MOLNNY INVDY DN DM 1IN WH DN K72 DMONN DN PN2Y IMN Y NIPN
17N XD P 9N GRY IV DN IMDI) D0y K K X ) OX Mt 19 oooa K K
.2.19992 4 710 NI (100 1ON D192 MYV 1NN

NV PYD HY MNIN2 D) .NDIDN DXINPI NXIAPA NDOPON"NA NXIAP HY NITHIN PN 2.2.1 Pyoa
YD DM NXIAPA NNPIONTI G0 PTIND YN (D NNPN DXANN NNYN PN DINNDP DX MINY)
S DM NXIAP DMNOIT-IY (TN NINY) NIPNRY JN1I NI Y N S

S-) S o2 nn'ona xin K unjz 9w X1 .n'o10 0> nXiaz S ntnn 15 091n
DN'T777,1173) K -2 0'nionn D'unz 0'W7ixn 7w 0'n'1o0 Tin'X XN K 029 DX (inscribable
.Sa onnmn TNX? N727n Dn7w vy DY (K now 7y

Va1 K 'rx .S D22 nn'onT2 unz i K N ,n'oi0 DI NXIA7 S NN 26 vavn
.S 02 1'ni7on Ty (NNinzn NIXIEN ('2n3) NiTnia



TPHODINI MMV .2 P9 32

Uz

/.

Uy
<op

@ MIVIIVNRN : 2.8 TPN
Figure 2.8: The isometry ¢
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Figure 2.9: A convex polygon that cannot be verified from two directions
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Figure 2.11: Second case
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Figure 2.14: Example of reconstruction of a shape different from the rotated square
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Figure 2.17: Finding a parallelogram inscribed in a square
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Figure 2.18: The two triangles laid one beside the other
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Figure 2.20: The two triangles, before and after the transformation
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Figure 3.1: Reconstruction of an ellipse using Gardner’s algorithm. € = 5 - 1072
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Figure 3.2: Reconstruction of the same ellipse: ¢ = 1073
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Figure 3.3: Reconstruction of a generalized circle with power 1.6: ¢ = 5 - 1072
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Figure 4.1: Testing whether a line and segment intersect
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Figure 4.2: Finding the intersection of a line and segment

92105,V MOVNN Y as a1 IYNRD
(4.3) a; = (pi,n)

D27y NI D) MNVI2N NN NI JNIV AN, 022190 DI ay a1 "IV NPT 2D TINN YW DXY PPN
: DYOYMN
5] —
(4.9) a=a——+ p———
a9 — aq as — aq
.(4.3),(3.1)7 TMHYTHINA VIOV TIN (4.4) TINN o AWINN NN
YINNN NN DXPTINY DOYINNN DY (NNHMN YIPN) TN DY DDINPNN DI NN DINNIN 1T NN
D22VYNN N NTO NNYD) ,NNY @ ITO TN THIND DNINPNHN NN DITON IN .MM PNIAOVN
DOYTY YN8 DY NIYNID NONNI JIPNIYI 1D NID JPYIN NI YIPHY MPINN INOPN NN
VN DYI NYND JIPNIYI NI YOPI PIAVYNL NT YOINND MDY NNPY W YIINNI N7 NOVNNIY
TUNRN MY DT YOINND MY NN PNIVNI NNPD PX0IND W NNN NN JIPNY DOYTY ,NT Y0I18na
D2151 D91 7N2Y NV NT JIXI INIY NX TNIN IPONX YNNIV NN NT DIMINVIRY 1IN . )IPD
NN PNIVNI NNPD ¥ PNAOWUN YOINNI DWYDINND NV TINA JIPN DNIY DOYLPA .OMNPIY DX DMN
JOPN THIND NMINN DIDD
.(pseudocode) TIPITINDID NYI ININ NX22) ,NMPIXN HPVPN 1IN DMININ NN PNANY ¥T
TITPN 559 AWNY N9 r 17D DMITIDN DXNINN DY intersections[] TIvn PRIV NI NN PN
990170 NI I NP YOP IR (N TINNA THNIY DT XIN YI8N NN) polygon (o) alpha ym
NN O TNND YNAUN YOINNN DY MINN TNV XINY ,mass

do i=1..npolygons
inpoly[i]=0
enddo

density=0
mass=0
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do i=1..nintersections
/** unless we are at the first point, add the contribution to the *x*/
/** mass of the previous section of the line ** /
if i !'= 1 then
mass = mass + density*(intersections[i].alpha-intersections[i-1].alpha)
endif
if not inpoly[intersections[i].polygon] then
/** entering a polygon *x/
inpoly[intersections[i] .polygon = TRUE
density = density + polygon[intersections[i].polygon].density
else
/** exiting a polygon */
inpoly[intersections[i] .polygon = FALSE
density = density - polygon[intersections[i].polygon].density
endif
enddo
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Y P9 PON MO0 N 1290 4.3 TN
Figure 4.3: A rectangle inside a body that is symmetric relative to the y axis
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@ngiveup 100000 # options start with an "@"
polygs/balll.6 # the file defining the original layered polygon
150 1.0 # guess polygon: one layer, 50 points, density 1.0

300 0.0 1.0 -1.2 1.2 # rays: 300 in direction (0,1), from -1.2 to 1.2,
300 1.0 0.0 -1.2 1.2 # 300 more in direction (1,0) from -1.2 to 1.2.
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VIN2 MIDN NYYND KXW NN NION INND TN I3 XINND MYY 7INNINNHN DNPINON NI
2NONNNN
1) 2.5 P99 NN NNNRPRIN NN DN NODP 12,0720 MNY HY NNSIN DONXID 4.5 9PN
INY 1P JON PNIN PN Uz, u; DN OMNNI2 MOV INMIN VY PNPN IP) MDD NN XD (NI
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Figure 4.4: Reconstruction of a generalized circle using Minverse
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Figure 4.5: Reconstruction of a square using Minverse
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Figure 4.6: Reconstruction of the ”mushroom”

DIONNY NV MINTNNIM JO2) (1 D TI2 DIVN) PPN NNIX NYRIYY TPADNNN YINDND NNIND
MIN ON N PN

NP DY NYTV 797 DIIPN NNYA 4.5 TPNRND NNNN NN NNNN 2.5 P92 NI20NY 295 ,NVYNd
NPYIDYO TOIT OMT T NADN NIIND MLVNINI Y19 XINNY IPDM TOINX PN PVIIND 19N
JPI0NING 7PNV XYNL 1PN ©I1IPNH

20 NNTY [problems/2dir-al voPN NP

polygs/oct-square2
150 1.0

100 0.1 1.0 -1.5 1.5
100 1.0 0.2 -1.5 1.5

NVIYI NI TNV D03 NN NMNX NN TYND TN NINY HY 7PIINNN DY V1T LY 1PNV 9D
PRIYN IPNN YD ANNY 913> ©I2PN .ANNP XY TN ,(DI20D DY NITNYD DNV »TD ,111231D)) WP
,(NINP NIPNI P21 NN Y1227 1N MDVN JNMINX TN IPXIY NIDNN NN ,NNNTY) 1Y DINN2
SO TNV LY 1ORY DMIPNL VIV IRNY DD INPND GO

DMMDNN) DN NYN PMIVNN NIV NNT ,NNIPND G0 DY INNY NXIN 4.6 IVON ,DDINTY
23N 9NN TNV JONY DINXIT,NT NIRRT INNYN MITN DX MVRN VIV VT KXoV NN (APNa

: [problems/mush1i]

polygs/mushroom-1
150 1.0

100 0.1 1.0 -2.3 1.5
100 1.0 0.3 -2.0 2.0
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Figure 4.7: Reconstruction of a circle with a hole

0N QY NS MNY  4.3.2

TNYY MDY DIWINNDY ,0"NAOY O'Y7I¥XN NPND DWINAN NN DIANPND NN 19YIN ,NNND
DINN D531V DMNINN TV AININTN NN DIPINNY ,DIVIIND 1901 VI YT-DY D THNN DN
MY DY TN DNV 1 MDAN DY G ITNYI IONNIL ON,IPNTY (UXIND IYVIT) IVZP MDD
YOIND POYNDY 1 IMPANY YOINN DY PNV YOINND APNY (VINDN) NIVNN YN NN P X L0
—1 moaxv

convex Y¥ Y0197 NIPNA IPAN) DN DY MNP YW MNYN MTNY — N3 DINNA MIINNND
IPNN D5 NNNY D12 DIYN 199 ,INTRY N1 NN — (MNP NN DY DONNP DY) DNV ,annuli
LIVN TINDI ,DPNYN DXNN DY DXNNP DXIN NINYA POW [1] INNWD SWHHW DD G0N ,)PIYN
YINY DONIN ON DN 7N MIVN NNYI MTIPI 7 NN NV NNV IDINY (0NN DY)
G0N NN NINYD YT NWITT,NNINT) MOV 1 NINY2 O12)HYN DXIN 12 OY NP PN NNYD TWINY
(TPYANTDDIWN YINND MYDN MNP DY NNIAP NN DIN DINPINY )ISY NNOPN

ROV DNY NN DY ,2 HDPTI THPYNIL NIV INYN NIV 91 INNY NN INIYRI NIIT
LD DYV PIMDOLNN VN NN MY 01PN PR IXIN 4.7 IR .0.5 10171 (0.6, —0.3)2
NP DT IRNN DN .1 DPTI2 MHWUNIN 2520 DI2)HYN DN DIOYIINNN NIVY 7PN INYRIN VINDIN
YT DYDY P DN IND DMNIN NV (D81 2113 NIVY) 1252 DN MDY VIV YD D)

: [problems/cic3]

Ongiveup 1000
Ongiveupmult 1.5
Q@guesscircle_rad 1.0
Qauto_recenter
polygs/circle-in-circle
250 1.0 50 -1.0
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Figure 4.8: Reconstruction of a decagon with a decagonal hole

300 1 0 -3.0 3.0
300 01 -3.0 3.0
300 -0.5 1 -3.0 3.0

PN 4.8 PN IR :DIIWN VIV NIN DIV IIN IDNNIY HIWN TV INTNY RO NADN NPT

,POYTRN VN TINGD 2P D27 YOINNN .NNIYINTOYNI NN TNV INNNN YIINNNY DINI)

NV TN PITI MY NI, NIIWNN TPNPND DY THOM-MOVPN INYIYM NINVPN PIYTN H9H1 TN
: [problems/ami] 1NN YoI180N SV

Ongiveup 1000
Ongiveupmult 1.5
Q@guesscircle_rad 1.0
Qauto_recenter

@initvar 3
polygs/a-more-interesting
2 50 1.0 50 -1.0

300 1 0 -3.0 3.0

300 01 -3.0 3.0

300 -0.5 1 -3.0 3.0

DX2AIDN DM OXNN MY DY 210N NI INNY NN [problems/2did1] naon Nt

PRI IRNIND MOOM ,TPVIX TIND DI DIPINIRD NMDIOND N DONTL 4.9 PN ORI 192

PININ DY DIdDNNY DINNTN DNPINONRY 917122 OOXIT T D) X, APININ MOVND 229010 MINT NI PrIy
RANGT
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Figure 4.9: Reconstruction of a square with two square holes

MPYP R NS MY 4.3.3

DN MNYD MOLIY DYD NPIVMINIT TPAMVIMVN MVLOV DY NIWNY 11 WTH NII0N 2.1 Pyl
YOV IN T290 NP IMPANY WY, DION YT NN, PIIY M) : IR MIDIN YY1 DXIN2
NN TN TAN NIV TNN YY 727) 1991 NPNYIN 1N NOY MLIVN . NINN NN TNV DOWPI N2
G0 NTTRIYV MOVNN NN PONNY 1PN ,DXPY> DIYNNNI TITAD 1N GNN DY THINNNN INNN NN
NINXIN 9N PVLIZND NN NN PN DY THINXNT INNN D MOIAPNN PIY "MNINKDN” MOVNNN
INDD YNPNRD N IND NN PPTI NINY MIPHRT GON M2IAPNN PIY MPVNN PPTI NN NONN

DNPRN NN M>ANI 90IN2

PPN SVIPYTRD IR ,DTIPN PYDL IPVYY 13D WP NIV KXY NN MDY T 7PN
TNYY MDY 9N SVIY .55y 1IN dND 92T — 991N YN 98 1IN N W NIV IMYHnYnY
YNII D221 1210 ¥ 5575 912 DN MY DNINNY NYPYPTIDINN MY DVND NPYP KD NN
92770 DN) Y218 D3 MY NN (MPYP 257 71 Y9I 5I) NIV Y218 DIYIINNN 1900 NN
(©>1NN 52 HY MANN N2 571N MAINN NN NNPY IR WY NP MAN DY 911 071N

(4.10 9PN DOYPNPN DNP DX DINYN) NODINND NAINNY NVPYPR XY NS NNPY N1
9IYNN NPNPND IIIPI) MO KD AN INNA, [problems/noncon2] NOHW PYNIN MNINWYN 11D)
DIPINON PTHY MNPN DI NNONN DY NIO0N NN 12 NN (0.7772 NINY X ,NTID INOXN
Y NNDIN NPIZNN ND 1T TR ,DOYDINNDT MY P2 NPYINK NN NDN DINNY DINYY .7PSDIPNN
PANNNINIY NI TN .TIND M0 MOV NN MNP NMNIY NI MNIPN DIPN (AP YN IN)
NONNN IDIPN DN NYPIN,0 TY NTID NIINN NPT N> NI 2INYD NOPONN P2 IINN DY
INIOY OONZHN DINID NAYY NNYYNN XD DINTIPN DIXMYDI NININY 193 WTNND 7PNIININ
DN NIDPY YT NWPI N MNP DIDPHN TN PINY

