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àéä (äãå÷ð ìëá úå�é�öä úà úðúåðù) úå�é�öä úéö÷ðå�ù úåçéðî äé�øâåîåè àùåðá úåãåáòä áåø

ø�ñî åà ,ãéçé øåæçù çéèáäì éãë íéðååéë ìù é�åñðéà ø�ñîî úåìèä úåùøãðù àéä äàöåúäå ,úéììë

çéðäì àéä ú�ñåð äùéâ .úåîéåñî úåçðä úçú áåè áåø÷á øåæçù øù�àì éãë (180-ë) íéðååéë ìù áøå é�åñ

äìèäî úå�é�öä úéö÷ðå� úà øæçùì ïúéð æàå ,(úéìéìâ äéøèîéñ ,ìùîì) úãçåéî äéøèîéñ ìòá óåâäù

-àìì-úå÷éãááå (CT øéùëî) éàå�ø ïåçáàá äáø äçìöäá úåùîùî åìà äé�øâåîåè úåèéù .ãáìá úçà

.äéùòúá ñøä

äöåá÷ àéä äéúåìèäî øæçùì íéöåø äúåà äøåöäù íéçéðî úéøèîåàâ äé�øâåîåè ìù íåçúá

ìò åðìù äçðääù ïååéëî .ãáìá 1 åà 0 íéëøòä úà úìá÷î úå�é�öä úéö÷ðå�ù øîåìë ,úéøèîåàâ

,øúåé úå÷æç úåàöåú ìá÷ì íé�öî åðà ,úéììë äé�øâåîåè ìù åæî øúåé ä÷æç àéä úå�é�öä úéö÷ðå�

.úåìèä ìù ïè÷ ø�ñîî úåöåá÷ øæçùì íéìâåñî úåéäìå

ïëìå (ãçà ïååéëá äìèä ìò äøéîù êåú äöåá÷ úåðùì ì÷) ãéçé ïååéëá äìèäî úåöåá÷ øæçùì ïúéð àì

.íéáöéð íéðååéëä éðùù çéðð úåéììëä úìáâä àìì .íéðååéë éðùá äìèäî øîåì øù�à äî ìåàùì äéä éå�ö

úç�ùî ïéáî äãéãî äöåá÷ øåæçù ìò øáéã àåäå ,1949-î õðøåì ìù äúéä äæ àùåðá äðåùàøä äàöåúä

:ïéèåìçì òåãé úåãéãîä úåöåá÷ä ïéáî ãéçé øåæçùì úåðúéðä úåöåá÷ä ìù äðáîä .úåãéãîä úåöåá÷ä

äöåá÷ éäùæéà ìù íéáöéð íéðååéëî úåìèä âåæ úåéäì úåéö÷ðå� âåæ øåáò ÷é�ñîå éçøëä éàðú âéöä õðøåì

íé÷é�ñîå íééçøëäíéàðú íâ åàöîð ,øúåé øçåàî .äãéçé åæ äöåá÷úåéäì ÷é�ñîå éçøëä éàðúå ,äãéãî

úðúéð äöåá÷ù ,âåúéî-áéëø àø÷ðä äðáî øãâåä :úåìèä âåæî äìù ãéçé øåæçù øù�àì éãë äöåá÷ ìò

úå�ñåð úåðåëú éúù åøãâåä .âåúéî-áéëø äìéëî äðéà àéä íà-÷øå-íà úåáöéð úåìèä âåæî ãéçé øåæçùì

.úéáéèéãà äöåá÷å äîéñç-úá äöåá÷ :úåáöéð úåìèä âåæî ãéçé øåæçùì úåøù�àì úçà-ìë úåìå÷ùä

úåöåá÷ä ïéáî ãéçé øåæçùì úðúéð úîéåñî äöåá÷ íà úåì÷ øúéá ÷åãáì úåøæåò åìà úåðåëú éúù

.äæ øåæçù úà úàöåî ,ãéçé øåæçù úåìèä âåæì ùéù äçðäáù ,äçñåð íâ äàöîð .úåãéãîä

ïéàù òåãé :íéðååéë øúåé åà äùåìùî úåãéãî úåöåá÷ øåæçù éáâì úåòåãé øúåé úåùìç úåàöåú

ìò íéàðúá ,íãå÷ åîë ,íéðéðåòî ïëìå ,äãéãî äöåá÷ ìë ìù ãéçé øåæçù úøù�àîùúé�åñ íéðååéë úöåá÷

,úåéáéèéãàä ,äîéñçä úøãâä úà íéìéìëî íà .íéðååéë úöåá÷ ïúðäá ãéçé øåæçù íéçéèáîù úåöåá÷

à÷ååã-åàì êà) íé÷é�ñîíéàðú åìàùúåàøì øù�à ,éäùìë úé�åñ íéðååéë úöåá÷ì âåúéî-áéëø úåøãòäå

úøæòá ,áåù .åììä íéðååéëá äéúåìèäî (úåãéãîä úåöåá÷ä ìë ïéáî) äöåá÷ä ìù ãéçé øåæçùì (íééçøëä

éãé-ìò úòá÷ð äñ�éìà ,äîâåãì :ãéçé øåæçù ùéù úåîééåñî úåàîâåãá úåàøäì øù�à åìà íéè�ùî

1



øéö÷ú 2

.íéðååéë äùåìùî äéúåìèä

,íéðåù íéè�ùî ìá÷ì íé�öî ,øúåé äðè÷ äç�ùî êåúî úåöåá÷ øåæçùì åðîöò úà íéìéáâî íà

éúî äìàùä úà 1961-á äìòä øîä .øúåé íéáø íéø÷îá íéðååéë ìù ïè÷ ø�ñîî øåæçù úåøù�àå

úåøîì ,äæ íåçúá úåáø úåàöåú åîñøå� æàî .ïäéúåìèä êåúî úåøåî÷ úåéøåùéî úåøåö øæçùì ïúéð

úé�åñ äöåá÷ì ÷é�ñîå éçøëä éàðú òåãé :úåáåùçúåòåãé úåàöåú äîë .úåáø úåçåú� úåéòá íâ åøàùðù

(íéåñî éàðú úîéé÷îù) íéðååéë úéòéáøù èø�áå ,øåî÷ óåâ ìë ìù ãéçé øåæçù úøù�àîù íéðååéë ìù

êà ,øåî÷ óåâ ìë øåæçùì íé÷é�ñî àì úåç� åà íéðååéë äùåìù .øåî÷ óåâ ìë ìù ãéçé øåæçù úøù�àî

íâ íéòåãé .ãéçé øåæçùì úåðúéð (äéøåâè÷ ìù ïáåîá) úåøåî÷ä úåöåá÷ä áåø ,íéðååéë âåæ ïúðäáù çëåä

,øîåìë) íéðååéë äùåìùá úåìèä éãé-ìò øåî÷ óåâ úîàì ïúéð :äîâåãì ,íéðåù íéâåñî íé�ñåð íéè�ùî

ìù åæî äðåù úåìèä úéùéìù ïúåð øçà øåî÷ óåâ ìëù êë íéðååéë äùåìù øåçáì øù�à ,øåî÷ óåâ ïúðäá

.íéðååéë âåæ ìëî åéúåìèä úøæòá úåîéàì ïúéð àìù (äùåùî) øåî÷ òìåöî íéé÷ ,úàæ úîåòì .(ïåúðä óåâä

äáåùú ïéà íéáø íéø÷îá ïëìå ,úåçåú� ïä øåæçùä úéòá ìù úåáéöéä úåìàù úéáøî ,åðøòöì

äùòîì íìåà .íéîéåñî íéðååéëî íéîééåñî íé�åâ ,éùòî ï�åàá ,øæçùì ïúéð íàä äìàùì úéèøåàú

ïëì .íéø÷î ìù áø ø�ñîá úå�é úåàöåú åðúðù ,ïäéúåìèäî úåöåá÷ øåæçùì íéîúéøåâìà éðù åðùîéî

íéîúéøåâìàä úåéùåîéù úà åçéëåéù øúåé íé÷æç íééèøåàú úåáéöé éè�ùî åìâúé ãéúòáù íéøòùî åðà

.ì"ðä

àåä .úåìèä òáøàî äøåî÷ äöåá÷ øåæçùì øðãøâ ìù íúéøåâìàä àåä åðùîéîù ãçà íúéøåâìà

ãáåò êà ,(úåìèä éúùî óåâ øåæçùì åá ùîúùäì øù�à-éà ,äîâåãì) ãòåð àåä íäì íéø÷îá ÷ø ãáåò

øðãøâ éãé-ìò òöåä äæ íúéøåâìà .äàìî äðéà úéèøåàúä åú÷ãöäù úåøîì åìà íéø÷îá úåìéòéáå ä�é

úåéòá ø�ñîá åðì÷úð ïëì .ùåîéîì íéöåçðä íéáø íéèø� åîñøå� àì êà (åìù èðãåèñ éãé-ìò ùîåîå)

.øåú�ì åðöìàð ïúåàå ùåîéîä êìäîá

øåæçùä úéòá úà øúå�ù ,"ñøáðéî" åì åðàø÷ù ,åðìù ùãç íúéøåâìà àåä åðùîéîù éðù íúéøåâìà

íéøåçìúåøù�àíâúììåëùäììëä ,äùòîì)úéáëåëäøåöøæçùìäñðîäæíúéøåâìà .äéöæéîéðéî éãé-ìò

úåðååëî à÷ååã-åàì íééðø÷ä øùàë X-éðø÷ ìù úåàöåú ìù é�åñ ø�ñî ïúðäá (úåøéù÷ àì úåøåö åà