DPTI2 DODHYN NN DPNIYRIN YINDIN OYDIND MY AN NNPOVI DAPNN DT 20PN DN
DIPININ 192 ,NNT MPAN DXWINNDN MWD N NNNTIY NN M2 TINIPYN 7yan .1wxia 0.5
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Figure 4.10: Unconverged reconstruction of a disconnected shape

MNYUN ,2IYN DY YIAINNDY N 1PN TAR) DOYDINHDN Y PPN DY "O¥INNDY NYPNN TPSVI1IN
TPNIPHPN NONNNOIT-DY YN NINININD 19D .DMIY NN NIND NDIN DIVIINDN THNY ,(NOMONN DY
N HY99Y) M1 WIng) 11apY P (0, 1)72 1591 DY TNNY IPYRIL TN : NNV 15702 DINPY MY DY
NMINL P —1 < 2z < 1.5 ©INN2 MINYDI NNXD ONY 1OV MIPN : MOVNNNA (PITH NPNY PIN
: [problems/noncon3] .4.11 9PN NN : PN PPTI DIDNN DMININD ,PYIY .0 PID DN

@ngiveup 1000
Ongiveupmult 1.5
Q@guesscircle_rad 0.5
Q@guesscircle_cx 0.0 1.0
Q@guesscircle_cy 0.0 0.0
Qauto_recenter

@initvar 3

polygs/noncon

250 1.050 1.0

2001 0 -2.5 2.5

200 0 1 -2.5 2.5

200 -0.5 1 -2.5 2.5
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Figure 4.11: Converged reconstruction of a disconnected shape
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minverse.c

#include <stdio.h>
#include <math.h>

#include ”layered_polygon.h”
#include ”xray.h”

#include "nrutil.h”
#include ”stats.h”

#ifdef CONVEXPENALTY
#include ”convex.h”

#endif

#include "minverse.h”

#define TENSION 50.0 /x AST (artificial surface tension) 50.0 x/
#if 0

#define QUITENEAR 10.0

#endif

/* the check_guess routine accepts two parameters: the guess (a vector of
doubles) and the UserData - a structure containing the information of
HOW to check the guess (i.e. what should the rays be) and some more
fields for statistics

*/

typedef struct {

RaySet xrs; /* pointer to an *evaluatedx rayset (with evaluated results)
*/
LPolygon lp; /* a base polygon, i.e. a polygon with the same structure
as the required polygon solution (number of polygons,
points in each one) with all points being the vectors
the coeeficients in the minimized vector multiply.
Currently this polygon is set to a equal angle rendition
of the unit circle
*/
RaySet tryrs; /+ a rayset with same rays as rs, but the check_guess may
evaluate into it */
LPolygon sresultlp; /+ where check_guess may put it’s guess polygon. it’s
usually the lp given to minverse. NOTE IT IS A
POINTER!! «/

/* the following variables are used for statistics and outputs x/
int neval;

83
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int restarts;

double lastout; /* value of neval when last output a picture */

double mind; /* minimum delta (value of function) encountered */
} UserData;

static void guess_recenter(double *d, LPolygon lp);
static void output-minverse_result(double xguess, UserData xud, double d);

static double
check_guess(double xguess, UserData *ud)

int k,i,j;
double d;
double penalty=0;
/* realpenalty variable - for theoretically plausable penalties (i.e.,
ones for which the real solution will have penalty 0 - like the
unconvezity penalty, and unlike the AST penalty.
Typically, such penalties will be small, since they should not
effect the beginning of the convergence to the solution, but at the
end they should move us to the correct one.
*/
double realpenalty=0;
/* unpack guess into result polygon */
k=1;
for(i=0;i<ud—resultlp—npolygons;i++){
double centerx,centery,r;
double oldr,r0; /* for artificial surface tension x/
centerx=guess[k++]; /* center of radial polygon */
centery=guess[k++];
/x AST (artificial surface tension) is still experimental. It also
may not be good, since it tries to make circles out of shapes which
are NOT. The TENSION should be chosen somehow to prevent that.
perhaps a second derivate surface tension (SDATS) will be better -
we wants the sum of numerical second deritives (”sudden direction
changes”) to be minimal. */
rO=oldr=guess[k]; /* for artificial surface tension x/
for(j=0;j<ud—resultlp—polygonsli].npoints;j++){
r=guess[k++];
#define ABS(x) ((x)<0 ? -(x) : (x))
penalty+=ABS(r-oldr)*TENSION; /« for artificial surface tension x/

if(r<le-6){

/x We can’t allow a negative radius, so we give a penalty for
one. The penalty is currenty arbitrary but should be changed
to something continuous. If continuous, how do we choose
the constant? It should depend on typical r scale. Perhaps
the non-continuous is better, but then we should use a
multiplying penalty, not an adding penalty. then we don’t
need to stop the penalty - when the real function value is
0, multiplying it by a penalty doesn’t hurt!

*/

penalty+=5000«ABS(r);

fprintf(stderr,"penalty for negative radius: %g\n",5000xABS(r));

statPenaltyNeg++;

r=le-5;

}
/* ud.lp contains radius vectors (set in minverse(), to
equal angles
*/
ud—resultlp—polygons|[i].points[j].x=

centerx-+r * ud—lp.polygons[i].points[j].x;

ud—resultlp—polygons[i].points[j].y=

centery-+r * ud—lp.polygons[i].points[j].y;

oldr=r; /* for artificial surface tension */
}

penalty+=ABS(r-r0)«TENSION; /* artificial surface tension */
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#undef CONVEXPENALTY

#ifdef CONVEXPENALTY
realpenalty+=0x(ud—neval/10000.0)*convexPenalty(ud—resultlp—polygons|i], centerx, centery);

#endif

}

/* now that we have the guess polygon in *(ud.resultlp), we evaluate the
rayset
*/
xrayset(x(ud—resultlp),ud—tryrs);
/* now calculate the distance between this rayset results and the given
ones in rs
*/
d=0;
for(i=0;i<ud—rs—nrays;i++){
double e=ud—rs—rays|i].result-ud—tryrs.rays|[i].result;
#undef INFNORM
#ifdef INFNORM
#define QUITENEAR 0.1
if(ABS(e)>d) d=ABS(e);
#else
d+=exe;
#endif

}

/x We ouput a picture if two conditions are true: the current d is
lower then the minimum d got before, and at least some number (1500)
of evaluations have been done since the previous output.
This ensures two things:
1. outputs are not too close to one another
2. each output is not random, but shows a result which is guaranteed

to be the best result got until now.
S
/

if(lud—neval > ud—lastout+1500 && d < ud—mind){
output_minverse_result(guess,ud,d);
ud—lastout = ud—mneval;

if(d<ud—mind) ud—mind=d;
/* add the penalty, unless quite near or the penalty is big */
#ifndef QUITENEAR
#define QUITENEAR 20.0
#endif
#define BIGPENALTY 500.0
#define ENDOFPENALTY 5e3 /« stop the penalty after some time. */
#if 1
if((d>QUITENEAR && (ud—neval < ENDOFPENALTY)) || penalty > BIGPENALTY)
#else
if('lud—restarts || penalty > BIGPENALTY) /«xx TRYING - penalties until restarts +x/
#endif
d+=penalty;
else {
penalty=0.0;
d+=penalty;
}
d-+=realpenalty;
if((ud—neval%100)==0) fprintf(stderr,"%d: %g (of which penalty: g,
realpenalty=¥%g) \n",ud—neval,d,penalty,realpenalty);

ud—neval++;
statEval++;
return d;

}

/* miverse takes a complete rayset (i.e. the result field should be set for
each ray), and tries to find a layered radial polygon which best fits
this data. This polygon is put in the given Ip variable (which should be
preallocated with the number of polygons and points you want), and
currently the density (In a future version, we can try adding the densities
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to the unknown vector too, and see what that gives us).

*/

#define CONST_PI 3.14159265358979323846
void
minverse(RaySet dataRays, LPolygon lp,

const struct minverse_options *opts)
{

double *xp,xy,a;
int ndim,i,j,k,m,count,ngiveup;
UserData ud;

ud.resultlp=&lp;

ud.rs=&dataRays;

ud.neval=0;

ud.restarts=0;

ud.lastout=-1e6;

ud.mind=1e77;

/* copy the rayset to a place where check_guess may evaluate */
NewRaySet(ud.tryrs,dataRays.nrays);
for(i=0;i<dataRays.nrays;i++){

ud.tryrs.rays[i].ox= dataRays.rays[i].ox;
ud.tryrs.rays[i].oy= dataRays.rays[i].oy;
ud.tryrs.rays[i].dx= dataRays.rays[i].dx;
ud.tryrs.rays[i].dy= dataRays.rays|[i].dy;

}
ngiveup=opts—ngiveup;

/* The minimization problem has the following parameters: they are the
centers of polygons in lp (2 variables for each polygon), and one
radius for each point in Ip. we must count them (and put the number
in ndim), then allocate and set the matrices needed by ameoba by
some initial guess for a polygon.

We also copy the size of Ip to the userdata.

*/

NewLPolygon(ud.lp, Ip.npolygons);
ndim=0;
for(i=0;i<Ip.npolygons;i++){
NewPolygon(ud.lp.polygons[i],Ip.polygons|i].npoints,lp.polygons[i].density);
ndim+= Ip.polygons]i].npoints + 2;
for(j=0;j<lp.polygons[i].npoints;j++){
double tet=2xCONST_PI/(lp.polygons[i].npoints)j;
ud.lp.polygons][i].points[j].x=cos(tet);
ud.lp.polygonsli].points[j].y=sin(tet);

p=dmatrix(1,ndim+1,1,ndim);
y=dvector(1,ndim+1);

/* pack initial data into vector p[1]. Later this initial data might be
given to minverse (this stupid inital data make all polygons the same
circle - although the radius and centers may be given as parameters.

*/

k=1;

for(i=0;i<Ip.npolygons;i++){

/* initial center x/
p[1][k++]=opts—guesscircle_cx[i];
p[1][k++]=opts—guesscircle_cyl[i];
for(j=0;j<lp.polygons[i].npoints;j++){
/* initial radii x/
p[1][k++]=opts—guesscircle_rad;

}

/* use ’goto RESTART” if you want to restart using a different initial
polygon. Before doing the goto, however, remember to set p[1] (as
above) to the polygon you want (or leave it as is to restart the
minimization from the current guess
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*/
RESTART:

/* optional: find a new center when restarting minimization */
if(opts—auto_recenter){
/* output the new polygon before recentering (useful for debugging)
*/
output_minverse_result(p[1],&ud,check_guess(p[1],&ud));

guess_recenter(p[1], ud.lp);
/* output the new polygon after recentering x/
output_minverse_result(p[1],&ud,check_guess(p[1],&ud));

}

/% We have an initial guess, and we need a whole ”simplez” of guesses,
so we make perturbations on the initial guess, in one of several
optional ways:

*/

switch(opts—initvar){

case 0:

/* make the rest of the initial matriz, as suggested in page 306 of
NRC lambda is taken as 0.5 (this should be an option or something!)
This tends to create large ”spikes” in the guess polygons, and
measures such as the AST (artificial surface tension) should be
taken agains this problem.
*/
for(i=2;i<ndim+1;i++){
for(j=1;j<ndim;j+-+){
if(j==(i-1)) p[i][jl=p[L][j]+0.5;
else pli][j]=p[1][j};

}
break;

case 1:
/* an alternative to the previous kotiz x/
for(i=2;i<ndim+1;i++){
for(j=1;j<ndim;j++){
int dist=ABS(j-(i-1
if(dist<5) pli]jj=p|
else pfi][j]=p1][j};

));
1][j]40.5/ (1+dist);

}

}

break;
case 2:

/* This was the only option activated in older versions, so it
remains the default for backward-comatibility reasons. While
the justification for such a method of perturbation is dubious
at best, it actually produced very good results in many tests
(while appearantly causing nonoptimal results in others).

*/

for(i=2;i<ndim+1;i++){

for(j=1;j<ndim;j++){
int dist=ABS(j-(i-1));
#define FA1 0.5
pli] j]=p[L][j]+FAL/ (1+dist);

}
case 3:

/* This option also tries to circumvent the "spike” problem present
in initvar=0, but unlike initvar=1 or 2 it gives a much better
treatment to the “center” variables which are treated independently,
and to multiple polygons (also treated independently).

This is the recommended option (it is NOT the default, for
backward-compatibility reasons).