úåàöåú úà íéàöåî íééåñî ùåçéð óåâì :äæë àåä ñøáðéî íúéøåâìà ìù ïåéòøä .úåðåù úåéååæ òáøàá

úåàöåúä øåè÷åî úåàöåúä øåè÷å ÷çøî úà úããåîù äîøåð íéç÷åìå ,úåðåúðä íééðø÷á úåìèää

÷é�ñî åðáø÷úäùë äçìöä ìò íéæéøëîå ,óåâä éåðéù êåú äéöæéîéðéî úåùòì íéñðî åæ äîøåðì .ù÷åáîä

.ñ�àì

ãçà úà àöåî ñøáðéî äæ äø÷îáå ,úåãéçé ïéà íäá íéø÷îá íâ ñøáðéî íúéøåâìàá ùîúùäì ïúéð

àöî ñøáðéî ïëàå úåìèä éúùî ãéçé øåæçùì ïúéð åðéà òåáéøù òåãé ,äîâåãì .íééøù�àä íéøåæçùä

äàöåú äòåãé íäá íéø÷îá .íéîãå÷ íéøîàîá äòé�åä àìù äøåî÷ àì êà úéáëåë äøåöÿú�ñåð äøåö

.íéàúî úåáéöé è�ùî ìù åøãòä úåøîì óåâä úà øæçù ïëà ñøáðéî ,øåæçù úåãéçé äçéèáîù úéèøåàú

,ù÷åáîä óåâä úà àöî ïëà ñøáðéî ,úåãéçé ìñå� åà çéèáîùè�ùî òåãé àì íäá íéáøíéø÷îá ,ïë åîë

åéä ñøáðéî íò åðøæçéùù úåøåöä ïéá .åìâúä àì ïééãòù úåãéçé éè�ùî íéîéé÷ù øòùì åðì íøåâù øáã

.úåøéù÷ àì úåøåö åìé�àå ,íéøåç éðùå øåç íò úåøåö ,úåøåî÷ àì úåéáëåëå úåøåî÷ úåøåö

íéìë .øðãøâ ìù òåãé íúéøåâìà íâ åðùîéîå ,ñøáðéî ,ùãç øåæçù éìë åðçúé� åæ äãåáòá ,íåëéñì

íéðååéë ø�ñîî ïäéúåìèäî (ïäìù äììëä åà) úåéáëåë úåöåá÷ éùòî ï�åàá øæçùì ïúéðù íéàøî åìà

úåàöåúäî äàøðäî øúåé éîéè�åà àåä ãéçé øåæçùì éåëéñäù êë ìò úåòéáöî åìà úåéùòî úåàöåú .ïè÷

ãéçé øåæçù ìò íéùãç íééèøåàú íéè�ùî åìâúé ãéúòáù íéøòùî åðà .íåéë úåòåãéä úåéèøåàúä

.áåè äë ìòå� ñøáðéî òåãî åøéáñéù øåæçùä úéòá úåáéöéå
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àåáî

úéøåèñéä äøé÷ñÿ äé�øâåîåè éäî 1.1

ä÷éðëèä àéä äé�øâåîåè .äñåø� äúåòîùîù ,��o�o& úéðååéä äìéîá äé�øâåîåè äìéîä øå÷î

íéåñî øåùéîá úåã÷îúä éãë êåú ,éãîéî-úìú óåâ ìù úå�é�ö ìé�åø� (úàéöî) øåæçù ìù úéâåìåéãøä

.(úåéãîéî ãç) X-éðø÷ ìù áø ø�ñîî äéöîøå�ðéà úøæòá äùòð äæ øåùéî ìù øåæçù .óåâá

óåâ êåúì õéöäì ,úéååéùëò äéâåìåðëè úøæòá ,ïúéð àìù àéä äöåçð äé�øâåîåèä ú÷éðëèù äáéñä

úåãå÷ð úåàøì øù�à-éàù ïååéëî .úåîéåñî úåéîéð� úåãå÷ðá åúå�é�ö úà úåøéùé úåàøìå ,éãîéî-úìú

äööäá êøåöä .íé÷öåî íé�åâ êåúì äööäì úåøéùé úåç� úåèéù àåöîì åöìàð íéðòãî ,úåøéùé úåéîéð�

íéùåîùå ,(ìùîì ,åúå�é�ö úëøòäå ìåãéâ úàéöîì) úéàå�ø äéîãä ììåëå ,øåøá àåä íé÷öåî êåúì

äðéà óåâì úéæé� äøéãç ìù äáéèðøèìàäù øåøá .(ìùîì ,íéøöåéî íé÷ìçá íé÷ãñ ùå�éçì) íééúéùòú

úëúîúåèåîá íé÷ãñ úåàöîä ú÷éãá åà ,çåî éìåãéâ ùå�éç åîë ,íéø÷îä áøéîá äø÷é ãåàî åà úéùòî

.êåúéç éãé-ìò íúåà ñåøäì àìì øåöéä ñ�î íéàöåéù

,1895 ,øáîáåðá 8-áX-ä éðø÷ åìâúä øùàë ãìåð íé÷öåî íé�åâ êåúì äööää úééòáì ïåùàøä ïåøú�ä

W�urzburg úèéñøáéðåàá ä÷éæé�ì øåñ�åø� æà ,(1845-1923) Wilhelm Conrad R�ontgen éãé-ìò

úð÷åøî úéëåëæ úø�å�ùá éìîùç íøæ úîéøæá íééåñéð òöéáù ïîæá ,éùéù íåé ìù åáøòá .äéðîøâáù

äøéàî ãöá úçðåî äúéäù ãéðàéöåðéèì� íåéøá úëéúçù áì íù ïâèðø ,(úéãåú÷ ïø÷ úø�å�ù) úé÷ìç

úéëåëæä øé÷á åòâ� (íéðåøè÷ìà) úåéãåú÷ä íééðø÷ä øùàëù äøòùä äìòä àåä .äìò� úø�å�ùä øùàë

.äéöðñøåàåì�ì äîøâå ,ì÷éîéëá äòâ� ,øãçä êøåàì äøáòå äòåãé àì äðéø÷ éäùåæéà äøöåð ,úø�å�ùä ìù

àöî àåä .äðéø÷ ìù äæ ùãç âåñì íé�å÷ù íä ,øàùä ïéá ,íåéðéîåìàå õò ,øééðù åìéâ úå�ñåð úå÷éãá

÷éñäàåä ,äøéáùå äøæçä åîë ,øåà ìùúåðåëú äúàøäàìàéäù ïååéëîå ,íåìéö úåèì� ìò äòé�ùîàéäù

,X-úðéø÷ äò�åúì àø÷ àåä ,äìù øåøá-àìä òáèä ììâá .øåàì úåøåù÷ åéä àì åìà íééðø÷ù úåòèá

éö�ç ìù åéä äùò àåäù úåðåùàøä "ïâèðøä úå�éùç" .ïâèðø úðéø÷ íùá íâ äòåãé äúéäð àéäù úåøîì

.(1.1 øåéà äàø) åúùà ìù äãé-óë úåîöò ìùå ,õò úñ�å÷ êåúá íéìåòðä úëúî

1896 øàåðéá 13-á .íééîåéä íéðåúéòá äîñøå� ãéîå ,äáéäìî äúéä ïâèðø ìù åúéìâú ìò äòéãéä

ìò ïâèðø äðåùàøì äöøä øàåðéá 23-á .ïéìøáá åðåîøàá øñé÷ä éð�á åúéìâú úà íéâãäì ïâèðø ù÷áúð

úà íìéö ïâèðø øùàë íéé�ë àçîå òéøä ìä÷ä .úéàå�ø-úéì÷éæé�ä äãåâàä ìù äùéâ�á ,éáîå�á åúéìâú

.òåãé éàîåèðà ,Geheirmat von K�olliker ìù åãé

Charles Glover éèéøáä éà÷éæé�ä 1906-á øùà ãò ,äîåìòú øúåð åìà íééðø÷ ìù ÷éåãîä ïòáè

íééåñéðî .úåáèå÷îúåéäð ïä ïîç�ùåâ éãé ìòíéîééåñîíéðååéëáúåøæå�îX éðø÷øùàëùäàøäBarkla
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àåáî .1 ÷ø� 6

åìù ïåùàøäX-ä éðø÷ íåìöúå R�ontgen :1.1 øåéà

Figure 1.1: R�ontgen and his �rst X-Ray exposure

íééåñéð .äðåù ìâ êøåàá êà äàøð øåàì äîåãá ,íééèðâîåøè÷ìà íéìâ ïðä X éðø÷ù øéáñ äàøð åìà

íò íéìâ ïä X éðø÷ù åòá÷ Max Theodor Felix von Laue éðîøâä éà÷éæé�ä éãé-ìò 1912-á åùòðù

íò úéèðâîåøè÷ìà äðéø÷ ìëì "X éðø÷" íéàøå÷ åðà ,åéùëò .ãçà íåøèñâðà ìù ìãåâ øãñî ìâ êøåà

êøåà úãéçé àéä ,

�

Angstr�om-ì øåöé÷ë

�

A-á ïîåñîù ,íåøèñâðà) 500

�
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�
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.íééèðâîåøè÷ìàä íéìâä ìù íåøè÷�ñä ìë úà øàúîù 1.2 øåéà äàø .(î"ñ 10

�8

-ì äåùù

,íéëø íéøîåç êøã øåáòì úåìåëé X éðø÷ ,äàøð øåà ìù äæî øö÷ X éðø÷ ìù ìâä êøåàù ïååéëî

X éðø÷ íåìö òöáì éãë .úëúîå íöò ïåâë íé�å�ö íéøîåç éãé-ìò úåòìáð ïä êà ,íéãâáå äëø äî÷ø åîë