*

/
#define CENTER_P 0.5 /x size of perturbations. maybe these should be x/
#define RADIUS_P 0.5 /% options. x/
#define RADIUS.S 1.0 /« the bigger this is, the sharper the spikes will be x/
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for(m=1;m<ndim;m++){

k=1;

for(i=0;i<Ip.npolygons;i++){
int minpolyg,dist;
/* center z coordinate */
pm+1][k]=p[1][k] + ((k==m) ? CENTER_P : 0);
k++;
/* center y coordinate */
p[m+1][k]=p[1][k] + ((k==m) ? CENTER_P : 0);
k++;

/* is m inside the next polygon? =/
if(m>k && m< k+lp.polygons[i].npoints)
minpolyg=m-k;
else
minpolyg=(-1);
for(j=0;j<lp.polygons[i].npoints;j++){
/* if m is not inside this polygon, leave this
polygon as is, otherwise add to it a smoothed-out
spike.
*/
if(minpolyg>0){
dist=ABS(j-minpolyg);
/* make dist cyclic =/
if(Ip.polygons|[i].npoints-dist < dist)
dist=Ip.polygons[i].npoints-dist;
p[m+1][k]=p[1][k]| +RADIUS_P/(1+dist« RADIUS_S);
} else {
plm-+1][Kl=p[L]kl;

}
k++;
}
}
}
break;
default:
fprintf(stderr,
"minverse(): got invalid value for initvar option (%d)\n",
opts—initvar);
exit(1);
break;
}
/* evaluate the check_guess at the n+1 initial vectors x/
fprintf(stderr,"checking initial %d guesses: ",ndim+1);

for(i=1;i<ndim+1;i++){
y[i]=check_guess(pli],&ud);
fprintf(stderr,".");

fprintf(stderr,"done.\n");

count=ngiveup;
if(amoeba(p,y,ndim,le-5,check_guess,&i,&ud,&count)){
fprintf(stderr,"s*** amoeba converged\n");
} else {
fprintf(stderr,"**x* amoeba did not converge\n");
}

/* choose the best p[i], move it to p[1] where ’goto RESTART’
expect the initial condition to be.
*/
k=1;
a=y[1];
for(i=2;i<ndim+1;i++){
if(y[i]<a){
k=i;
a=yli;

88
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fprintf(stderr,"Best of simplex guesses: node %d: %g\n"\k,a);
for(i=1;i<ndim;i++){
p[1][i]=p[k][i];

#if 0

/* smoothing */
k=1;
for(i=0;i<Ip.npolygons;i++){
k++; /* leave center alone x/
k++;
for(j=0;j<lp.polygons|i].npoints;j+-+){
/* initial radii x/
k++;
if(j#0 && j#(lp.polygons|i].npoints-1))
DILK]=(p[1] (k- 1]-+2p[L][K]-+p{1][k+ 1))/4.0;

#endif

}

ud.restarts++;

/* multiply ngiveup by opt->ngiveupmult so thar next time we’ll let
the minimization algorithm do more iterations before restarting
it.

*/

ngiveup = (double)ngiveup * opts—ngiveupmult;

goto RESTART;

/* clean up */

free_dmatrix(p,1,ndim+1,1,ndim);
free_dvector(y,1,ndim+1);

/¥ TODO: FREE LPOLYGON UD.LP as well! %/
FreeRaySet(ud.tryrs);

/* In the minverse algorithm, the parameters that the minimization algorithm

*/

tries to find are the center of the polygon, and the radiuses at fized
angles.

There’s a problem, however, that it’s hard for the minimization algorithm
to correct a ”"bad” choice for a center, because moving the center moves
the entire polygon. Sometimes, when the initial guess polygon is very

far (and off-center) from the correct polygon, the center doesn’t move
fast enough, and may even be very close the the boundary of the polygon -
in which case we start getting "negative radius” penalties to try to

fiz that problem.

The following routine can be use whenever the minimization algorithm is
stopped and restarted - to choose a new center for the polygon (currently,
simple average of the polygon’s points), and resample the polygon at the
given fized angles from the new center.

Note: the d vector must start at 1, as used in the minimization

algorithm above (see check_guess) and is a packing of the centers and
radiuses. d is the output too.

#include ”spline.h”

static void
guess_recenter(double *d, LPolygon lp)

{

double x*p;

double ncx,ncy;

int np,i,j,k;

double x*r, *t;

struct splinedata *sd;

p=d+1; /* d[0] is undefined */

for(i=0;i<Ip.npolygons;i++){

#define CENTERX p|[0]

minverse.c
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#define CENTERY pl[1]
#define RADIUS(n) p[2-+(n)]
np=Ip.polygons[i].npoints;

fprintf(stderr,"recentering polygon %d. 0ld center: Y%g %g\n",
i,CENTERX,CENTERY);
/* calculate new center */
ncx=ncy=0;
for(j=0;j<np;j+-+){
ncx += CENTERX + RADIUS(j)«lp.polygonsli].points[j].x;
ncy += CENTERY + RADIUS(j)x*lp.polygons|i].points[j].y;

ncx/=np;

ncy/=np;

/* prepare arrays vfj], t[j], where t[j] is the angle of the
J’th point relative to the new center, and r[j] is the radius
relative to the new center. Note that it is the real radius:
it should be divided by the norm of Ip.polygons[i].points[j]
before being kept in the RADIUS array.

*/

r=(double x)malloc(sizeof(double)x(np+1));

t=(double *)malloc(sizeof(double)*(np+1));

for(j=0;j<np;j+-+){

double x, y;

x = CENTERX + RADIUS(j)«*lp.polygons|i].points[j].x - ncx;
y = CENTERY + RADIUS(j)«lp.polygons[i].points[j].y - ncy;
/* find angle in [0,2PI] x/

t[j]=atan2(y,x); /* atan2 finds in [-PI,PI] */

if(t[j]<0) t[j]l+=CONST_PIx2;

r(j]=saqrt(xex+y*y);

[+ fprintf(stderr, "t,r[%d)=%g, %g\n” g, tfil,rLi])%/

}

/* reorder t,r: make t increasing. Note that if polygon is around
the center just once, there is only one point of non-increasing
and we need to fix that - but in fact the polygon might not
be star-shaped from the new center... We ignore this problem
and force it becoming star-shaped (albiet, maybe a little
different!)

We use a stupid simple sorting because this operation is done
only a few times during the algorithm.

*/
k=1;
while(k){
double tmp;
k=0;
for(j=1;j<np;j++){
if(e[j]<t[j-1]){
tmp=t|j];
t[j]=t[j-1];
t[j-1]=tmp;
tmp=rlj];
rfjl=r[j-1];
r[j-1]=tmps;
k++;
}
}
}

for(j=0;j<np;j++){
tprintf(stderr,"t,r [%d]=%g, %g\n" j,t[i],r[i]);

/* again the first point =/
t[np]=t[0]+2xCONST_PI; /+ probably 2xPI %/
r[np]=r[0];

* check that t is increasing (this can’t be false after our
g
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}

sorting above!)
*/
for(j=1;j<np;j++)
if(6[j] <t-1)){
fprintf(stderr,"WARNING: GUESS_RECENTER FAILED - T ORDER\n");
free(r);
free(t);
return;

/* note: 0 is given to prepare spline as adhoc. the real condition
would be to make the spline circular, with the two ends actually
the same point */

sd=prepare_spline(t,r,np+1,0.0,0.0);

/* resample the spline, calculating new radiuses and putting them
m .

*/

for(j=05j<np;j++){

double tt;
/* at what angle to sample? x/
tt=atan2(lp.polygons[i].points]j].y,
Ip.polygons[i].points[j].x);

if(tt<0) tt+=CONST_PIx2;
r[j]=interpolate_spline(sd,tt);
if(r[j]<0){

fprintf(stderr,"WARNING: GAUSS_RECENTER FAILED - NEW R<0\n");

free(r);

free(t);

free_spline(sd);

return;

}

/* finally copy the results back into the vector =/
CENTERX=ncx;

CENTERY =ncy;

fprintf(stderr," New center: %g %g\n", CENTERX,CENTERY);

for(j=0;j<np;j++){
RADIUS(j)=rlj];
}

free(r);
free(t);
free_spline(sd);

p+=np+2; /* skip to next polygon */

/% output_-miverse_result outputs the latest minverse layered polygon in

*/

a gnuplot format suitable for the ’gp5’ viewing script.

static void
output_minverse_result(double xguess, UserData *ud, double d)

{

static int noutputs=0;

FILE xfp;

char fn[512];

int ii,kKk,i;

double centerx,centery;
extern char problem_name][[;

fprintf(stderr,"outputting polygon... %d\n",ud—resultlp—npolygons);
sprintf(fn,"out/0UT%d",+-+noutputs);
if((fp=fopen(fn,"w"))==NULL){
perror(fn);
} else {
fprintf(fp,"# %d %d %g A%s ",noutputs,ud—mneval,d,problem_name);

minverse.c
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/* output centers (similar to unpack code in check_guess) */

kk=1;

for(ii=0;ii<ud—resultlp—npolygons;ii+-+){
centerx=guess[kk++]; centery=guess[kk++];
kk+=ud—resultlp— polygons[ii].npoints;
fprintf(fp,"%g,%g ",centerx,centery);

}

fprintf(fp,"\n");
_outputLPolygon(#(ud—resultlp),fp);
fclose(fp);

sprintf(fn,"out/XX%d",noutputs);
if((fp=fopen(fn,"w"))==NULL){
perror(fn);
} else {
for(i=0;i<ud—rs—nrays;i++){
fprintf(fp,"%d %g %g\n",i,ud—rs—rays[i].result,ud—tryrs.rays[i].result);

fclose(fp);

printStats(stdout);

minverse.h

#ifndef INCLUDED_MINVERSE_H
#define INCLUDED_MINVERSE_H

struct minverse_options {
int ngiveup; /x after how many iterations give up the minimization,
and restart it with new perturbations. */
double ngiveupmult; /* every time we give up, we multiply ngiveup
again my ngiveupmult (so that next time we’ll
let it run for more iterations) x/
double guesscircle_rad; /+ radius of initial guess circle =/
#define GUESSCIRCLE_MAXN 10
double guesscircle_cx[GUESSCIRCLE_MAXN]; /* centers of upto 10 polygons x/
double guesscircle_cy[GUESSCIRCLE_MAXN];
int auto_recenter; /* recenter when restarting minimization x/
int initvar; /* type of perturbations to make on initial guess to
create the guess simplex. */

b

void minverse(RaySet dataRays, LPolygon lp,
const struct minverse_options *opts);
#endif

mainb.c

#include <stdlib.h>
#include <stdio.h>
#include <math.h>

#include ”layered_polygon.h”
#include ”xray.h”

#include "minverse.h”

double RadPolyg_circle(tet,id)
double tet,id;
{

}

/* file format:
# some comments
# and more comments

return id;

92
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*/

@options

polygs/polygontocheck

3 50 -1 50 -1 50 1 <- definition of guess polygon
50 0.1 1.0 -3 3 <- rayset

50 1.0 0.2 -3 3 <- another rayset (more until EOF)

int loadProblem(prs,plp,pguesslp,popts,fn)
RaySet *prs;

LPolygon xplp;

LPolygon spguesslp;

struct minverse_options xpopts;

char xfn;

{

FILE xfp;
int c,i,nrs;
double g;
char s[80];
struct {
int nrays;
double dx,dy, c1,c2;
} def[10];

if((fp=fopen(fn,"r"))==NULL){
perror(fn);
return 0;

/* swallow comments and '@’ options in beginning */
fprintf(stderr,”
while((c=getc(fp))=="#"||c=="Q"){
if(c=="){
while((c=getc(fp))#’\n’ && c#EOF) putc(c,stderr);
putc(’\n’,stderr);
} else { /* '@’ options x/
if(!fgets(s,sizeof(s),fp)) goto FAIL;
if(!strncmp(s,"ngiveup ",8)) {
if(sscanf(s,"ngiveup %d",&popts—ngiveup)#1) goto FAIL;
} else if(!strncmp(s,"ngiveupmult ",12)) {

if(sscanf(s,"ngiveupmult %lg",&popts—ngiveupmult)#1) goto FAIL;

} else if(!strncmp(s,"guesscircle_rad ",16)) {

if(sscanf(s,"guesscircle_rad %lg",&popts—guesscircle_rad)#1) goto FAIL;

} else if(!strncmp(s,"guesscircle_cx ",15)) {

if(sscanf(s,"guesscircle_cx %lg %lg %lg %lg %lg %lg %lg %lg %lg %lg",

&popts—guesscircle_cx[0],&popts— guesscircle_cx[1],
&popts—guesscircle_cx[2],&popts—guesscircle_cx[3],
&popts—guesscircle_cx[4],&popts—guesscircle_cx|
&popts—guesscircle_cx[6],&popts— guesscircle_cx|
&popts—guesscircle_cx[8],&popts—guesscircle_cx|
)<1) goto FAIL;
} else if(!strncmp(s,"guesscircle_cy ",15)) {

l; |
4], 1
6], I,
8], |

if(sscanf(s,"guesscircle_cy %lg %lg %lg %lg %lg %lg %lg %lg %lg %lg",

&popts—guesscircle_cy[0],&popts—guesscircle_cy|[1],
&popts—guesscircle_cy[2],&popts— guesscircle_cy[3],
&popts—guesscircle_cy[4],&popts— guesscircle_cy[5],
&popts—guesscircle_cy|[6],&popts—guesscircle_cy|
&popts—guesscircle_cy[8],&popts—guesscircle_cy|
)<1) goto FAIL;
} else if(!strncmp(s,"auto_recenter”,13)){
popts—auto_recenter=1;
} else if(!strncmp(s,"initvar ",8)) {
if(sscanf(s,"initvar %d",&popts—initvar)#1) goto FAIL;
} else {
fprintf(stderr,"unknown option line @%s\n",s);
goto FAIL;

1,
I,
]7
l;

6
8

}

if(c==EOF) goto FAIL; else ungetc(c,fp);

reading %s...\n",fn);

mainb.c
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fprintf(stderr," —==========mmm reading done.\n",fn);

/* read polygon file name x/
fscanf(fp,"%s\n",s);

if(!loadLPolygon(plp,s)) goto FAIL;
fprintf(stderr, "Polygon loaded: %s.\n",s);

/* read guess polygon size (in the future we might make this a file name) =/
if(fscanf(fp,"%d",&nrs)==1){
NewLPolygon(xpguesslp,nrs);
for(i=0;i<nrs;i++){
if(fscanf(fp,"%d %lg",&c,&g)#2) goto FAIL;
NewPolygon(pguesslp—polygonsli],c,g);

} else goto FAIL;

/* read rayset definitions */
nrs=0;
while(fscanf(fp,"%d %lg %lg %lg %lg\n", &(def[nrs].nrays),
& (def[nrs].dx), &(def[nrs].dy), &(defnrs].c1), &(def[nrs].c2))
nrs—+-+;
fprintf(stderr, "%d raysets found.\n",nrs);
if(Inrs) goto FAIL;

for(c=0,i=0;i<nrs;i++)
c+=def[i].nrays;
NewRaySet(*prs, c);
for(c=0,i=0;i<nrs;i++){
eqdRays(prs—rays+c, defli].nrays, defli].dx, def[i].dy,
deffi].c141e-10, defli].c2+1e-10);
c+=def[i].nrays;

fclose(fp);
return 1;

FAIL:

}

fclose(fp);
return 0;

char problem_name[100];

main(argc, argv)
int argc;
char sargv[];

{

LPolygon Ip,guesslp;
RaySet rs;
struct minverse_options opts;

double dx,dy,ox,0y;
double d,weight;
int i;

FILE xfp;

long seed,time();

if(argc#2){
fprintf(stderr, "Usage: %s problem-file\n", argv[0]);
exit(1);

/* Default options. The choice of defaults is mainly for backwar
d-compatibility with old problem setups, is are NOT necessarily the
best.