äøçùää úîöåò .ãçåéî íåìéö èøñ ïéáì X éðø÷ ìù ñìå� øå÷î ïéá (íãà ,ìùîì) è÷éáåàä úà íéîù

,(attenuated) úùìçåîä ïø÷ä { øîåçä êøã øåáòì äçéìöäù ïø÷ä úîöåò éãé-ìò úòá÷ð èøñä ìò

.(I = I
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e

�
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�dr

) ïø÷ä ìù äëøãá úàöîðù äñîä úåîë ìù ìàéöððå�ñ÷àì êå�ä ñçéá úéðåéöøå�åø�ù

íéøåæà êøã äøáòù ïø÷ éãé-ìò åòâ�ðù úåãå÷ð äáù ,è÷éáåàä ìù äìèä úåðúåð X éðø÷ úåðåîú ïëáå

úåøåçù äðééäú úåç� íé�å�ö íéøåæà êøã äøáòù ïø÷ éãé-ìò åòâ�ðù úåãå÷ð åìéàå ,úåðáì äðééäú íé�å�ö

ïòîì .(áéèâðä ÿ åîöò íåìéöä èøñ ìò åìàì íéëå�ä íéðååâ íò áéèéæå� àéä 1.1 øåéàá äðåîúä øîåìë)

ìù íåøè÷�ñäî úîìòúîå ,éãî úéðèù� àéä øîåç íò X éðø÷ ìù äéö÷àøèðéàä ìù äæ øåàú ,úîàä

.[154-157 ,17℄-á àåöîì ïúéð øúåé àìî øåàú .øîåçä úà íéáéëøîù íéîåèàä éâåñîå íééðø÷ä úîåìà

,ãçä ãåâéðä úåëæá (X éðø÷ úåðåîú ,øîåìë) úåîøâåéãøá úåàøð ,úåàéøä ïåâë ,óåâä éøáéàî ÷ìç

åáåøá áëøåîù ,áìä .äîöò úéúàéøä äî÷øì íëåúá øéååàä ìù X-ä éðø÷ úòéìá ïéá ,èñøèðå÷ä åà

.åéúçúîù ãáëä íò ãåâéð ïéà èòîë êà ,åãéìù øéååà úåàìîä úåàéøä íò ÷æç ãåâéð øöåé ,íãå íéøéøùî

ìù úéðéì÷ä úåéùåîéùä áåøì êà .úåìéëî ïäù éúçøæä ïãéñä ììâá íáéáñîù øéøùäî úåìãáð úåîöò

ùåîéùá øúåéá õå�ðä íåèàä øîåçä .íééúåëàìî ãåâéð éòöîàá ùåîéùä ìò úëîúñîX-ä éðø÷ ú÷éãá

òìáð äæ ñéñî àì úëúî çìî ,íòè éøîåçá ììë êøãáå ,íéîá ááøåòî àåä øùàë .éúø�â íåéøá àåä

éòîäå úòáèä-é� ú÷éãá ìéáùá íåéøá ï÷åçë ùîùîíâ àåä .äáé÷äå úùååä ú÷éãá ìéáùá÷ãáðä éãé-ìò

éëøãå ,ãáëä ,ìåçèä ,íãä éìë ,ïúùä éëøã ,äøîä ñéë ú÷éãáá úåùîùî ãåé íò úåéðâøåà úåáåëøú .ñâä

.äøîä

úåéäì íéìåëé íéðáî .úåðåøñç ùé ïééãò äèåù�X éðø÷ úðåîúì ,ãåâéð éòöîàá ùåîéùä íò åìé�à êà

ìà ÷ø ñðëðù ãåâéð éòöîà òåãé àìù úåëø úåî÷ø ïéá ìéãáäì äù÷å ,íäéìòîù íéøáéà éãé-ìò íéøúñåî
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éèðâîåøè÷ìàä íåøè÷�ñä :1.2 øåéà

Figure 1.2: The Eletromagneti spetrum

ãçà øåùéî ìò úåéå�é�öä ìé�åø� úà àåöîì äñðî äé�øâåîåè .äé�øâåîåèá êøåöä äìò ïëì .íäî ãçà

.äìéâø ïâèðø úðåîúá äùòðù é�ë íéøåùéîá ìëá úåéå�é�öä úà íëñì íå÷îá ,óåâä êåúá

äé�øâåîåè éâåñ 1.2

,úéìðåéöðáðå÷äé�øâåîåèíâúàø÷ðíéîò�ìù ,úéåå÷äé�øâåîåèàéäøúåéáäèåù�ääé�øâåîåèäúèéù

äðåù úåòîùî úéøèîåàâ äìéîì åá ,äæ øåáéç ìù àùåðä íò ìáìáì ïéà äúåà) úéøèîåàâ äé�øâåîåè åà

äøåöá íéìéá÷î íéøåùéîá íéëå�ä íéðååéëá íéææåî íåìéöä çåìå X-ä éðø÷ øå÷î ,åæ äèéùá .(ïéèåìçì

æà ,(íéëå�ä íéðååéëá) úåøéäî äúåàá íéææåî èøñäå øå÷îä íà ,äîâåãì .(1.3 øåéà äàø) úîàåúî

øàùé äæ éøåùéî êúç .èøñä íò äòðù äìèä äéäú íäéðéá êøãä òöîàá äìåçä ìù éøåùéî êúçì

àåöîì ïúéð 1.4 øåéàá .úåùèùåèî åéäé úåî÷øä øàù åìéàå ,(íåìéöä èøñ) äîøâåîåèä ìò ã÷åîî

,èøñá äãå÷ð äúåà ìò úøàùð (øå�àá) òöîàä øåùéî ìò úîééåñî äãå÷ð ìù äðåîú òåãî éèîéëñ øáñä

.äëå�äå äòåá÷ úåøéäîá íéòð øå÷îäå èøñä øùàë

óåâä ìù øåæéàä ,éå�öë .øùé å÷ êøåàì àéä èøñäå øå÷îä ìù úîàåúîä äòåðúä ,úéøå÷îä úèéùá

.ìãâ (úé�øâåîåèä úéååæä) éúéååæä ÷úòää ìãåâù ìëë ïè÷ ,íééåñî êúç éáåò åì ùéå ã÷åîî øàùðù

éáåòä úìãâä íò ïè÷ äðåîúä ãåâéð ,äáåè úéáçøî äéöåìåæø ììë êøãá ÷�ñî äæë óøâåîåèù úåøîì

àì úåðåîú úò�åäì íâ íåøâì ìåëé ùåèùèä .ùåèùè ììâá úé�øâåîåèä úéååæä úàìòä åà äìåçä ìù

,ìâòî ïåâë ,íéøçà íééøåùéî äòåðú éìåìñîá ùåîéù åããåò åìà úåéòá .(phantom images) úåéúéîà

,øå�éùäúåøîì .(úéðååéë-áø äé�øâåîåèíéîò�ì úåàø÷ð åìàúåèéù) äãéàåì÷éöå�éäå äìøé�ñ ,äñ�éìà

ïåâë) äåáâ ãåâéð íò úå÷éãáá úéùåîéù äøàùð åæ úèéù êà ,ïè÷ øàùð ãåâéðä úéìðåéöðáðå÷ äé�øâåîåèá

.ú÷�ñî àéäù úðéåöîä úéáçøîä äéöåìåæøä úåëæá (éúåëàìî ãåâéð øîåç åà ,äîéùðä éëøã ,úåîöò

èòîë úå�é�ö íò úåî÷øá íé�÷åîù ïèáá íéøçà íéðáîå úåéìëä ú÷éãáì åùîéù åìà äé�øâåîåè úåèéù

íéðáîå úåðè÷ä úåîöòä ú÷éãáì íâ åùîéù íä .úåìéâø X éðø÷ úå÷éãáá äãø�äì íéðúéð àì ïëìå ääæ

.úéñçé ä�å�öä ä÷øä íöòá íé�÷åîù ,ïæåàá íéøçà
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äèéùä ìù éèîéëñ øåàú :úéåå÷ äé�øâåîåè :1.3 øåéà

Figure 1.3: Linear Tomography: shemati depition of the method

film
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áöéð øåùéîá êúç ÿ äèéùä ìù éèîéëñ øåàú :úéåå÷ äé�øâåîåè :1.4 øåéà

Figure 1.4: Linear Tomography: shemati depition of the method | perpendiular

setion
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éàìâ

øå÷î

óåâä

ä÷éøñ ìë ïéá úçà äìòî

1 ä÷éøñ 120 ä÷éøñ

60 ä÷éøñ

CT øéùëî úìåò� :1.5 øåéà

Figure 1.5: Operation of a CT mahine

omputed tomographyúåîùá úéìâðàá úàø÷ðù ,úáùåçî äé�øâåîåèàéä øúåé úëáåñîäèéù

omputerized tomography åìé�à íéúéòìå) omputerized axial tomography (CAT) åà (CT)

Godfrey New- éãé-ìò íéòáùä úåðù úéùàøá äçúå� åæ äèéù .(omputer aided tomography åà

.úéàå�ø äæåðâàéãì äöå�ð äèéùì äë�ä æàîå ,éð÷éøîàäAllen Cormak-å éèéøáä bold Houns�eld

.äòåðö úéáçøî äéöåìåæø êà ,ïéåöî ãåâéð úðúåð úáùåçî äé�øâåîåè

âùåî àåä (projetion) äìèä .íéáø íéðååéëî úåìèä úåòöáúî ,úáùåçîä äé�øâåîåèä úèéùá

,íééåñî ïååéëáX éðø÷ ìùäøö äîåìà ìùä÷éøñ äùòîìàéä äìèä ìë :åæ äãåáò êøåà ìëì åúåàùåâ�ðù

EMI úøáç ìù ïåùàøä-øåãäî øéùëî øàúî ,1.5 øåéà .óåâäî çèù éð� ìò úøáåòå ,äðååéëì áöéðá äòðä

,úé÷úòä äòåðú ïéà ,íéøéùëîä ìù ùãçä øåãá ,äùòîì .[17℄-á øàåúîù é�ë ,Houns�eld ãáò äáù

äðéø÷ ÷ø äìéáâîù äéöîéìå÷ éãé-ìò) úéøåùéî ä�éðîì úùø�úî ïè÷ øå÷îîX-úðéø÷ :áåáéñ ÷ø àìà

úéååæ ìëá .íå÷îá øàùð íéàìâä ìâòîå ,ááåúñî øå÷îä .íéàìâ ìù áø ø�ñîì äòéâîå ,(øåùéîì õåçî

,íéöåøù äøåöá íéðåúðä úà øãñî áùçîå ,íéðååéë ìù áø ø�ñî ìò íéðåúð íéàìâäî íéìá÷î øå÷îä ìù

úà øö÷ì áåùç .CT-ä øéùëî ìù äìåò�ä ïîæ úà ãåàî øöé÷ úé÷úòää äòåðúä ìåèéá .íéðååéëä é�ì

.ä÷éãáä ïîæá äìåçä úòåðúî úåòáåðù úåéòá òåðîì éãë íâ øéùëîä ìù äìåò�ä ïîæ

äéöîøå�ñðøèáùîúùîáùçîä .áùçîìúøáòåîåäðéø÷ éàìâ éãé-ìòúããîðóåâäêøãúøáåòùäðéø÷ä

åìà úåìèä ìò òãéîä êåúî éøåùéîä êúçá úå�é�öä ìé�åø� øåæçùì (êå�ä ïåãø íøå�ñðøè) úãçåéî

øåæçùä úåøù�àå ïåãø íøå�ñðøè ,úéàå�ø äæåðâàéãì êë-ìë éùåîéù åúåéä ììâá .íéðååéë ìù áø ø�ñîî

úåàöåúäî÷ìç ìùíåëéñ .çúå�îå ø÷çð àùåð àåäíéðååéë äáøäî åéúåìèä êåúî éììë úå�é�ö âåìé� ìù

úéö÷ðå� ìò úîéåñî äçðä úçúù 1917-á äàøä J. Radon :äîâåãì .[17℄-á àåöîì øù�à úåòåãéä

øçåàî .0 � � � 180
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àéäù) úå�é�öä

ìøâèðéàäå øåùéîáäîåñçäöåá÷ì õåçîñ�ààéäf øîåìë ,L
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K. çéëåä 1973-á ,íìåà .íéðååéë ìù äéðî-úá äöåá÷î äéúåìèä éãé-ìò úòá÷ð f æà ,é�åñ àåä

R

R

2

jf j

2

íéîúéøåâìàå íéè�ùî ìù áø ø�ñî ,úàæ úåøîì .f úàúòáå÷ àì íéðååéë ìù úé�åñ äöåá÷ùT. Smith

úåçðä úçú ,íéðååéë ìù é�åñ ø�ñîî úåìèääî úå�é�öä úéö÷ðå� úà øæçùì éãë ïëî øçàì åçúå�

àì .é�åñ ãîéî ìòá úåéö÷ðå� áçøîî úå�é�öä úéö÷ðå� úøéçá åà/å úå�é�öä úéö÷ðå� ìò úåîéåñî

úéö÷ðå� äðáî ìò ïéèåìçì úåðåù úåçðä ìò øáãì íéðéðåòî åðàù ïååéëî ,åæ äãåáòá äæ àùåð ìò áéçøð

.àáä ÷ø�á äàøðù é�ë ,úåìèää ø�ñî ìòå úå�é�öä

úåðåøñçä úà ùé ,íé÷éåãî úåéå�é�ö éëúç ú÷�ñî àéäù úåøîì ,úáùåçîä äé�øâåîåèä úèéùì

ú�ùåç äèéùäå ,(ãçåéî ÷æç áùçîå úëáåñî äðåëî íéùøãð) ø÷éå êáåñî ãåàî àåä ùøãðä ãåéöä .äìù

,ä÷éãáì ééøâéìéî 50{100-ì äìåçä úà ú�ùåç CAT ú÷éøñ .äðéø÷ ìù äìåãâ úåîëì äìåçä úà

àéä .úâ�ñð äðéø÷ úðî ìù äãéçé àéä ,ééøâéìéî) ìéâø X éðø÷ íåìéöì ééøâéìéî 0.4{10-ì äàååùäá

.(äî÷ø ìù íøâåìé÷á úâ�ñðù äðéø÷ úéâøðà ìù ìåà'â 1/1,000 ë úøãâåî

éðáì úéàå�ø äéîãäá íâ íéîò�ìå ,úåéúéùòú (non-destrutive evaluation) ñøä àìì úå÷éãáì

íéðééðòúî åðà ïëì .íâ� ìù åìãåâå åîå÷éî úëøòäáíé÷�úñîå ,íé÷éåãîúå�é�ö éìé�åø�á êøåö ïéà ,íãà

øåæçùì íéðååéë èòîî íé�å÷éù ÷ø åëøèöé êå�ää ïåãø íøå�ñðøèì ãåâéðáù ,íéøçà íéîøå�ñðøèá íâ

àåä ãçåéîá éùåîéù äø÷î .÷ãáðä óåâä ìò úåçðä äîë úçðäá ,êúçá úå�é�öä ìé�åø� ìù áåè ÷é�ñî

äéåìúù f(r)úå�é�ö úéö÷ðå� ìòá ,úéìéìâ äéøèîéñ óåâìù çéðî ìáàíøå�ñðøè .(Abel) ìáàíøå�ñðøè

úåàøäì øù�à .ãéçé ïååéëá úåìéá÷î íééðø÷ éãé-ìò óåâä ìù äìèää úà áùçîå ,r ,øéöäî ñåéãøá ÷ø

úéìéìâä äéøèîéñä ìòá óåâä úà øæçùì ïúéð :êå�ä ìáà íøå�ñðøè ùéù (éáéèéàåèðéà éã íâ äæå)

.[14℄-á ìùîì àåöîì ïúéð êå�ää ìáà íøå�ñðøèì íúéøåâìàì äîâåãå äéòáä øåàú .ãçà ïååéëá äìèäî

,äãéãî úåàéâùì ùéâø úåç�ì åúëé�äá ,øåæçùä úåøéäî øå�éùá úå÷ñåò ìáà íøå�ñðøè ìò úåãåáòä áåø

,úå�ñåð úåãåáò .(ïéòèå÷îì äòåá÷ úéìàéãø úå�é�ö úéö÷ðå� íò éìéìâ óåâ ,ìùîì) úåãçåéî úåçðäáå

øåæçù ,äîâåãì :ãáìá úçà äìèä úøæòá øúåé úéììë äéøèîéñ úìòá óåâ øåæçù ìò úåøáãî ,[13℄ ïåâë

.úå�é�ö-úååù úåéè�éìà úå�éì÷î éåðáä óåâ

úéçëåðä äãåáòä 1.3

÷ñåò äæ íåçú .úéøèîåàâ äé�øâåîåè :äé�øâåîåèì øåù÷ä óñåð íåçúá ú÷ñåò úéçëåðä äãåáòä

ìò úå�é�öä úåéö÷ðå�ù çéðð .ïäéúåìèäî ,(øåùéîá úåøåö ,åðìù äø÷îá) úåéøèîåàâ úåøåö øåæçùá

íéîéåñî íéàðúáù úå÷æç úåàöåú ìá÷ì øù�à äæ äø÷îáù äàøðå (òåãé òåá÷äå) úåòåá÷ ïä åìà úåøåö

,úåøéî÷ ïåâë ,óåâä ìò úå�ñåð úåçðä ,ïë ìò øúé .úåìèä ìù ïè÷ ø�ñîî óåâä ìù ãéçé øåæçù úåçéèáî

äé�øâåîåèä ìù äéøåàúá äúùòðù äáøä äãåáòä úåøîì .øúåé-ãåò úå÷æç úåàöåú ìá÷ì úåøù�àî

åà ãéçé øåæçù çèáåî íàä òåãé àì íéáø íéø÷îáå àùåðá úåçåú� úåéòá äáøä ùé ïééãò ,úéøèîåàâä

äòåá÷-úå�é�ö úåìòá úåøåö øåæçù íéøù�àîùíéîúéøåâìà éðù äàøð åæ äãåáòá .úåáéöé úçèáåî íàä

úòãåé àì äéøåàúäùëíâ ,äùòîì íéìòå� åìà íéîúéøåâìàùùéâãðå ,íéðååéë ìù ïè÷ ø�ñîá ïäéúåìèäî

øúåé äáøä úåéèøåàú úåàöåú ìá÷ì äéäé øù�à ãéúòáù íé�öî åðà ïëì .úåáéöé åà úåãéçé çéèáäì

.íåéä úåòåãéù åìàî "úåéîéè�åà"

äé�øâåîåè) úéøèîåàâ äé�øâåîåèá åðúåà ïééðòîä íåçúá úåòåãéä úåàöåúä ø÷ñì ùã÷åé 2 ÷ø�

úîâåã) úðéðòî äîâåã äæ ÷ø�á àéáð óñåðá .(úåìéá÷î íééðø÷ íò úåìèä ìù ,úéøåùéî úéøèîåàâ