*/

opts.ngiveup=5000;

924
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opts.ngiveupmult=1.0;

opts.guesscircle_rad=1.0;

opts.auto_recenter=0;

opts.initvar=2;

for(i=0;i< GUESSCIRCLE_MAXNj;i++)
opts.guesscircle_cx[i|=opts.guesscircle_cy[i]=0.0;

if(!loadProblem(&rs, &lp, &guesslp, &opts, argv[1])){
fprintf(stderr, "Failed loading problem file %s\n",argv[l]);
exit(2);

strncpy(problem_name,argv[1],sizeof(problem_name)-1);

outputLPolygon(lp,"out/gp¥%d.dat",1);
xrayset(lp,rs);

/* show the configuration of the problem, to be viewed by view5 x/
outputLPolygon(lp,"out/main5-polyg",1);
debug_xray=fopen("out/main5-rays","w");
xrayset(lp,rs);
#undef NOISE
#ifdef NOISE
#define E 0.05/ /* mazimal error 5% =/
seed=time((longx)0);
srand48(seed);
#define RANDOM ((drand48()-0.5)%2«E) /+ random number in [-E,E] */
for(i=0;i<rs.nrays;i++){
rs.rays[i].result x = 1I4+RANDOM;

#endif

fclose(debug_xray);
debug_xray=(FILE x)0;

fprintf(stderr,"minverse options: ngiveup=%d, guesscircle_rad=lg, "
"auto_recenter=Y%d, ngiveupmult=j%g, initvar=¥d\n",
opts.ngiveup,opts.guesscircle_rad,opts.auto_recenter,
opts.ngiveupmult,opts.initvar);

minverse(rs,guesslp,&opts);

exit(0);

layered_polygon.h

/% A layered polygon is 2D shape composed of multiple overlayed polygons
of various densities. A density of point is the sum of densities on it.
For example, a hole within a unit density polygon will be in itself a
polygon with density -1.

This formulation will allow, for example, a hole to "move outside” the
enclosing polygon during minimization iterations, without causing fatal
errors only because such polygons cannot be represented. Of course a
real solution will finally have the hole xinsidex the other polygon.
%
/
typedef struct {
double x;
double y;
} Point;

typedef struct {
int npoints; /* number of points in polygon x/
Point *«points; /* polygon’s points. the last point is connected to
the first in the polygon */
double density;

layered_polygon.h
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} Polygon;

typedef struct {
int npolygons;
Polygon xpolygons;
} LPolygon;

/* use NewLPolygon to allocate a n-polygon Layered-polygon in the variable Ip.

use NewPolygon to allocate a n-point polygon with density d FOR EACH of the

polygons in the LPolygon (Ip.polygons[i]).
*/
#define AllocateLPolygon(lp) ((Ip).polygons=(Polygonx)malloc((lp).npolygonsxsizeof(Polygon)))
#define NewLPolygon(lp,n) ((Ip).npolygons=(n),AllocateLPolygon(lp))
#define AllocatePolygon(p) ((p).points=(Point*)malloc((p).npointsxsizeof(Point)))

(

p
#define NewPolygon(p,n,d) ((p).density=(d),(p).npoints=(n),AllocatePolygon(p))

layered_polygon.c

#include <stdlib.h>
#include <stdio.h>
#include <math.h>

#include ”layered_polygon.h”

/****************************************************************************/
/* puts a radial polygon in Polygon p, based on the function f (with second
parameter id so a similar f can serve a few polygons) sampled at equidistant
angles (as many as there are points allocated in p), and moved to center
(centerz,centery).

*/

#define CONST_PI 3.14159265358979323846
void SetRadialPolygon(p,centerx,centery, f,id)
Polygon p;
double (xf)();
double id;
double centerx,centery;

int i;

double r,tet;

for(i=0;i<p.npoints;i++){
tet=2xCONST_PI/(p.npoints)xi;
r=f(tet,id);
p-points[i].x=centerx+r+*cos(tet);
p.points[i].y=centery+rxsin(tet);

}

/* a more advanced version */
void SetARadialPolygon(p,centerx,centery,rot,f,id)
Polygon p;
double (xf)();
double id;
double centerx,centery;
double rot; /+ rotation (1/2 means 180degrees, or 2PIx1/2 radians)
rot must be between -1 to 1 x/

int i;

double r,tet;

for(i=0;i<p.npoints;i++){
tet=(1.0/(p.npoints)i + rot);
if(tet>1) tet-=1;
if(tet<0) tet+=1;
tet=2xCONST _PIxtet;
r=f(tet,id);
p-points[i].x=centerx+r*cos(tet);
p.points[i].y=centery+rxsin(tet);
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/* for example, with the following function,

*/

/****************************************************************************/

/*

*/

double RadPolyg-_circle(tet,id)
double tet,id;
{

}

one can do:

NewLPolygon(lp,2);

NewPolygon(lp.polygons[0],10,1.0);
SetRadialPolygon(Ip.polygons[0], 0.0,0.0, RadPolyg_circle, 2.0);
NewPolygon(lp.polygons[1],10,-1.0);
SetRadialPolygon(Ip.polygons[1], 0.0,0.0, RadPolyg_circle, 1.0);

return id;

outputL Polygon outputs an Lpolygon in gnuplot format.
example usage: outputLPolygon(lp,” output%d.dat”,7)
the resulting file num must be less then 512 chars long.

void outputLPolygon(lp,filetemplate,n)

}

LPolygon lp;
char xfiletemplate;
int n;

int i,k;
char fn[512];
FILE xfp;

sprintf(fn,filetemplate,n);
if((fp=fopen(fn,"w"))==NULL){
perror(fn);
return;

}

for(i=0;i<Ip.npolygons;i++){
for(k=0;k<Ip.polygons[i].npoints;k++){
fprintf(fp,"%g %g\n",lp.polygonsli].points[k].x,
Ip.polygons]i].points[k].y);
}
/* and return to the first point, and leave an empty line for the
end of polygon
*/
fprintf(fp,"%g %g\n\n",lp.polygons|[i].points[0].x,
Ip.polygons][i].points[0].y);
}
fclose(fp);

/* similar, but doesn’t open the file. should be called in outputLPolygon

instead of replicating the code */

void _outputLPolygon(lp,fp)

LPolygon lp;
FILE xfp;

int ik;
for(i=0;i<Ip.npolygons;i++){
for(k=0;k<Ip.polygons[i].npoints;k++){
fprintf(fp,"%g %g\n",lp.polygonsli].points[k].x,
Ip.polygons[i].points[k].y);

/% and return to the first point, and leave an empty line for the
end of polygon
*/
fprintf(fp,"%g %g\n\n",lp.polygons|[i].points[0].x,
Ip.polygons][i].points[0].y);

}

/% compact format for saving and later inputting LPolygons. note that

layered_polygon.c
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the load allocates the new polygon =/
int saveLPolygon(lp,fn)
LPolygon lp;
char xfn;

int i,k;
FILE xfp;

if((fp=fopen(fn,"w"))==NULL){
perror(fn);
return;

}

fprintf(fp,"#LPolygon\n%d\n",lp.npolygons);
for(i=0;i<Ip.npolygons;i++){
fprintf(fp,"%g\n",Ip.polygons|i].density);
fprintf(fp,"%d\n",lp.polygons|i].npoints);
for(k=0;k<Ip.polygons[i].npoints;k++){
fprintf(fp,"%g %g\n",lp.polygonsli].points[k].x,
lp.polygons[i].points[k].y);

}

fclose(fp);

}

int loadLPolygon(plp,fn)
LPolygon xplp;
char xfn;

int ik;
FILE xfp;
char s[80];

if((fp=fopen(fn,"r"))==NULL){
perror(fn);
return 0;

}

fgets(s,80,p);

if(strcmp(s,"#LPolygon\n")){
fprintf(stderr,"not a polygon %s: %s",fn,s);
return 0;

}

fscanf(fp,"%d\n",&plp—npolygons);
AllocateLPolygon(x*plp);

for (i=0;i<plp—npolygons;i++){
fscanf(fp,"%1g\n",&plp—polygons|i].density);
fscanf(fp,"%d\n",&plp—polygons[i].npoints);
AllocatePolygon(plp—polygons[i]);
for(k=0;k<plp—polygons[i].npoints;k+-+){

fscanf(fp,"%lg %lg\n",&plp—polygonsli].points[k].x,
&plp— polygonsli].points[k].y);

}

fclose(fp);
return 1;

}

void freeLPolygon(lp)
LPolygon lp;
{

int i,k;
for(i=0;i<Ip.npolygons;i++){
free(lp.polygons|i].points);

free(lp.polygons);
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Xray.h
#include <stdio.h>

/* a single zray: has o direction (dz,dy) and origin (ox,0y). Note that the
origin is only used for the affine translation - the specific origin point
is mot 1mportant

*/

typedef struct {

double ox,oy,dx,dy;
double result;

} Ray;

/% a set of X-rays */
typedef struct {
Ray srays;
int nrays;
} RaySet;

/* use NewRaySet to allocate a n-ray rayset in the variable rs. */

#define AllocateRaySet(rs) ((rs).rays=(Ray+)malloc((rs).nrays+sizeof(Ray)))
#define NewRaySet(rs,n) ((rs).nrays=(n),AllocateRaySet(rs))

#define FreeRaySet(rs) (free((rs).rays))

double xray();
void xrayset();
void eqdRays();

extern FILE xdebug_xray;

Xray.c

#include ”layered_polygon.h”
#include ”xray.h”

#include <math.h>

#include <stdio.h>

#define EPSILON le-14

FILE xdebug_xray=(FILE x)0; /x set to a file pointer to see the lines zray
does */

/* xray returns the integral of density of polygons a line.
the line is a vector (dz,dy) starting at (oz,0y)
MAKE SURE THAT (dz,dy) is a normalized vector. Xray currently doesn’t
do 1it.

*/

typedef struct { /x structure specifying an intersection with a polygon */
int polygon; /x polygon number intersected =/
double alpha; /+ where on the line it cuts this polygon edge. The
intersection is (oz,0y)+alphax (dz,dy) */
} Intersect;

int comparealpha(il,i2)
Intersect xil,xi2;
{

if(il—alpha < i2—alpha) return -1;
if(il—alpha > i2—alpha) return 1;
return 0;

}

double xray(lp, ox,0y,dx,dy)

xray.h
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LPolygon lp;
double ox,oy,dx,dy;

{
int ik;
#define MAXINTER 100
#define MAXPOLY 100
static Intersect intersections MAXINTER]; /*+ TODO: make this malloced on
demand. this limit is the limit on the
number of polygon edges which can be
intersected with the line x/
int nintersections=0;
static int inpoly[100]; /+ TODO: make this malloced on demand - according
to Ip.npolygons. I can even add a ’flag’ field
in the Polygon structure, but this is ugly =/

double nx, ny; /* normal vector to (dz,dy). */
double x1,y1, x2,y2; /* two points of edge we are working on, after
the origin (oxz,0y) is subtracted
*/
double al,a2; /+ will be defined as the shortest (i.e. perpendicular)
(signed) distance between z1,z2 and the line.
*/
double density, mass; /* this is the value we are trying to calculate
density is used temorarily x/

nx=dy; ny=-dx; /* orthogonal to (dz, dy) but not normalized currently */

for(i=0;i<Ip.npolygons;i++){
for(k=0;k<Ip.polygons[i].npoints;k++){
int km; /x (k-1) mod Ip.polygons[i].npoints =/
if(k>0){
km=k-1;
} else {
km=lp.polygons|i].npoints - 1;
}

x1=lp.polygons[i].points[km].x - ox;
y1=Ilp.polygons[i].points[km].y - oy;

x2=Ip.polygons][i].points[k].x - ox;
y2=lIp.polygons[i].points[k].y - oy;

/* if they the projections have opposite signs (see picture "zray”
on page (1) of my notes) the edge cuts the line */
al=x1lsnx+ylxny;
a2=x2%nx-+y2xny;
/¥ ONLY UNTIL I FIX THE PROBLEM: %/
#define ABS(x) ((x)<0 ? -(x) : (x))
if(ABS(al)<le-15 || ABS(a2)<1le-15){
fprintf(stderr,"NOT YET DONE: CASE NOT HANDELED IN XRAY.C\n");
abort();
}

if( al * a2 < 0 && a2#0){

/* The reason for the ”a2!=0" check: if a line intersects in a
vertex ezactly, we will get two cuts: one of one edge (with
al=0) and one of a second edge (with a2=0). So we don’t
count the intersection with a2=0 - only the other

*/

intersections[nintersections].alpha=

(x1xdx+ylxdy)*(a2/(a2-al)) + (x2xdx+y2*dy)=(al/(al-a2));
intersections[nintersections].polygon=i;

nintersections++;
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}

/* all intersections of the line with the polygons have been found. we
will now sort them in order of increasing alphas, i.e. sort the
intersection points along the given line (which has a direction: that
of (dz,dy). +/

/* in the future I might convert this to a simple sort, which will
probably even be faster for sorting ~4 numbers (which will require
at most 16 compares, but not calling large functions and compare
functions.