êà ,íéðåù íéøîàîá øáòá øáë äàáåä åæ äîâåã .úåìèä éúùî øåæçùì úðúéð äððéàù äøåö ìù (òåáéøä

.øáòá äøëæåä àìå ,úåìèä ïúåà úà úðúåðù ,äøåî÷ àì ,ú�ñåð äøåö åðàöî åðà

äæ íúéøåâìà .íéðååéë äòáøàî åéúåìèäî øåî÷ óåâ ìù øåæçùì øðãøâ íúéøåâìà úà øàúé 3 ÷ø�
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úåéòáä úà ,íúéøåâìàä ìù ùåîéî âéöð åðà .ììë èåù� åðéà åùåîéî êà øðãøâ éãé-ìò äðåùàøì øàåú

.íúéøåâìàá ùåîéùì úåàîâåã àéáðå ,ùåîéîä êìäîá åðì÷úð ïäá

åðà .íéðååéë ìù åäùìë ø�ñîî íé�åâ ìù øåæçùì åðçúé�ù ,"ñøáðéî" ,ùãç íúéøåâìà øàúé 4 ÷ø�

íò íé�åâ ,íéøéù÷ àì ,íéøåî÷ àì ,íéøåî÷) íé�åâ ìù íéðåù íéâåñì ,íúéøåâìàä úåùéîâ úà íéâãð

.úåìèä ìù äðåù ø�ñîîå (.åëå ,øåç

.åéúåàöåúå ø÷çîä ìù íåëéñ ïúåð 5 ÷ø�

íéîãå÷ä íé÷ø�äî íéîúéøåâìàä éðùá åðùîúùä åáù äéöæéîéðéîä íúéøåâìà úà øàúî 'à ç�ñð

.ììëá úåéãîéî-áø äéöæéîéðéî úåèéùì øö÷ àåáî ïúåðå ,(ñøáðéîå øðãøâ)

'ã-å 'â íéç�ñðå ,øðãøâå ñøáðéî íéîúéøåâìàä é�ì øåæçùä úåéðëåúá ùîúùäì ãöéë øàúî 'á ç�ñð

.åìà úåéðëåú úñ�ãä úà íéìéëî
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2 ÷ø�

úéøèîåàâ äé�øâåîåè

àåáî 2.1

úåðø÷ä ìù áø ø�ñîîíéðåúðá ùîúùî (êå�ää ïåãø íøå�ñðøè :åá ùîùîä éèîúîä éìëäå)CT øéùëî

ìù é�åñ ø�ñîî ãéçé øåæçù ïëúé àìù òåãé ,ìáà .óåâä ìù úåéãîéî-åã úåñåø� øåæçùì úåðåù úåéååæá

.óåâä ìù áåø÷ ÷ø øæçùî CT-ä ïëìå ,([17℄ ìùîì äàø) äðø÷ä éðååéë

ìëåð ÿ äãéçà úå�é�ö ìòá óåâ àìà úéììë úå�é�ö ú�î ìòá óåâ àì ÿ óåâä ìò øúåé çéðð íà

.úåìèä ìù ïè÷ ø�ñî åìé�à éìåà ÿ úåìèä ìù é�åñ ø�ñîî íé�åâ øåæçù øù�àú åæë äçðäù úåå÷ì

,([3, 4℄ ìùîì) äàå�øá ,íéùåîéù ìù áø ø�ñîá úéðåéâä äçðäë äøøáúä äòåá÷ úå�é�ö óåâìù äçðää

óåâá (ñ�à úå�é�öá øåæà) øåç úøåö øåæçùì íâ äîéàúî åæ äçðä ,ïë ìò øúé .ãåòå ,î"ëîá ,ä÷éèåáåøá

úåìèää úøñçä éãé-ìòå ,äøéùé äãéãîì úðúéð óåâä ìù úéðåöéçä äøåöäù ïååéëî äãéçà úå�é�ö ìòá

.øåçä "úåìèä" úà íéìá÷î ,àìîä óåâì úåéäì úåøåîà åéäù úåìèääî úåãåãîä

úåìéá÷î íééðø÷ éãé-ìò úåòöáúî úåìèääù çéððå ,úåéøåùéî úåøåö øåæçùá æëøúð úéçëåðä äãåáòá

ìù áçøä àùåðá éë ïééöð .(óåñðéàá øå÷îî úåòéâî íééðø÷äù äçðäì äìå÷ù åæ äçðä úéè�åà äðéçáî)

ø�ñ .éúãå÷ð øå÷îî úåðø÷äå íééãîéî-áø íé�åâ åîë ,íé�ñåð íéàùåð íâ íéìåìë úéøèîåàâ äé�øâåîåè

.[11℄Gardner ìù åø�ñ àåä åìåë àùåðä ìò ïéåöî

.øåùéîá äîåñçå äãéãî äöåá÷ ïîñú E úåàáä úåøãâäá

ïååéëá E ìù úåìéá÷î íééðø÷á (projetion) äìèää .øåùéîá (äãéçé øåè÷å) ïååéë u äéäé 1 äøãâä

(�

1

úéãîéî-ãçä âáì úãéî é�ì) -ìëì-èòîë úøãâåîù ,X

u

E(x)-á äðîñðù ,äéö÷ðå� àéä u

:é�ì úøãâåî X

u

E(x) .x 2 u

?

X

u

E(x) = �

1

(E \ (l

u

+ x))

.u-ì ìéá÷îä úéùàøä êøã øùé àåä l

u

øùàë

èòîë úøãâåî ïëà X

u

E(x)-ù çéèáî éðéáå� è�ùî ,úé�åñ äãéî úìòáå äãéãî E-ù äçðäá

.x ìëì

úøçàúéøù�àúåòîùîíò äúåà ìáìáì ïéàå ,åæ úåòîùîá "äìèä" äìéîáùîúùð åæ äãåáò êùîäá

.äøãâää úùçîäì 2.1 øåéà äàø .íéåñî ïååéëá óåâä ìù ìöä êøåà àéäù "äìèä" äìéîì

13
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u

X

u

E(x)

x

u

?

l

u

+ x

x

E

E \ (l

u

+ x)

E äöåá÷ ìù äìèä :2.1 øåéà

Figure 2.1: Projetion of a set E

äéö÷ðå�ì øãâåîù (X-ray transform) äðø÷ää íøå�ñðøè úøæòá äìèää úà øéãâäì íâ øù�à

:äàáä äøåöá øåùéîá äãéãî

(2.1) X

u

f(x) =

Z

1

�1

f(x+ tu)dt

-ë äáéúëì úðúéðX

u

E(x) äìèää ,äæ ïåîéñá

(2.2) X

u

E(x) = X

u

1

E

(x)

õåçî 0 êøòåE ìò 1 êøò úìá÷îù äéö÷ðå�ä ,øîåìë)E ìù úéèñéøè÷ø÷ä äéö÷ðå�ä àéä 1

E

(x) øùàë

.(E-ì

äø÷îá ïëìå ,òè÷ ãéîú äéäé íééðø÷ä íò äöåá÷ä êåúéç æà ,äøåî÷ àéä E äöåá÷äù íéçéðî íà

úìáâä ,êùîäá äàøðù é�ë .äãéîä úøåúá êøåö ïéàå êøåà ìù íééñéñá íéâùåîá ÷�úñäì øù�à äæ

.íéðééðòî íéè�ùî úðúåð ãáìá úåøåî÷ úåöåá÷ì ïåéãä

u 2 S ìëì íà S íéðååéë úöåá÷ì f

u

úåðåúð äìèä úåéö÷ðå� ìù øåæçù àéä E äöåá÷ 2 äøãâä

.X

u

E = f

u

íéé÷úî

úòá÷ð (úåøåî÷ä úåöåá÷ä úç�ùî ,äîâåãì) F úåöåá÷ úç�ùîì úëééùä E äöåá÷ 3 äøãâä

X

u

E

0

= X

u

E íéé÷îù E

0

2 F ìëì íà S íéðååéë úöåá÷á äéúåìèä éãé-ìò F -á (determined)

íå÷î-ìëá-èòîë ,ïáåîë ,íä êùîäáå ïàë úåéö÷ðå�ä éðåéååù ìë .E

0

= E-ù òáåð u 2 S ìëì

øîåà A = B :ñ�à äãéî úìòá äöåá÷ éãë ãò íä úåöåá÷ä éðåéååéùå ,úéèðååìøä äãéîä é�ì

.�

2

(A�B) = 0

F -á úåöåá÷ä ïéáî (unique reonstrution) ãéçé øåæçùì úðúéð E-ù íâ øîàð äæ äø÷îá

.S íéðååéëá úåìèää úøæòá

ïúéð íà F -á (an be veri�ed) úåîéàì úðúéð F úåöåá÷ úç�ùîì úëééùä E äöåá÷ 4 äøãâä

æà u 2 S ìëì X

u

E = X

u

E

0

-å E

0

2 F íàù êë (E-á äéåìúä) S úé�åñ íéðååéë úöåá÷ øåçáì

.E = E

0
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a

a

u

b

b

u ãçà ïååéëá ääæ äìèä íò (úåøåî÷) úåöåá÷ éúù :2.2 øåéà

Figure 2.2: Two (onvex) sets with an idential projetion in the u diretion

an be suessively) íéáìùá äòéá÷ì úðúéð F úåöåá÷ úç�ùîì úëééùä E äöåá÷ 5 äøãâä

úåîãå÷ä úåìèäá ÷ø äéåìú u

i

úøéçáùë ,íéáìùá u

1

:::u

m

íéðååéë øåçáì ïúéð íà (determined

.E = E

0

æà i = 1:::m ìëì X

u

i

E = X

u

i

E

0

-å E

0

2 F íàù êë ,X

u

1

E; :::; X

u

i�1

E

úåöåá÷ ìùúéùåîéùäç�ùîìëìäöåá÷ óà òåá÷ì éãë ä÷é�ñîäðéàu ãçà ïååéëá äìèäù ïéáäì ì÷

,úåéáëåëä úåöåá÷ä úç�ùî ,úåøåî÷ä úåöåá÷ä úç�ùî ,úåîåñçä úåãéãîä úåöåá÷ä úç�ùî ,ïåâë)

,äùãç äöåá÷ ìá÷ìå u ïååéëá íéòè÷ "êåùîì" ,úéøå÷îä äöåá÷ä úà úç÷ì ïúéðù ïååéëî úàæ .(.åëå

.2.2 øåéàá äîâåãá åîë

ääæ äìèä íò (øðééèù ìøèîéñ úàø÷ðä) S

u

E úéðåð÷ äöåá÷ E äöåá÷ì øéãâäì íéâäåð åæ äáéñî

:u ïååéëá

ìëì .u-ì ìéá÷îä úéùàøä êøã øùéä l

u

äéäé .ïååéë u éäéå ,øåùéîá éäùìë äöåá÷ E éäú 6 äøãâä

(x) øéãâð ,úøçà .(x) = ; øéãâð ,ãéãî-�

1

àì åà ÷éø (l

u

+ x)\E íà :êë (x) øéãâð ,x 2 u

?