*/

gsort(intersections, nintersections, sizeof(Intersect), comparealpha);

if(debug-xray){
for(i=0;i<nintersections;i++){
fprintf(debug_xray,"%g %g\n",0x+dxxintersectionsli].alpha,
oy-+dyx*intersections|[i].alpha);
if(i==nintersections-1)fprintf(debug_xray,"\n");

}

/* now that we have a sorted the intersections along the line, we will
go along this sorted list and find the total mass under the line */

for(i=0;i<Ip.npolygons;i++) inpoly[i]=0;
density=0;
mass=0;
for(i=0;i<nintersections;i++){
/* unless we are at the first point, add the contribution to the
mass of the previous section of the line x/
if(i){

mass += density=(intersections]i].alpha-intersections[i-1].alpha);

if(inpoly[intersections[i].polygon]==0){

/* entering a polygon: x/

inpoly[intersections[i].polygon] = 1;

density += lp.polygons[ intersections][i].polygon ].density;
} else {

/* exiting a polygon: */

inpoly[intersections[i].polygon] = 0;

density -= Ip.polygons| intersections[i].polygon ].density;

}

if(density#0){

fprintf(stderr," INTERNAL INCONSISTENCY: density!=0 after xray finishes\n");
fprintf(stderr," given: (ox,oy)=C(%g,%g), (dx,dy)=(%g,%g)",0x,0y,dx,dy);

(
fprintf(stderr," calculated: mass=J}g, density=%g\n",mass,density);
abort(); /x this is a bug if density!=0 this is cause by the
not good a2!=0 fix =/
}

return mass;

}

/* ray sets x/

void xrayset(lp,rs)
LPolygon lp;
RaySet rs;

int i;
for(i=0; i<rs.nrays; i++){
rs.rays[i].result = xray(lp, rs.rays[i].ox, rs.rays[i].oy,
rs.rays[i].dx, rs.rays[i].dy);

}

/% eqdRay builds an equidistant ray set in the Ray vector rays (nrays

Xray.c
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rays). It can also be used to build a xpartx of a bigger rayset (called
multiple times with several ofsets into the rays array.

the rays have a direction dz,dy, and they are equally distributed between
two parallel lines in that direction - whose coordinates orthogonal to this
direction (starting at 0) are cl..c2.

The ray directions c1,c2 don’t have to be normalized - eqdRayset will do it
for you.
*/
void eqdRays(rays,nrays, dx,dy, c1,c2)
Ray srays;
int nrays;
double dx,dy, cl,c2;

double nx,ny,d;
int i;

/* normalize dz,dy */
d=sqrt(dx*dx + dy=dy);
dx=dx/d; dy=dy/d;

/* orthogonal vector to dz,dy x/

/* the sign is chosen here so if a z-azis vector is given, the y-axis
vector (to the right) is the orthogonal. I might reverse the sign
if [ want.

*/
nx=-dy;
ny=dx;

/* make the equidistant rays =/

for(i=0; i<nrays; i++){
rays[i].dx=dx; /x note that (dz,dy) is already normalized x/
rays|i].dy=dy;
rays[i].ox=nxx(cl+(c2-cl)*(((double)i)/(nrays-1)));
rays[i].oy=nys(cl4+(c2-c1)*(((double)i)/(nrays-1)));

amoeba.c

/* Multidimensional minimization. Taken from ”Numerical Recipes in C - The Art
of Scientific Computing”, 1988, page 305
*/

#include <math.h>

#define NMAX 1e8 /+ The mazimum allowed number of function evaluations, x/
#define ALPHA 1.0 /+ and three parameters defining expansions and */

#define BETA 0.5 /* contractions. x/

#define GAMMA 2.0

#define GET_PSUM for (j=1;j<ndim;j++) { for (i=1,5um=0.0;i<mpts;i++)\
sum += pli][j]; psum|j]=sum;}

/* I have added a ’count’ variable, which is decremented on every step,
and amoeba stops (returning 0) when gets to 0 */
int amoeba(p,y,ndim,ftol,funk,nfunk,userData,count)
double #xp,y[],ftol,(xfunk)();
int ndim,*nfunk,xcount;
char xuserData; /x a general pointer, to be given to the evaluated function
so that it will know its constant parameters x/

/* multidimensional minimization of the function func(z) where z[1..ndim] is
a vector in nim dimensions, by the downhill simplex method of Nelder and
Mead. The matriz p[1..ndim+1][1..ndim] is input. Its ndim+1 rows are
ndim-dimensional vectors which are the vertices of the starting simplex.
Also input is the vector y[l..ndim+1], whose components must be
pre-initialized to the values of funk evaluated at the ndim+1 vertices
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(rows) of p; and ftol the fractional convergence tolerence to be achived

in the function value (n.b.!). On output, p and y will have been reset to
ndim—+1 new points all within ftol of a minimum function value, and nfunk
gives the number of function evaluations taken.

int i,j,ilo,ihi,inhi,mpts=ndim+1;
double ytry,ysave,sum,rtol,amotry(),xpsum,*dvector();
void nrerror(),free_dvector();

psum=dvector(1,ndim);
«nfunk=0;
GET_PSUM

for (5;) {

/* first we must determine which point is the highest (worst),
next-highest, and lowest (best), by looping over the points
in the simplex.

*/

ilo=1;
ihi = y[1]>y[2] ? (inhi=2,1) : (inhi=1,2);
for (i=1;i<mpts;i++) {
if (y[i] < ylilo]) ilo=i;
if (y[i] > yiihi)) {
inhi=ihi;
ihi=i;
} else if (y[i] > y[inhi])
if (i # ihi) inhi=i;

rtol=2.0xfabs(y[ihi]-y[ilo]) /(fabs(y[ihi]) +fabs(y|ilo]));
/* compute the fractional range from the highest to lowest and
return if satisfactory =/
if (rtol < ftol) break;
if (((xcount)--)==0){ /#xx NYH sxx/
free_dvector(psum,1,ndim);
return 0;

if (+nfunk > NMAX) nrerror("Too many iterations in AMOEBA");
/* begin a new interation. First extrapolate by a factor ALPHA
through the face of the simplex across from the high point,
i.e. reflect the simplex from the high point. x/
ytry=amotry(p,y,psum,ndim,funk,ihi,nfunk,-ALPHA userData);
if (ytry < ylilo])
/% gives a result better than the best point, so try an
additional extrapolation by a factor GAMMA x/
ytry=amotry(p,y,psum,ndim,funk,ihi,nfunk, GAMMA ,userData);
else if (ytry > y[inhi]) {
/* the reflected point is worse than the second-highest, so
look for an intermediate lower point,i.e. do a
one-dimensional contraction. */
ysave=y|ihi];
ytry=amotry(p,y,psum,ndim,funk,ihi,nfunk,BETA juserData);
if (ytry > ysave) {
/* can’t seem to get rid of that high point. better
contract around the lowest (best) point. */
for (i=1;i<mpts;i++) {
if (i # ilo) {
for (j=L;j<ndim;j++) {
psumlj]=0.5x(p[i] i+ plilo] i3
pli][i]=psum[jl;

y[i]=(*funk)(psum,userData);

}

/* keep track of function evaluations x/
snfunk += ndim;
GET_PSUM

amoeba.c
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} /* go back for the test of doneness and the next iteration */
free_dvector(psum,1,ndim);
return(1l);

}

double amotry(p,y,psum,ndim,funk,ihi,nfunk,fac,userData)

double #xp,xy,*psum,(xfunk)(),fac;

int ndim,ihi,*nfunk;

char xuserData;

/* eaterpolates by a factor fac through the face of the simplex across from
the high point, tries it, and replaces the high point if the new point is
better x/

{
int j;
double facl,fac2,ytry,*ptry,*dvector();
void nrerror(),free_dvector();
ptry=dvector(1,ndim);
fac1=(1.0-fac)/ndim;
fac2=facl-fac;
for (j=1;j<ndim;j++) ptry[j]=psum[j]xfacl-p[ihi][j]«fac2;
ytry=(xfunk)(ptry,userData); /* evaluate the function at the trial point %/
++(*nfunk);
if (ytry < y[ihi]) {
/* if it’s better than the highest, then replace the highest */
ylihi]=ytry;
for (j=L;j<ndim;j++) {
psum(j] += ptry(j]-p[ihi][j];
plihi] []=ptry[JJ;
}
free_dvector(ptry,1,ndim);
return ytry;
}

#undef ALPHA
#undef BETA
#undef GAMMA
#undef NMAX

nrutil.h

float svector();

float sxxmatrix();

float sxconvert_matrix();
double xdvector();
double xxdmatrix();

int xivector();

int sximatrix();

float sxsubmatrix();
void free_vector();

void free_dvector();

void free_ivector();

void free_matrix();

void free_dmatrix();
void free_imatrix();
void free_submatrix();
void free_convert_matrix();
void nrerror();

nrutil.c

#include <stdlib.h>
#include <stdio.h>

void nrerror(error_text)
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char error_text];

{

void exit();

fprintf(stderr,"Numerical Recipes run-time error...\n");
fprintf(stderr,"%s\n" error_text);

fprintf(stderr,". ..now exiting to system...\n");

exit(1);

float xvector(nl,nh)
int nlnh;

{

}

float *v;

v=(float *)malloc((unsigned) (nh-nl+1)xsizeof(float));
if ('v) nrerror("allocation failure in vector()");
return v-nl;

int xivector(nl,nh)
int nlnh;

{

}

int xv;

v=(int x)malloc((unsigned) (nh-nl+1)xsizeof(int));
if (!v) nrerror("allocation failure in ivector()");
return v-nl;

double xdvector(nl,nh)
int nlnh;

{

double *v;

v=(double x)malloc((unsigned) (nh-nl+1)xsizeof(double));
if (!v) nrerror("allocation failure in dvector()");
return v-nl;

float *xmatrix(nrl,nrh,ncl,nch)
int nrl,nrh,ncl,nch;

{

}

int i;
float #xm;

m=(float *x) malloc((unsigned) (nrh-nrl41)xsizeof(floatx));
if (m) nrerror("allocation failure 1 in matrix()");
m -= nrl;

for(i=nrl;i<nrh;i++) {
mi]=(float *) malloc((unsigned) (nch-ncl+1)*sizeof(float));
if (!m[i]) nrerror("allocation failure 2 in matrix()");
m[i] -= ncl;

}

return m;

double xxdmatrix(nrl,nrh,ncl,nch)
int nrl,nrh,ncl,nch;

{

int i;
double #xm;

nrutil.c
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m=(double xx) malloc((unsigned) (nrh-nrl+1)+sizeof(doublex));
if (m) nrerror("allocation failure 1 in dmatrix()");
m -= nrl;

for(i=nrl;i<nrh;i++) {

m[i]=(double *) malloc((unsigned) (nch-ncl+1)*sizeof(double));

if ('m[i]) nrerror("allocation failure 2 in dmatrix()");
mli] -= ncl;
¥

return m;

}

int s«imatrix(nrl,nrh,ncl,nch)
int nrl,nrh,ncl,nch;

{

int i,%*m;

m=(int *x)malloc((unsigned) (nrh-nrl+1)*sizeof(intx));
if (!m) nrerror("allocation failure 1 in imatrix()");
m -= nrl;

for(i=nrl;i<nrh;i++) {
m[i]=(int *)malloc((unsigned) (nch-ncl+1)xsizeof(int));
if ('m[i]) nrerror("allocation failure 2 in imatrix()");
m[i] -= ncl;

}

return m;

float s*submatrix(a,oldrl,oldrh,oldcl,oldch,newrl,newcl)
float xxa;
int oldrl,oldrh,oldcl,oldch,newrl,newcl;

{
int i,j;
float xxm;
m=(float #x) malloc((unsigned) (oldrh-oldrl+1)xsizeof(floatx));

if ('m) nrerror("allocation failure in submatrix()");
m -= newrl;

for(i=oldrl,j=newrl;i<oldrh;i++,j++) m[j]=a[i]+oldcl-newcl;

return m;

void free_vector(v,nl,nh)
float xv;
int nl,nh;

{
}

void free_ivector(v,nl,nh)
int *v,nl,nh;

{
}

void free_dvector(v,nl,nh)
double *v;
int nl,nh;

{
}

free((charx) (v+4nl));

free((charx) (v+4nl));

free((charx) (v+4nl));
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void free_matrix(m,nrl,nrh,ncl,nch)
float #xm;
int nrl,nrh,ncl,nch;