(x) íéòè÷ä ìë ìù ãåçéàä .�

1

(E \ (l

u

+ x)) åëøåàå x-á åæëøîù u-ì ìéá÷îä øåâñä òè÷ë

.S

u

E-á ïîåñîå ,u ïååéëá E ìù (Steiner Symmetral) øðééèù ìøèîéñ àø÷ð

,E ìù çèùä àåä øúåéá áåùçäå ÿ ìáâåî òãéî ÷ø àéöåäì ïúéð E äöåá÷ ìù ãçà ïååéëá äìèäî

.�

2

(E) =

R

u

?

X

u

E(x)dx -ë áåùéçì ïúéðù

.íéðååéë éðù íò íéìéçúî íéðééðòîä íéè�ùîä ,ïééðòî àì ãçà ïååéëù ïååéëî

úé�åñ äãéî íò úåãéãî úåöåá÷ øåæçù 2.2

úåöåá÷ä úç�ùî ïéáî ãéçé øåæçùì úðúéð úé�åñ äãéî íò äãéãî äöåá÷ íàä äìàùá ÷åñòð äæ óéòñá

íéè�ùî íðùé íéðåù íéø÷îá ,äàøðù é�ë .úåðåù íéðååéë úåöåá÷ úøæòá úé�åñ äãéî úåìòá úåãéãîä

,ïë ìò øúé .ãéçé øåæçùì úðúéð äöåá÷ úåéäì íé÷é�ñîå íééçøëä íéàðú äàøð .åæ äìàù ìò íéðåòù

,(øåæçùäúàíéàöåî ,ïëíàå) ãéçé øåæçù åðùéíàäíé÷ãåáúåìèäúåéö÷ðå� ïúðäáùíéè�ùîíâäàøð

.åìà úåìèä úðúåðù äöåá÷ ììë ïéà éìåà åà ,ãçà éøù�à øåæçùî øúåé åðùé íàä

åø�ñá åà åøëæåéù íéøîàîá úåòé�åîù ,úåéãîéî áø úåàñøâ íâ ùé åøëæåéù úåàöåúäî ìåãâ ÷ìçì

.ãáìá úåéøåùéî úåöåá÷ øåæçùá æëøúð åðà .[11℄ øðãøâ ìù

úåöåá÷ä ìë ïéáî ãéçé øåæçùì àéä äðååëä ,ãéçé øåæçù ìò øáåãéù íò� ìëá ,äæ ÷ø�áù øåëæì ùé

.úåãéãîä

íéðååéë éðùá úåìèä 2.2.1

ìåàùì ïúéðù äàáä äìàùä ïëì .ãáìá ãçà ïååéë úøæòá ãéçé øåæçùì úðúéð àì äöåá÷ óà ,øáñåäù é�ë

úìáâä àìì çéðäì âåäð ,ïåéãä úà èù�ì éãë .íéðåù íéðååéë éðùá úåìèä úøæòá øîåì øù�à äî àéä
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úàå) íéðååéë âåæ ìë àéáäì øù�àù àéä êëì äáéñä .íéøéöä éðååéë éðù íä íéðååéëä éðùù úåéììëä

.äîéàúî äëé�ä úéøàðéì äéöîøå�ñðøè éãé-ìò éåöøä áöîì (äðåãðä äöåá÷ä

íéùåîéù íâ åàöîð íéáöéð íéðååéë âåæá ïäéúåìèäî úåøåö øåæçùì ,àùåðá éèøåàúä ïééðòä ãáìî

.[3, 4℄ íéáöéð íéðååéëá úåìèä éúùî áìä ìù íéëúç øåæçù ïåâë ,íééùòî

íéøéöä éðååéëá úåìèä éúùî (úé�åñ äãéî íò äãéãî) úéøåùéî äöåá÷ ìù øåæçù úåãéçé ìù àùåðä

,àùåðá åì�éèù íéøçàä íéáåùçä íéøîàîäå ,1949-î [21℄ õðøåì ìù êøãä-õøå� åøîàî æàî ø÷çð

úåðúéðù℄ úåöåá÷ ìù äðáîä ,íéðååéë éðù ÷ø íðùéùë"ù [9℄ åøîàîá áúåë øðãøâù êëì åìéáåä [18, 7℄

øðãøâ úà åàéáäù íéè�ùîä úà âéöð äæ óéòñá ."ïéèåìçì øåøá [úåãéãîä úåöåá÷ä ïéáî ãéçé øåæçùì

.åæ äæøëäì

P (x) ,íå÷î ìëá èòîë úåéìéìù-éà (�1;1)-á úåìéáøâèðéà úåéö÷ðå� âåæ ìò ìëúñä [21℄ õðøåì

äãéãî äöåá÷ ìù íéøéöä éðååéëá äìèää úåéö÷ðå� úåéäì ìåëé äæ úåéö÷ðå� âåæ éúî ìàùå ,Q(y)-å

éðååéëá úåìèä âåæ úåéäì ììë ìåëé åðéà äæ âåæ éúîå ,äãéçé åæ äöåá÷ éúî ,(úé�åñ äãéî úìòá) éäùìë

.äöåá÷ óà ìù íéøéöä

:([24℄ õéø ìù åøîàîá òé�åäù) è�ùîáå äàáä äøãâäá êøåö ùé ,õðøåì ìù åúàöåú úà çñðì éãë

úåàø÷ð ,äîàúäá e ,E úåãéãî úåöåá÷ ìò úåøãâåîä p(x) ,P (x) úåãéãî úåéö÷ðå� 7 äøãâä

ïä fx 2 Ej� � P (x)g ,fx 2 ej� � p(x)g úåöåá÷ä íà (equimeasurable) ääæ âåìé� úåìòá

.éùîî � ìëì äååù äãéî úåìòá

íéé÷ .�1 < x < 1 -ì úøãâåîä úéìéáøâèðéà úéìéìù-éà äéö÷ðå� P (x) äéäú 1 è�ùî

P (x) ìù äæì ääæ âåìé� íò ,0 < x < 1 ,p(x) äéö÷ðå� àåäù ,P (x) ìù äìåò-àì øåãéñ

.x

1

� x

2

øåáò p(x

1

) � p(x

2

) úîéé÷îùå

:äìåò-àì øåãéñ ìù äëå�ä äéö÷ðå�ì äàáä äøãâää úà íéëéøö åðà ,ïë åîë

øéãâð .(0;1)-á é�åñ ìøâèðéà úìòá äìåò-àì úéìéìù-éà äéö÷ðå� x > 0 ,p(x) äéäú 8 äøãâä

:äàáä äøåöá p

�1

(y) äëå�ää äéö÷ðå�ä úà

øéãâð ,äæ y

0

= p(x

0

) êøò úìá÷î p åá ãéçéä x-ä àåäå ,p(x) ìù úå�éöø úãå÷ð x

0

íà �

.p

�1

(y

0

) = x

0

éå�öë

éúåøéøù êøò úåéäì p

�1

(y

0

) úà øéãâð ,y

0

òåá÷ êøò úìòá p(x) äéö÷ðå�ä åá òè÷ (�; �) íà �

.�-ì � ïéá

p(x

�

0

) � y � p(x

+

0

) òè÷áx

0

òåá÷úåéäì p

�1

(y)úà øéãâð ,p(x) ìùúå�éöø-éàúãå÷ðx

0

íà �

.(äîàúäá ïéîéîå ìàîùî úåìåáâì äðååëä p(x

+

0

)-å p(x

�

0

)-á øùàë)

.p

�1

(y) = 0 øéãâð ,(p(x) ìù çååèá åðéà y ,øîåìë) x > 0 ìëì y > p(x)-ù äæë y íà �

úìòáå äìåò-àì ïééãò êà ,y > 0 ìëì úøãâåîù p

�1

äéö÷ðå� ìá÷ì éãë úéðåéç åæ äøãâä

.é�åñ ìøâèðéà

.äîìù àì äøãâää åéãòìáù ,äæ áåùç äø÷î òé�åî àì [21, 7℄-á p

�1

úøãâäá ,áâà

:ì"ðä äøãâää ìù úåéñéñá úåðåëú éúù úåàøì ì÷

úøãâåî èø�á ïëìå) úåãå÷ð ìù äéðî-ïá ø�ñî øúåéä-ìëì ãáìî y > 0 ìëì áèéä úøãâåî p

�1

.1

úåãå÷ðä ïä p

�1

úà áèéä åðøãâä àì ïäá úåãéçéä y úåãå÷ðä .(ñ�à äãéî úìòá äöåá÷ ìò èòîì
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äéðî ïá øúåéä ìëì àåä åììä íéòè÷ä ø�ñî ,íìåà .òåá÷ y êøò ìòá íìù x òè÷ì úåîéàúîù

øúåéä ìëì àåä "úåéúééòá"ä y-ä úåãå÷ð ø�ñî íâ ïëìå (éìðåéöø ø�ñî íéé÷ òè÷ ìëá éøä éë)

.äéðî-ïá

úøãâåîù ,äìåò-àì ,úéìéìù-éà äéö÷ðå� àéä øîåìë ,äìåò-àì øåãéñ äîöòá àéä p

�1

(y) .2

-ù úåàøì øù�àù ïååéëî é�åñ ìøâèðéàä .(0;1) íåçúá é�åñ ìøâèðéà úìòáå y > 0-ì

.