{

int i;

for(i=nrh;i>nrl;i--) free((charx) (m[i]4+ncl));
free((charx) (m+nrl));

}

void free_dmatrix(m,nrl,nrh,ncl,nch)
double #xm;
int nrl,nrh,ncl,nch;

{

int i;

for(i=nrh;i>nrl;i--) free((chars*) (mli]+ncl));
free((charx) (m+nrl));
}

void free_imatrix(m,nrl,nrh,ncl,nch)
int #xm;
int nrl,nrh,ncl,nch;

{

int i;

for(i=nrh;i>nrl;i--) free((charx) (m[i]4+ncl));
free((charx) (m+nrl));

void free_submatrix(b,nrl,nrh,ncl,nch)
float #xb;
int nrl,nrh,ncl,nch;

{
}

free((charx) (b+nrl));

float sxconvert_matrix(a,nrl,nrh,ncl,nch)
float *a;
int nrl,nrh,ncl,nch;
{
int i,j,nrow,ncol;
float *xm;

nrow=nrh-nrl+1;

ncol=nch-ncl+1;

m = (float sx) malloc((unsigned) (nrow)xsizeof(floatx));
if (!m) nrerror("allocation failure in convert matrix()");
m -= nrl;

for(i=0,j=nrl;i<nrow-1;i++,j++) m[j]=a-+ncolxi-ncl;

return m;

void free_convert_matrix(b,nrl,nrh,ncl,nch)
float =xxb;
int nrl,nrh,ncl,nch;

{
}

free((charx) (b+nrl));
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stats.h

extern int statPenaltyNeg; /+ number of negative radius penalties x/
extern int statEval; /*x number of check_guess calls */

extern void printStats();
extern void initStats();

stats.c

#include ”stats.h”
#include <stdio.h>

int statPenaltyNeg;
int statEval;

void

initStats(){
statPenaltyNeg=0;
statEval=0;

}

void

printStats(f)
FILE xf;

{
fprintf(f,"\nStatistics:\n----------- \n");
fprintf(f,"PenaltyNeg: %d\n",statPenaltyNeg);
fprintf(f,"Eval: %d\n", statEval);
fprintf(f,"----------- \n\n");
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gardner.c

/*

*/

Gardner’s reconstruction algorithm for a convex set, given 4 raysets

(X rays in 4 mutually nonparallel directions).

The algorithm is described in
Richard J. Gardner, ”Geometric Tomography”, Encyclopedia of
Mathematics and its Applications vol. 58, Cambridge University Press,
1995

in pages 48-49.

The implementation is described in my thesis.

TODO: in the present version, the interpolation of the function is done
by a single spline. This is excelent for finding the first 3 points, but

for determining subsequent points the relatively-large inaccuracy of the
spline approzimation near a point of derivative discontinuity (i.e., the
point where the zrays start covering the body) causes substantial errors

in some ray lengths when the number of rays is not very big. These errors
then cause WRONG decisions in the direction of res (see below) which causes
completely wrong points to be generated... Maybe that last problem can

be solved.

But the most thorough solution is to use a piecewise-spline approximation,
or more easily: figure out (by exrapolation) the exact points where the
function stops being 0 at both ends, and in between do a spline
approzimation with a given (extrapolated) derivative at both ends.

This problem can also be circumvented by increasing ALPHA_EPS.

See discussion in my thesis.

#include <stdlib.h>
#include <stdio.h>
#include <math.h>

#include ”layered_polygon.h”
#include ”xray.h”

#include ”"nrutil.h”
#include ”spline.h”

#include ”"romberg.h”
#include ”ssp.h”
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/¥ ALPHA_EPS: angle epsilon - two points with an angle of less then ALPHA_EPS
between them are considered ”too close”, and the new point is not added
to the polygon (see discussion in my thesis). The default value is 5e-2,
and it can be changed with a Q@epsilon option in the problem file.

note that my experience shows that the accuracy of the 8 points we find

in the first step of the algorithm is above alpha_eps=3e-4, so 1e-3 is a
reasonable ALPHA_EPS. ALPHA_EPS of 5e-2 generates much better results
when considering the bad interpolation near a derivative discontinuity of
small number of rays, and the erronous decision of res sign.

*/
double ALPHA_EPS=b5e-2;

/* problem file format:
# some comments
# and more comments
@epsilon 2e-5 <- optional line
polygs/polygontocheck
0 <- definition of guess polygon
50 0.1 1.0 -3 3 <- rayset
50 1.0 0.2 -3 3 <- another rayset (more until EOF)

for gardner.c, the guess polygon (used by minverse) is useless, hence the
lone 0 on th line, and 4 raysets must be supplied.

*/

int loadProblem(prs,plp,fn)
RaySet prs[4];

LPolygon xplp;

char xfn;

{

FILE xfp;
int c,i,nrs;
double g;
char s[80];
struct {
int nrays;
double dx,dy, c1,c2;
} def[10];

if((fp=fopen(fn,"r"))==NULL){
perror(fn);
return 0;

/* swallow comments in beginning */
fprintf(stderr,"—========= == reading %s...\n",fn);
while((c=getc(fp))=="#"||c=="Q"){
if(c——"#"){
while((c=getc(fp))#’\n’ && c£ZEOF) putc(c,stderr);
putc(’\n’,stderr);
} else { /* '@’ options x/
if(!fgets(s,sizeof(s),fp)) goto FAIL;
if(!strncmp(s,"epsilon ",8)) {
if(sscanf(s,"epsilon %lg", & ALPHA_EPS)#1) goto FAIL;
fprintf(stderr,"using epsilon=¥g\n",ALPHA_EPS);
} else {
fprintf(stderr,"unknown option line @%s\n",s);
goto FAIL;

}

}
if(c==EOF) goto FAIL; else ungetc(c,fp);
fprintf(stderr,"—========= == m reading done.\n",fn);
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/* read polygon file name */
fscanf(fp,"%s\n",s);

if(!loadLPolygon(plp,s)) goto FAIL;
fprintf(stderr, "Polygon loaded: %s.\n",s);

/* read and ignore guess polygon size (which is irrelevant in gardner,
and is a relic from the minverse program)
*
/
if(fscanf(fp,"%d",&nrs)==1){
if(nrs>0)
for(i=0;i<nrs;i++)
if(fscanf(fp,"%d %lg",&c,&g)#2) goto FAIL;

} else goto FAIL;

/* read rayset definitions x/

nrs=0;

while(fscanf(fp,"4d %lg %lg %lg %lg\n", &(def[nrs].nrays),

& (def[nrs].dx), &(def[nrs].dy), &(defnrs].c1), &(def[nrs].c2))
)

nrs—+-+;
fprintf(stderr, "%d raysets found.\n",nrs);

if(plp—npolygons#1){
fprintf(stderr,
"Exactly one polygon is required by gardner’s algorithm\n");
goto FAIL;

4
if(nrs#£4){
fprintf(stderr,
"Exactly 4 raysets are required by gardner’s algorithm\n");
goto FAIL;

}

for(i=0;i<nrs;i++){
NewRaySet(prs[i], def[i].nrays);
eqdRays(prsli].rays, defli].nrays, def[i].dx, def[i].dy,
def[i].c141e-10, def[i].c2+1e-10);

}

fclose(fp);
return 1;

FAIL:
fclose(fp);
return 0;

}

static double rs_interpolate_1(double), rs_interpolate_2(double),
rs_interpolate_3(double), rs_interpolate_4(double);

/* global variables (I could have used the userdata method as in minverse
instead).

*/

static RaySet rs[4];

static struct splinedata srs_sd[4]; /* spline data built on rayset */

static double (xrs_interpolate[4])(double) =

{ /* interpolating functions x/
rs_interpolate_1, rs_interpolate_2, rs_interpolate_3, rs_interpolate_4

g

#define RS_.SD_XMIN(m) (rs_sd[(m)]—x[0])

#define RS_SD_XMAX(m) (rs_sd[(m)]—x[rssd[(m)]—n-1])
static int ncount=0;

static int dodraw=0;

static double bestresult=1e10;

static Point besttri[3];

static double rs_interpolate_1(double x){
return interpolate_spline(rs_sd[0],x);
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static double rs_interpolate_2(double x){
return interpolate_spline(rs_sd[1],x);
}

static double rs_interpolate_3(double x){
return interpolate_spline(rs_sd[2],x);

static double rs_interpolate_4(double x){
return interpolate_spline(rs_sd[3],x);
}

main(argc, argv)
int argc;
char sargv[[;

LPolygon lp;

double dx,dy,ox,0y;
double d,weight,thef();
int i,m;

FILE xfp;

long seed,time();

if(argc#2){
fprintf(stderr, "Usage: %s problem-file\n", argv[0]);
exit(1);

if(!loadProblem(rs, &lp, argv(1])){
fprintf(stderr, "Failed loading problem file ¥%s\n",argv[l]);
exit(2);

outputLPolygon(lp,"out/gp%d.dat",1);
xrayset(1p,rs[0]);
xrayset(1p,rs[1]);
xrayset(lp,rs[2]);
xrayset(lp,rs[3])

)

/* show the configuration of the problem, to be viewed by view5 x/
outputLPolygon(lp,"out/main5-polyg",1);
debug_xray=fopen("out/main5-rays","w");

xrayset(1p,rs[0]);

xrayset(lp,rs[1]);

xrayset(1p,rs[2]);

xrayset(1p,rs[3]);

fclose(debug_xray);

debug_xray=(FILE x)0;

#if 1
/* debugging: show mass - stupid integration */

int i,j; double mass,nn,np,nx,ny;
for(i=0;i<4;i++){
nx= -rsi].rays[0].dy; ny=rsli].rays[0].dx;
mass=0;
for (j=0;j<rs[i].nrays-1;j++){
nn=rs[i].rays[j].ox*nx+rs[i].rays[j].oy*ny;
np=rs[i].rays[j+1].ox*nx-+rs[i].rays[j+1].oy*ny;
mass+=rs[i].rays[j].result(np-nn);

printf("MASS from direction %d: ¥%g\n",i,mass);

}

#endif
gardner(lp,rs);
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exit(0);

/* linereptotri takes a ”lines representation” - three lines defined by
their slope (dz,dy), and their distance r from the line of that slope
at origin (0,0).
The intersections of the three lines defines a triangle (8 points (z,y))
which we’ll return.

linereprtorei guarantees that the returned point i s opposite the
line 1.
*/
void linereptotri(const double dx[3], const double dy(3],
const double r[3],
Point p[3])

double nx[3], ny[3];
int i;

/* these vectors are normalized, so it is very easy to find the
orthogonal x/

for(i=0;i<3;i4++){
nx[i]= -dyl[i]; ny[i]= dxl[i];

/* now, we’ll be working in 3 coordinate systems: for each set we have
it’s direction line (dz,dy), and the orthogonal coordinate in the
directiond of (nz,ny).

*/

/* nn(i,j) is inner product of n(i) with n(j). These are actually
independent on z1,r2,x3 so they can be in theory calculated only once.
alpha(i,j) is defined so that the intersection of the lines i,j
is o+r[in[i]+alpha(i,j)d[i]

*/

#define nn(i,j) (nx[i]*nx[j] + ny[i]*ny[j])
#define dn(i,j) (dx[i]*nx[j] + dy[i]*ny[j])
#aetine alpha(ij) ((t[jl-r[i}nn(i))/dn(i))

/* first find the actual (z,y) coordinates of the three points 0 1 and 2 */

/* note: the points are numbered so that the triangle edge of direction i
is opposite to the vertex p[i] */

#define interx(i,j) (r[i]*nx[i] + alpha(i,j)=*dx]i])
#define intery(i,j) (r[i]*nyli] + alpha(i,j)*dyli])
p[2].x= interx(0,1);
p[2].y= intery(0,1)

)

p[1].x= interx(0,2);
p[1].y= intery(0,2);

p[0].x= interx(1,2);
p[0].y= intery(1,2);

/* thef - as defined in Gardner, page 48 x/
/* we assume each rayset has a constant direction (dz,dy), but we do
not assume that rays are equidistant.

*/

double thef(thex)
double thex[4];
{

/* we need this because thef expects an array to start in 0, but
the meaninful data is in positions 1..3.

*/

double xx=thex+1;

double dx[3], dy[3], nx[3], ny[3];

Point p[3];
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double result;
int i;

/x We’ll be working in 3 coordinate systems: for each set we have
its direction line (dz,dy), and the orthogonal coordinate in the
directiond of (nz,ny).

First, find the directions of the 3 raysets. We assume, of course,
that each rayset is in only one direction.

*/

for(i=0;i<3;i4++){

dx[i]=rs[i].rays[0].dx; dy[i]=rs]i].rays[0].dy;

/* these vectors are normalized, so it is very easy to find the
orthogonal */

for(i=0;i<3;i4++){
nx[i]= -dyl[i]; ny[i]= dx[i];

/* find the three points of intersection of the given lines, which
defines a triangle - and then calculate the area of that triangle
(this is the first part of thef).

*/

linereptotri(dx,dy,x, p);

#define ABS(x) ((x)<0 ? -(x) : (x))
result=0.5xABS( (p[1].x*p[2].y-p[1].y*p[2].x)
-(p[0].x*p[2].y-p[0].y*p[2].x)
+(p[0].x*p[1].y-p[0].y*p[1].x) );

/* now add the second (sum part) of thef =/

for (i=0;i<3;i++){
/* find area of (SuiK)i (see my thesis). We have integrate the zrays
from z[i] to infinity or -infinity, depending on where the triangle
is (we integrate the half line which does not contain the triangle).

Note that the accuracy of the integration is extremly important,
as simple integration (such as the trapezoid rule) requires a
huge number of zrays to give accurate results. Our solution is
to make a cubic-spline approzimation function of the known zrays
and to integrate this function using a very accurate romberg
integration algorithm (note that we could have even integrated
this function analytically by using the spline representation,
but using the general-purpose romberg integration is easier).

*/

/* point pfi] is the triangle point which is opposite to the triangle
edge i. That edge has the nfi] coordinate z[i], and p[i] has
the nfi] coordinate npi which we will now find: */

double npi=p[i|.x*nx[i] + p[i].y*nyli];

if(x[i]>npi){
/% order is RS_.SD_XMIN (i) < npi < z[i] < RS_.SD_XMAX(i)
we should integrate from z[i] to RS_.SD_XMAX(i)
o
result += gromb(rs_interpolate[i],x[i],RS_SD_XMAX(i));
} else {
/* order is RS_.SD_XMIN (i) < zfi] < npi < RS_.SD_XMAX(i)
we should integrate from RS_SD_XMIN(i) to z[i].
*/
result += qromb(rs_interpolate[i], RS_.SD_XMIN(i),x[i]);
}

printf(">> [%g %g %gl: ‘%hg\n",x[0],x[1],x[2],result);
if(result <bestresult){

besttri[0]=p[0];
besttri[1]=p[1];
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besttri[2]=p[2];
bestresult=result;

}

return result;

}

gardner(LPolygon lp, RaySet rs[4])
{

int i,j,m;

int nfunk,count;

double xxp, xy;

double cx, cy;

struct ssp *V;

struct ssp_node xxflagged;

int nflagged;

double dx[4],dy[4],nx[4],ny[4];

/xxx STAGE 1: preperations sx/

/* prepare a spline approzimation of the rays in each direction
note that we ASSUME that each rayset is of a constant direction,
but we do not necessarily assume that the rays are equidistant.

*/

for(m=0;m<4;m++){

double xx,xy; /x note: y hides y from the previous block =/

int n;

n=rs[m].nrays; /* number of rays in this direction x/

x=(double x)malloc(sizeof(double)*n);

y=(double x)malloc(sizeof(double)xn);

dx[m]=rs[m].rays[0].dx;

dy[m]=rs[m].rays[0].dy;

/* these vectors are normalized, so it is very easy to find the
orthogonal */

nx[m]= -dy[m]; ny[m]= dx[m];

for(i=0;i<n;i++){
x[i]=rs[m].rays[i].ox*nx[m] + rs[m].rays[i].oy*ny[m];
y[i]=rs[m].rays[i].result;

/* make sure that the first and last y’s are zero (otherwise, our
z rays failed cover the entire body!) and that x’s are in
increasing order (if not, we’ll have to switch their orders -
let’s hope they are

*/

if(fabs(y[0])>1e-6 || fabs(y[n-1])>1e-6){

fprintf(stderr,"gardner(): illegal y’s\n");
exit(1);

for(i=1Li<n;i++){
if(eli]<xfi-1]) {
fprintf(stderr,"gardner(): non-increasing x’s\n");
exit(1);

}
/* prepare spline, with 0 first derivatives at both endpoints (since
it is expected for the projections to be a constant (zero) there).
*/
rs_sd[m]=prepare_spline(x,y,n,0.0,0.0);
free(y);
free(x);
}
/* debugging: print the mass using the 4 directions x/
for(m=0;m<4;m++){
printf("mass using spline integration on direction %d: %g\n",m,
gromb(rs_interpolate[m],RS_SD_XMIN(m),RS_SD_XMAX(m))
)i

}
#if 0
/* debugging: print spline interpolations to file =/
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for(m=0;m<4;m++){
char s[100];
double d;
FILE xfp;
sprintf(s,"zz%d.data",m);
fp=fopen(s,"w");
for(i=0;i<rs_sd[m|—n;i++){
fprintf(fp,"%g %g\n",rs_sd[m]—x[i],rs.sd[m]—y[i]);

fclose(fp);

sprintf(s,"zz%d.interp",m);

fp=fopen(s,"w");

for(d=RS_SD_XMIN (m);d<RS_SD_XMAX(m);d+=0.01){
fprintf(fp,"%g %g\n",d,(rs-interpolate[m])(d));

fclose(fp);
}
exit(0);
#endif

#define ndim 3
p=dmatrix(1,ndim+1,1,ndim);
y=dvector(1,ndim+1);
p[1][1]=0; p[1][2]=0; p[1][3]=0;

/xxx STAGE 2: find the inscribed triangle xx/
for(i=2;i<ndim+1;i++)
for(j=1;j<ndim;j++)
pli][j]=p[1][j]+(==(i-1))*1.0;

fprintf(stderr,"checking initial %d guesses:\n",ndim+1);
for(i=1;i<ndim+1;i++)

yli]=thef(p[i]);
fprintf(stderr,"done . \n");

count=1000;
amoeba(p,y,ndim,1le-6,thef,&nfunk,(void *)0,&count);
if(count)
printf("Amoeba converged after %d iterations\n",nfunk);
else
printf("Amoeba did not converge...\n");

/* clean up after minimization algorithm x/
free_dmatrix(p,1,ndim+1,1,ndim);
free_dvector(y,1,ndim+1);

/* output the best triangle to a file */
{
FILE xbestf;
printf("Outputting best triangle...\n");
bestf=fopen("out/best-tri","u");
fprintf(bestf,"#%d: %g\n",ncount,bestresult);
fprintf(bestf,"%g %g\nkg %g\nkg %g\nkg %g\n\n",
besttri[0].x,besttri[0].y,besttri[1].x,besttri[1].y,
besttri[2].x,besttri[2].y,besttri[0].x,besttri[0].y);
fclose(bestf);

}

[xxx STAGE 3: find more points *xx/

/* start by putting the 8 points we found so far in a "sorted star

polygon” data structure, whose center is the center of the found

triangle (that center is necessarily inside the polygon which
we assume is convezs).

*/

cx=cy=0;

for(i=0;i<3;i++){

116
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cx+=besttri[i].x;
cy+=besttri[i].y;

cx/=3; cy/=3;

V=new_ssp(cx,cy);

for(i=0;i<3;i4++){
add_ssp_node(V,besttri[i].x,besttri[i].y,0.0);

}

debug_show_ssp(V);

count=0;

while(1){
double c,res,newx,newy;
struct ssp_node *node;
int nadded;

count+-;

nadded=0;

fprintf(stderr,"iteration %d:\n",count);
flagged=ssp_findflagged(V,&nflagged);
for(i=0;i<nflagged;i++){

fprintf(stderr,"processing flagged point %g %g\n",flagged[i] —»x,lagged[i]—y);

for(m=0;m<4;m++){

flagged[i]—+flag=0;

/* if the direction m from our point i does not go into the
convex polygon V, we skip it. We check if the direction
is outside the angle made by the point and its neighbors.
Note that we check >= eps instead of >= 0 to illiminate
appearance of double points just because of truncation
errors. TODO: calibrate eps and add units to it.

%

/

if(((flagged|[i] —»next—x-flagged[i]—x)*nx[m]+

(flagged[i]—next—y-flagged[i] —y)*ny[m]) *

((flagged|[i]—prev—x-flagged|[i] —x)*nx[m]+

(lagged[i] —»prev—y-flagged[i] »y)*ny[m]) > -1e-6)

continue;

/* Find the coordinate of point i normal to direction m, and
the interpolated zray value there. Note that since we have
4 fized directions, we could have saved their j coordinates
and interpolated values in the node, but the speedup will
be small (if any) because our flagging system usually
prevents us from having to recalculate a node again many
times.

*/

c=flagged[i]»x*nx[m] + flagged[i]—>y=*ny[m];

res=(rs_interpolate[m])(c);

if(res<0){

/* I think there’s a problem with the spline approzimating
the ray function badly around the derivative
discontinuity (i.e., at the end of the body). res<0
is only part of the problem... this fix doesn’t seem
to improve anything... */

fprintf(stderr,"WARNING: res=Y%g\n" res);

res=0;

/* adding plus or minus res (times d[m]) to the point will
give us the new point. Choosing plus or minus depends
whether plus or minus dfm] is inside the angle (we already
know one of them is, because of our check above).
Because this is a convex body, we know that the part of
the angle that is <180 degrees is the part which is
inside the body.

*/

/* we know (see ssp.h) that if the orientation field of an
SSP is +1 when the inside of the polygon is to the
right of the (node TO node->next) edge. (or to the left

gardner.c
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for orientation -1).
Note that instead of taking a normal to the edge, it’s
easier to use the precalculated normal of the m direction.
*/
if( (flagged[i] —»next—x - flagged[i]—x)*nx[m] +
(Aagged[i]—next—y - flagged[i]—y)*ny[m] > 0)
res= V—orientation * res;
else
res= -V—orientation * res;

newx=flagged[i]—>x + res«dx[m];
newy=flagged[i]+y + res«dy[m];

printf("new point: %g %g\n", newx,newy);

/* add the new point, and flag the points neighboring to
this new points (because their angle changes and so
suddenly one of the directions can succeed of being
in that angle

*/
node=add_ssp_node(V,newx,newy,ALPHA_EPS);
if(node){
/* note that node may be 0 if there’s no need to add
a new node! */
node—next—flag=1;
node—prev—flag=1;
nadded++;
} else {

fprintf(stderr, "ignored same new point\n");

}
}

free(flagged);
if(nadded){

fprintf(stderr,"added %d new points in this iteration\n",nadded);
} else {

FILE xfp;

fp=fopen("out/gardner-polyg","u");

fprintf(stderr,"no new points to be added (up to precision epsilon=%g)\nTotal: %d points in

%d iterations.\n",ALPHA_EPS,V—n,count);

output_ssp(V,fp);

fclose(fp);

return;

if(count==30){ /x just for debugging */
FILE xfp;
fp=fopen("out/gardner-polyg","u");
output_ssp(V,fp);
fclose(fp);
fprintf(stderr,"total found before debugging stop: %d points\n",
V—n);
return;

}

/* final clean up */

/* TODO: free V with free_ssp */

for(m=0;m<4;m++)
free_spline(rs_sd[m]);

ssp.h

#ifndef INCLUDED_SSP_H
#define INCLUDED_SSP_H
/* Sorted Star Polygon datastructure - used for Gardner’s algorithm x/



119

/* currently the SSP datastructure is kept as a doubly linked list.
In the future some more efficient method (e.g., binary tree) for keeping a
sorted list might be adopted. We need an efficient ”add element and keep
list sorted” operation and an efficient ”find all flaged element” operation
- currently this is not done very efficiently. We also need efficient
"next node” and "previous node” (in the circular sorted list) operation.
*/
struct ssp_node {
double x,y;
double alpha;
struct ssp_node *next, *prev;
int flag; /x 1 if this node should be revisited in the next step */
b
struct ssp {
int n; /x not really important - can be found by traversing the list */
struct ssp_node xhead;
double cx,cy; /* center for star polygon x/
/* orientation is 1 if following the polygon in order (from node to
node->next), the inside of the polygon is on the right.
orientation is -1 if the inside is on the left.
In other words, orientation +1 means a xclockwisex polygon around the
inside.
The orientation is automatically determined once the polygon reaches
3 points (it is assumed that once added, points are not changed).
For polygons with less than 3 points, the orientation is meaningless,
and is set to 0.
*/

int orientation;

b

struct ssp *new_ssp(double cx, double cy);

struct ssp_node xadd_ssp_node(struct ssp *p, double x, double y,
double alpha_eps);

void debug_show_ssp(struct ssp *p);

struct ssp_node xxssp_findflagged(const struct ssp *p, int xnum);

void output_ssp(struct ssp *p, FILE «fp);

#endif

SSp.c
/* Sorted Star Polygon datastructure - used for Gardner’s algorithm x/

/* currently the SSP datastructure is kept as a linked list. In the future
some more efficient method (e.g., binary tree) for keeping a sorted list
might be adopted. We need an efficient ”add element and keep list sorted”
operation and an efficient ”find all flaged element” operation - currently
this is not done very efficiently.
NOTE: this is a circular list connectivity (the prev and next pointers),
but the sorting of alpha is not circular, i.e., the node pointed by head
has the lowest alpha.