R

1

0

p

�1

(y)dy =

R

1

0

p(x)dx

øéãâð .äîàúäáQ(y) ,P (x) ìù íéìåò-àìä íéøåãéñä (y > 0 ,x > 0) q(y)-å p(x) äðéäú ,åéùëò

:íéàáä íéàðúä úà

Z

x

0

p(u)du �

Z

x

0

q

�1

(u)du 8x > 0 (2.3)

Z

y

0

q(u)du �

Z

y

0

p

�1

(u)du 8y > 0 (2.4)

,äæ äø÷îá) åæì åæ úåëå�ä úåéö÷ðå� ïä q(y)-å p(x) ,ìùîì ,íà íéîéé÷úî åìà íéàðúù øåøá

úéøù�à äîâåã .íéøçà íéø÷îá íâ íéé÷úäì íéìåëé åìà íéàðú êà .(íéðåéååù íä íéðåéååùä éà

(max(�; 0)-ì äðååëä �

+

-á øùàë) q(y) =

�

�

1

2

log(

y

2

)

�

+

-å p(x) = e

�x

úåéö÷ðå�ä ãîö àéä úçà

äëå�ää äéö÷ðå�ä :åæì åæ úåëå�ä úåéö÷ðå� ïðéà ïä êà .

1

çëååäì äù÷ àìù é�ë ,íéàðúä úà úåîéé÷îù

øîåì úøöå÷î êøã øåîàë åæù ,p

�1

(y) = (� log y)

+

àéä p(x) = e

�x

-ì

p

�1

(y) =

(

� log y y � 1

0 y > 1

éàðúä ÷åéãá àåä úåéö÷ðå� ìù íéìåò-àìä íéøåãéñä éãé-ìò åìà íéàðú íåé÷ù äìéâ [21℄ õðøåì

:íéøéöä éðååéëá äìù úåìèää ïä åìà úåéö÷ðå�ù äöåá÷ øåæçù úåøù�àì

,�1 < x <1-ì úåøãâåîäúåéìéìù-éàå úåéìéáâèðéà úåéö÷ðå� éúùQ(y)-å P (x) äðéäú 2 è�ùî

éðååéëáQ(y) ,P (x) úåìèä íò E äãéãî äöåá÷ úîéé÷ù êëì ÷é�ñîå éçøëä éàðú .�1 < y <1

�(2.3) íéàðúä úà íéîéé÷î ì"ðä úåéö÷ðå�ä ìù q(y) ,p(x) íéìåò-àìä íéøåãéñäù àåä íéøéöä

.(2.4)

äéúåìèä éãé-ìò (ñ�à äãéî úåìòá úåöåá÷ éãë ãò) úåãéçéá úòá÷ð E äöåá÷ä ,ïë ìò øúé 3 è�ùî

.åæì åæ úåëå�ä úåéö÷ðå� íä q(y)-å p(x) íéìåò-àìä íéøåãéñä íà ÷øå íà íéøéöä éðååéëá

éàðúá íéàðúä ãçà úà óéìçäì ïúéð (2.4)�(2.3) íéàðúä ãîöá 1 äøòä

Z

1

0

p(x)dx =

Z

1

0

q(y)dy

R

x

0

q

�1

= �e

�2x

+1 ,

R

x

0

p = �e

�x

+1 æà .(y > 0) p

�1

= (� log y)

+

,(x > 0) q

�1

= 2e

�2x

-ù úåàø÷ì ì÷

1

íéëáåñî íééåèéáä êà ,íéé÷úî éðùä ïåéååéùä-éà íâ .(2.3) ïåùàøä ïåéååéùä-éà íéé÷úî ,úãøåé äéö÷ðå� e

�x

-ù ïååéëîå

íéé÷úî úîàáå

R

y

0

p

�1

=

�

y � y log y y < 1

1 y � 1

-ùå

R

y

0

q =

�

y

2

�

y

2

log

y

2

y < 2

1 y � 2

-ù úåàøì ì÷ :øúåé èòî

.(2.4) éðùä ïååéùä-éà
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ïè÷åîå ,éòéáøäå éðùä íéòéáøá ìãâåî (àìî å÷) ìåâéòä :(å÷åå÷î) úååòîä äãéçéä ìåâéò :2.3 øåéà

úåðåù úåìèä úåéäì úåáééç úååòîä ìåâéòì ,ïåùàø èáîá äîãðù äî úåøîì .éùéìùäå ïåùàøä íéòéáøá

.éøå÷îä ìåâéòä ìù åìàî íéøéöä éðååéëá

Figure 2.3: The deformed unit irle (dashed): The irle (solid line) is enlarged in

the seond and fourth quadrants, and made smaller in the �rst and third quadrants.

Although it seems otherwise at �rst glane, the deformed irle must have projetions

in the diretion of the axes that are di�erent from those of the original irle

éàðúá úåøçà íéìéîá åà

(2.5)

Z

1

�1

P (x)dx =

Z

1

�1

Q(y)dy

,øúåé øåøá ùãçä íéàðúä ãîö íééåñî ïáåîá .([21℄-á äçëåä äàø) ìå÷ù íéàðú ãîö ìá÷ìå

éðååéëá úåìèä âåæ åéäé Q(y) ,P (x)-ù êëì øúåéá éå�öä éçøëää éàðúä àåä (2.5) éàðúäù ïååéëî

äöåá÷ä úãéîì íéðåù íééåèéá éðù íä (2.5) é�âà éðù äæ äø÷îá éë ,úîééåñî äöåá÷ ìù íéøéöä

.íéååù ïáåîë ïëìå (éðéáå� è�ùî é�ì)

:ìåâéòä úîâåã àéä 3 è�ùîá ùåîéùì äèåù� äîâåã

éãé-ìò úåãéçéá òá÷ð øåùéîá äãéçéä ìåâéò íàä ìàù íéèåáåø úéàø ìò [16℄ åø�ñá ïøåä 1 äîâåã

úåðáì øù�à éìåàù äàøð ïåùàø èáîáù úåøîì ,úéáåéç àéä äáåùúä .y ,x íéøéöä ìò åéúåìèä

.2.3 øåéà åîë åäùî � úéãâð äîâåã

çèù åúåà ùé íéøéöä éðååéëá úåìèä ïúåà íò úåöåá÷ éúùì :úåì÷á åæ úåãéçé ïéáäì øù�à

ìåâéòä êà .äéöøðéà èðîåî åúåàå (éðéáå� è�ùî é�ì � ääæ úçà äìèä åìé�à ä÷é�ñî êë íùì)

èðîåîå çèùä ïëìå ,ïåúð çèù íò úåöåá÷ä ìëî éìîéðéîä äéöøðéàä èðîåî úìòá äöåá÷ä àåä

.(ñ�à äãéî íò äöåá÷ éãë ãò) ìåâéòä úà íéòáå÷ äéöøðéàä

ìò úåìèää .ìåâéòä ìù øåæçùä úåãéçé úà çéèáî 3 õðøåì ìù úåãéçéä è�ùî êéà úòë äàøð

:íä úéùàøá åæëøîù äãéçéä ìåâéò ìù íéøéöä

P (x) = 2

q

(1� x

2

)

+

; Q(y) = 2

q

(1� y

2

)

+
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äãáåòäå (Q-å) P ìù ñ�àä áéáñ éøèîéñä äðáîä ììâá .�

+

= max(�; 0) åðîéñ áåù øùàë

,p(u) = P (u=2) èåù� àåä P (x) ìù äìåò-àìä øåãéñäù øåøá ,éáåéçä øéöä éöçá äìåò-àì P -ù

:íä úåìèää ìù íéìåò-àìä íéøåãéñä ,øîåìë .u > 0

p(u) = q(u) =

q

(4� u

2

)

+

; u > 0

.(8 äøãâäá åîë úøãâåî äëå�ää äéö÷ðå�ä øùàë) p

�1

= q øîåìë ,úåëå�ä úåéö÷ðå� úîàá åìàå

äöåá÷ä àåä ìåâéòä ,ñ�à äãéî íò úåöåá÷ éãë ãò :åúð÷ñî íâ ïëìå ,íéîéé÷úî 3 è�ùî éàðú ,ïëáå

.åìà úåìèä íò äãéçéä

íðéà íéðååéëä íà .íéáöéð íéðååéëä éðùù äçðäá ÷ø åéúåìèä éúù éãé-ìò òá÷ð ìåâéòä :äøòä

òá÷ð àì åìé�à àåä ïë ìò øúéå � åéúåìèäî ãéçé ï�åàá òá÷ð àì ìåâéòä êéà êùîäá äàøð ,íéáöéð