*/

#include <math.h>
#include <stdlib.h>
#include <stdio.h>

#include ”ssp.h”

struct ssp *
new_ssp(double cx, double cy)

struct ssp *p;

p=(struct ssp *)malloc(sizeof(struct ssp));
p—n=0;

p—head=0;

pP—CX=CXj

ssp.c
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p—cy=cy;
p—orientation=0;
return p;

}

struct ssp_node *
add_ssp_node(struct ssp *p, double x, double y, double alpha_eps)

double alpha;
struct ssp_node xnewnode;
struct ssp_node x*nodep;

alpha=atan2(y-p—cy, X-p—cx);
fprintf(stderr,"adding %g %g (%g)\n",x,y,alpha);
/* prepare a new node */
newnode=(struct ssp_node *) malloc(sizeof(struct ssp_node));
newnode—x=x;
newnode—y=y;
newnode—alpha=alpha;
newnode—flag=1;
/* find where to put this node */
if('p—head){
/* the first and only node x/
newnode—next=newnode—prev=newnode;
p—head=newnode;
goto NODEADDED;
} else {
nodep=&(p—head);
do {
if(alpha< (*nodep)—alpha){
if(fabs(alpha-(xnodep)—alpha)<alpha_eps ||
fabs(alpha-(*nodep)—prev—alpha)<alpha_eps){
/* we already have a node with this alpha, so we don’t
need to add it.
TODO: make sure that the z,y of this node is also close
to the new ones!!
*/
free(newnode);
return 0;
}
/* insert newnode just before this node */
newnode—prev=(*nodep)—prev;
newnode—next=(*nodep);
(*nodep)—prev=newnode;
if( (*nodep)—next==(xnodep) )/x(xnodep)->next usually x/
(*nodep)—next=newnode; /xunchanged x/
newnode—prev—next=newnode;
(*nodep)=newnode; /x same as previous line, except for head */
goto NODEADDED;

nodep=&((xnodep)—next);
} while(*nodep#p—head);
/* we’re still here (did not return, so we need to put this node at
the end. x/
if(fabs(alpha-p—head—alpha)<alpha_eps ||
fabs(alpha-p—head —prev—alpha)<alpha_eps){
/* we already have a node with this alpha, so we don’t
need to add it.
TODO: make sure that the z,y of this node is also close
to the new ones!!
*/
free(newnode);
return 0;
}
newnode—prev=p—head—prev;
p—head—prev—next=newnode;
newnode—next=p—head;
p—head—prev=newnode;
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goto NODEADDED;
}
/* there’s no way we can get to this line - all case have "return”
or goto NODEADDED x/
NODEADDED:
p—rn+-+;
/* if we reached 3 points, it’s time to define the orientation.
See comment in ssp.h for the definition of the orientation we’re
about to calculate here.
*/
#define PO (#(p—head))
#define P1 (x(p—head—next))
#define P2 (#(p—head—next—next))

if(p—n==3){

/* there’s only need to define the orientation once, when we reach
3 points. Afterwards, we assume that the 3 points are not changed,
and that other points are added in correct, sorted, order.

*

/

if(Pl.x#P2.y-Pl.yxP2.x) - (P0.xxP2.y-P0.y«P2.x) +
(P0.xxP1.y-P0.yxP1.x) < 0)
p—orientation= 1;

else
p—orientation= -1;

fprintf(stderr,"ORIENTATION DEBUG:\n%g %g\n%g %g\n%g %g\norientation

%d\n\n",P0.x,P0.y,P1.x,P1.y,P2.x,P2.y,p—orientation);

return newnode;

}

void
debug_show_ssp(struct ssp #p)
{
struct ssp_node xnode;
node=p—head;
if('node){
fprintf(stderr,"No points in SSP.\n");
return;
}
do {
fprintf(stderr,"x=%g y=%g alpha=Y%g\n",node—x,node—y,node—alpha);
node=node—next;
} while (node#p—head);

}

/% outputs an ssp for gnuplot (first point is output also at the end to
close the loop
*/
void
output_ssp(struct ssp *p, FILE «fp)
{
struct ssp_node *xnode;
node=p—head;
if('node){
fprintf(stderr,"No points in SSP.\n");
return;
}
do {
fprintf(fp,"%g %g\n",node—x,node—y);
node=node—next;
} while (node#p—head);
fprintf(fp,"%g %g\n",p—head—x,p—head—y);

}

/* ssp_findflagged makes a list of nodes that are currently flagged.
The Gardner algorithm then processes each of these nodes, to create
new nodes.
Remember to free the returned vector!

ssp.c
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*/

struct ssp_node
xxssp_findflagged(const struct ssp *p, int *num)
{
int n;
struct ssp_node *node;
struct ssp_node xxflaggednodes;
/* count flagged nodes first. this is probably not the most efficient
solution.
*/
node=p—head;
n=0;
do {
if(node—flag)
n—+-+;
node=node—next;
} while (node#p—head);

flaggednodes=(struct ssp_node s#x)malloc(nxsizeof(struct ssp_node *));

node=p—head;

n=0;
do {
if(node—flag){
flaggednodes[n]=node;
n++;

}

node=node—next;
} while (node#p—head);

*numM=n;
return flaggednodes;

spline.h

#ifndef INCLUDED_SPLINE_H
#define INCLUDED_SPLINE_H

struct splinedata {
int n;
double xx;
double xy;
double xy2;

s

struct splinedata *prepare_spline(const double *x, const double xy, int n,
double yp0, double ypnm);

double interpolate_spline(const struct splinedata *sd, double x);

void free_spline(struct splinedata *sd);

#endif /* INCLUDED_SPLINE_H x/

spline.c

/* The following routines have been adapted from:
?Numerical Recipes in C, The Art of Scientific Computing” second edition,
by William H. Press, Saul A. Teukolsky, William T. Vettering, and Brian
P. Flannery. Cambridge University Press, 199/.

Note that changes have been made from the original source. In particular,
arrays here start in 0, as expected in C programs.
*/

#include <stdlib.h>
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#include ”spline.h”

/* prepare_spline(): given arrays ©[0..n-1] and y[0..n-1] containing tabulated

*/

functions, i.e., y[ij=f(z[i]), with z[0]<z[1]<...<z[n-1], and given values
yp0 and ypnm for the first derivative of the interpolating functions at
points 0 and n-1, respectively, this routine returns an array y2[0..n-1]
that contains the second derivatives of the interpolating functions at the
the tabulated points zfi] - this information is used by the interpolation
function interpolate_spline() (see below).

If tp0 and/or ypnm are 1e30 or larger, the routine is signaled to set the
corresponding boundary condition for a natural spline, with zero second
derivative on that boundary.

the returned splinedata structure is later used to interpolate the spline,
and contains all the necessary information: © and y may be freed after
the call to prepare_spline. splinedata must be eventually freed by the
user, by calling free_spline().

struct splinedata *prepare_spline(const double *x, const double xy, int n,

{

double yp0, double ypnm)

int i,k;
double p, qnm, sig, unm, *u, *xy2;
struct splinedata *sd;

u=(double %) malloc(sizeof(double)x(n-1));
y2=(double ) malloc(sizeof(double)+n);
if(yp0 > 0.99e30)

y2[0]=u[0]=0.0;
else {
y2[0]=-0.5;

u[0]=(3.0/(x[1]-x[0]))*((y[1]-y[0])/ (x[1]-x[0])-yp0);

/* this is the decomposition loop of the tridiagonal algorithm. y2

and u are used for temporary storage of the decomposed factors =/
for(i=1;i<n-1;i++){

sig—(x[i]-x[i-1]),/ (xi-+1]-xi-1]);

p=sigxy2[i-1]+2.0;

y2[i]=(sig-1.0)/p;

uli]=(y i+ 1y i)/ el 1elil) - (vli]-yi-1])/Gell-li-1));

u[i]=(6.0xuli]/(x[i+1]-x[i-1])-sigxul[i-1])/p;

if(ypnm > 0.99e30)
qnm=unm=0.0;
else {
qnm=0.5;
unm=(3.0/(x[n-1]-x[n-2]))x(ypnm-(y[n-1]-y[n-2]) / (x[n-1]-x[n-2]));

y2[n-1]=(unm-gnmsu[n-2])/(qnmsy2[n-2]+1.0);
/* this is the backsubstitution loop of the tridiagonal algorithm x/
for(k=n-2;k>0;k--)
y2[k]=y2[k]*y2[k+1]+ulk];
free(u);

sd=(struct splinedata *)malloc(sizeof(struct splinedata));
sd—x=(double x) malloc(sizeof(double)xn);
sd—y=(double *) malloc(sizeof(double)xn);
for (i=0;i<n;i++){

sd—x[i]=x[i];

sd—y[i]=ylil;

sd—y2=y2;
sd—n=n;

return sd;
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void free_spline(struct splinedata sd)

free(sd—x);
free(sd—y);
free(sd—y2);
free(sd);

}

double interpolate_spline(const struct splinedata xsd, double x)
{

int klo,khi,k;

double h,b,a;

/* we will find the right place in the table by means of bisection.
This is optimal if sequential calls to this routine are at random
values of . if sequential calls are in order, and closely spaced,
one would do better to store previous values of klo and khi and
test if they remain appropriate on the next call.

*/

klo=0;

khi=sd—n-1;

while(khi-klo>1){

k=(khi+klo)>1;
if(sd—x[k]>x) khi=k;
else klo=k;

h=sd—x]khi]-sd—sx[klo];

if(h==0.0){
printf("bad x input to interpolate_spline\n");
abort();

a=(sd—x[khi]-x)/h;

b=(x-sd—x[klo])/h;
return axsd—y[klo]+bksd—y[khi]+((a*axa-a)*sd—y2[klo]+(b#bxb-b)+sd—y2[khi] )*(hxh)/6.0;

romberg.h

#ifndef INCLUDED_ROMBERG_H
#define INCLUDED_ROMBERG_H

double gromb(double (xfunc)(double), double a, double b);

#endif

romberg.c

/* The following routines have been adapted from:
?Numerical Recipes in C, The Art of Scientific Computing” second edition,
by William H. Press, Saul A. Teukolsky, William T. Vettering, and Brian
P. Flannery. Cambridge University Press, 199/.

%

/

/% NOTE: I left the 1-oriented arrays here because their use is only
internal to these routines. */

/* Romberg Integration qromb():
gromb() returns the integral of the function func from a to b.
Integration is performed by Romberg’s method of order 2K, where, e.g.,
K=2 is Simpson’s rule.

*/

#include <math.h>
#include <stdio.h>
#include <stdlib.h>
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#include ”"nrutil.h”
#include ”"romberg.h”

/* This routine computes the nth stage of refinement of an extended
trapezoidal rule. func is input as a pointer to the function to be
integrated between limits a and b, also input. When called with n=1,
the routine returns the crudest estimate of \int_aAb f(z)dz.
Subsequent calls with n=2,3,.. (in that sequential order) will improve
the accuracy by adding 2/ (n-2) additional interior points.

*/

static double

trapzd(double (xfunc)(double), double a, double b, int n)

double x,tnm,sum,del;
static double s;

int it,j;

#define FUNC(x) ((xfunc)(x))

if(n==1){
return (s=0.5%(b-a)x(FUNC(a)+FUNC(b)));
} else {
for(it=1,j=1;j<n-1;j++) it K= 1;
tnm=it;
del=(b-a)/tnm; /* this is the spacing of the points to be added x/
x=a+0.5x%del;

for(sum=0.0,j=1;j<it;j++,x+=del) sum+=FUNC(x);
$=0.5x(s+(b-a)*sum/tnm); /* this replaces s by its refined value. x/
return s;

}

/* polint() is given arrays za[l..n] and ya[l..n] and a value z. It returns
a value y, and an error estimate dy. if P(z) is the polynomial of degree
N-1 such that P(za_i)=ya-i, i=1..n, then the returned value y=P(z).
*/
static void
polint(double xa[], double ya[], int n, double x, double xy, double xdy)
{
int i,m,ns=1;
double den,dif,dift,ho,hp,w;
double xc, *d;

dif=fabs(x-xa[l]);
c=dvector(1,n);
d=dvector(1,n);
for(i=1;i<n;i++){
/% here we find the index ns of the closest table entry x/
if( (dift=fabs(x-xali])) <dif){
ns=i;
dif=dift;

clil=yali]; /* and initialize the tableau of c¢’s and d’s. =/
dfi]=yalil;

xy=ya[ns--]; /* this is the initial approzimation to y. */
for(m=1;m<n;m++){ /* for each column of the tableau x/

for(i=1;i<n-m;i++){ /* we loop over the current ¢’s and d’s and update

them. x/
ho=xali]-x;
hp=xa[i+m]-x;
w=c[i+1]-d[i];
if((den=ho-hp)==0.0){
/* this error can occur only if two input za’s are (to
within roundoff) identical. */
fprintf(stderr, "Error in routine polint.\n");
exit(1);

romberg.c
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den=w/den;
d[i]=hp=den; /* here the c’s and d’s are updated */
cl[i]=hox*den;
}
/* after each column in the tableau is completed, we decide which
correction, ¢ or d, we want to add to our accumulating value of
y, i.e., which path to take through the tableau - forking up or
down. We do this in such a way as to take the most ”straight line”
route through the tableau to its apex, updating ns accordingly
to keep track of where we are. This route keeps the partial
approzimations centered (insofar as possible) on the target z.
The last dy is added is thus the error indication.
*/
xy+=(xdy=(2*ns<(n-m)? c[ns+1] : d[ns--]));
}
free_dvector(d,1,n);
free_dvector(c,1,n);

/* EPS is the fractional accuracry desired, as determined by the extrapolation
error estimate. JMAX limits the total number of steps. K is the number of
points used in the extrapolation.

*/

#define EPS /xle-6%/ le-9
#define JMAX 20

#define JMAXP (JMAX+1)
#define K 5

double gromb(double (xfunc)(double), double a, double b)
{
double ss,dss;
/* these store the successive trapezoidal approzimations and their
relative stepsizes */
double s[JJMAXP+1],h[JMAXP+1];
int j;

h[1]=1.0;
for(j=L;j <IMAX;j++){
s[j]=trapzd(func,a,b,j);
if(j>K){
polint(&h[j-K],&s[j-K],K,0.0,&ss,&dss);
if(fabs(dss) <EPSxfabs(ss)) return ss;

/* this is a key step: the factor is 0.25 even though the stepsize
is decreased by only 0.5. This makes the extrapolation a
polynomial in hA2 as allowed by equation (4.2.1), not just
ap polynomial in h.

*/

s[j+1]=slj];

h[j+1]=0.25xhj];

fprintf(stderr,"too many step in routine qromb.\n");
exit(1);
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