.(úåìèä ïúåà úà úðúåðù úøçà äñ�éìà ùé) úåøåî÷ä úåöåá÷ä ìë ïéáî ãéçé ï�åàá

íéîééåñîíéðáåîáêà ,äìå÷ùäøåöá õðøåì éè�ùîúà åçñéð 1988-î [18℄íøîàîáKuba & Vol�i�

øåãéñ øéãâäì êøåö ïéà íäìù çåñéðá .(úéáéèéàåèðéà äðáäì øúåé äù÷ éìåà éë íà) úéèðâìà øúåé

íîùá àì êà ,ùãçä çåñéðá ïáåîë íéòé�åî åìà ÿ äìåò-àì øåãéñ ìù äëå�ä äéö÷ðå� åà äìåò-àì

íåçúä ìò úøãâåîä g(x) (é�åñä ìøâèðéàäúìòáå) úéìéìù-éàä äéö÷ðå�ì íéøéãâî ,äæ íå÷îá .ùøå�îä

:äàáä y > 0 ,g

x

(y) äéö÷ðå�ä úàDg

(2.6) g

x

(y) = �

1

(fx 2 Dgjg(x) � yg)

:íéøéãâî h(y) äéö÷ðå�ì ,äîåãáå

(2.7) h

y

(x) = �

1

(fy 2 Dhjh(y) � xg)

øù�à æà ,é�åñ ìøâèðéà úìòáå úéìéìù-éà ,äìåò-àì (0;1)-á úøãâåîä äéö÷ðå� àéä p(x) íà

àåä (::)

x

ìù äøãâäá é�åéä êà !p

�1

(y) ìù 8 äøãâä íò úãëìúî ÷åéãá p

x

(y) ìù åæ äøãâäù úåàøì

ììë ïéà ïëì .p

x

= P

x

æà (7 äøãâä äàø) âåìé�-úååù úåéö÷ðå� ïä p(x) ,P (x) íàù äúøãâäî øåøáù

:äìåò-àìä øåãéñä ìù äëå�ää äéö÷ðå�ä úéãééî àåä y > 0 ,P

x

(y) :"äìåò-àì øåãéñ" úøãâäá êøåö

øù�à ,õðøåì è�ùî çåñéðì àåä íâ ùåøãä ,p ,åîöò äìåò-àìä øåãéñä úà ìá÷ì éãë .P

x

(y) = p

�1

(y)

(::)

y

äìåò�ä ,äìåò-àì øåãéñ øáë àåä p

�1

-ù ïååéëî ,øåëæë) p = (P

x

)

y

:áåù äìåò�ä úà ìéò�äì èåù�

.(äëå�ää äéö÷ðå�ä úà úàöåî èåù�

é�ë) (2.5) éàðúá (2.4) éàðúä úà óéìçäì Kuba & Vol�i� åøçá ,õðøåì éè�ùî ìù íçåñéðá ,éå�öë

.(úåùòì øù�àù åðøòäù

:ãçà è�ùî úøåöá çåñéðì íéðúéð õðøåì éè�ùî éðù ,åìà íéðåîéñá

êë úåéìéáøâèðéàå úåéìéìù-éà úåéö÷ðå� Q(y)-å P (x) äðéäú (õðøåì éè�ùîì äðåù çåñéð) 4 è�ùî

-ù

Z

1

�1

P (x)dx =

Z

1

�1

Q(y)dy

:éæà

íéé÷úî  > 0 ìëì íà ÷øå íà äãéçé äöåá÷ ìù íéøéöä éðååéëá úåìèä ïä Q(y)-å P (x) .1

Z



0

Q

y

(x)dx =

Z



0

P

xy

(x)dx
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Y

X

âåúéî áéëø ìù äîâåã :2.4 øåéà

Figure 2.4: Example of a swithing omponent

íà ÷øå íà úçà äöåá÷î øúåé ìù íéøéöä éðååéëá úåìèä ïä Q(y)-å P (x) .2

Z



0

Q

y

(x)dx �

Z



0

P

xy

(x)dx

.óéøç ïåéååù-éà íéé÷úî åøåáòù  > 0 íéé÷å  > 0 ìëì

-ù êë  > 0 íéé÷ íà ÷øå íà äöåá÷ óà ìù íéøéöä éðååéëá úåìèä ïðéà Q(y)-å P (x) .3

Z



0

Q

y

(x)dx <

Z



0

P

xy

(x)dx

.ïîöò úåöåá÷ä ìò úåøéùé íéøáãî àì êà ,øåùéîá úåöåá÷ ìù úåìèää úà íéðéé�àî õðøåì éè�ùî

ìò äéúåìèäî (úåãéçéá) úòá÷ð øåùéîá äãéãî äöåá÷ íàä ÷åãáì êøã åòéöä [18℄ Kuba & Vol�i�

.äéúåìèä ìò àìå äîöò äöåá÷ä äðáî ìò úåìëúñä êåú ,íéøéöä

swithing) âåúéî áéëø àåä äøåæçù úåãéçéì øù÷äá øáãì éàãë åéìò äöåá÷á ïåùàøä äðáîä

.[2℄ ãéçé øåæçùì úåðúéðù úåéøðéá úåöéøèî ïåé�à ìù øù÷äá äðåùàøì ùîéùù âùåî ÿ (omponent

ìò äéúåìèä éãé-ìò úòá÷ð (2.4 øåéàá åîë) úááåñî äñ�éìà íàä :äàáä äìàùä úà ïçáð ,äîâåãì

,íéìåâò íéøåç éðù íò äñ�éìàî úáëøåîù äùãç äöåá÷ øéãâäì øù�à :úéìéìù êëì äáåùúä ?íéøéöä

éðååéëá úåìèääù øåøá .(2.4 øåéàá øå�àá äùãç äöåá÷ äàø) íéùãç íéùãç íéìåâéò éðù íîå÷îáå

øåæçùì úðúéð àì åæ äñ�éìà ïëìå ,úéøå÷îä äñ�éìàä ìù åìàì úåäæ äùãçä äöåá÷ä ìù íéøéöä

åéúåòìöù ïáìî çéðäì øù�àù äãáåòä àéä ãéçé øåæçùì úðúéð àì åæ äñ�éìàù êëá "äîùà"ä .ãéçé

(íéøåçä úà åðéðá íáéáñ) äñ�éìàä êåúá ïåñëìàá íéã÷ã÷ éðù øùàë ,äñ�éìàä ìò íéøéöì úåìéá÷î

áéëø àø÷é äæë äðáî .(íéùãçä íéìåâéòä úà åðéðá íáéáñ) äñ�éìàì õåçî íéøçàä íéã÷ã÷ä éðùå

:àéä úéììëä äøãâää .âåúéî

äöåá÷ä ú÷úòä úà P

(t;u)

-á ïîñð .úé�åñ äãéî úìòá øåùéîá äãéãî äöåá÷ P äéäú 9 äøãâä

:(t; u) øåè÷åá

P

(t;u)

= f(x + t; y + u)j(x; y) 2 Pg
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úìòá P äöåá÷ úîéé÷ íà âåúéî áéëø ùé ,úé�åñ äãéî úìòáå äãéãî ,E øåùéîá äöåá÷ìù øîàð

(P [P

(t;u)

)\E = ; ,P

(t;0)

[P

(0;u)

� E-ù êë ,u 6= 0 ,t 6= 0 íééùîî íéø�ñî éðùå ñ�à-àì äãéî

.(ñ�à äãéî íò äöåá÷ éãë ãò ,ìéâøë)

-ì ïëù ,íéøéöä éðååéëá äéúåìèäî ãéçé ï�åàá úòá÷ð àì àéä æà âåúéî áéëø ùé E-ì íàù øåøá

E

0

= (En(P

(t;0)

[ P

(0;u)

)) [ P [ P

(t;u)

íåé÷ù øøáúî .(�

2

(E�E

0

) 6= 0 øîåìë) íéðåù E

0

,E-å ,íéøéöä éðååéëá E-ì åîë úåìèä ïúåà ùé

úà åçéëåä [18℄ .éçøëä éàðú íâ àåä àìà ,øåæçùä úåãéçé-éàì ÷é�ñî éàðú ÷ø àì àåä âåúéî-áéëø

:õðøåì è�ùî úøæòá àáä è�ùîä

íéøéöä éðååéëá äéúåìèäî ãéçé øåæçùì úðúéð úé�åñ äãéî úìòá øåùéîá äãéãî äöåá÷ 5 è�ùî

.âåúéî-áéëø óà äì ïéà íà ÷øå íà

,úéúåäî úåðåù úåöåá÷ ìù óöø àéöåäì ïúéð âåúéî-áéëø äøéãâîù äöåá÷îù ïååéëî ,ïë ìò øúé

:íéìá÷î

äãéî úåìòá úåöåá÷ éãë ãò) äãéçé úéøåùéî äöåá÷ úåøéãâî àì íéøéöä éðååéëá úåìèä íà 6 è�ùî

.åìà úåìèä úåðúåðä úéúåäî úåðåù úåöåá÷ ìù óöø-úîöåò ùé éæà (ñ�à

âåúéî áéëø ìù úèùå�î äøãâä 1990-î [7℄ íøîàîá åòéöä Shepp-å Reeds ,Lagarias ,Fishburn

:úåçåú� úåöåá÷ì

äãéî úìòá (U ú�ù) �U-ù çéððå ,úé�åñ äãéî úìòá øåùéîá äçåú� äöåá÷ U äéäú 7 è�ùî

:íéìå÷ù íéàáä íéàðúä éðù éæà .ñ�à

.íéøéöä éðååéëá úåìèä ïúåà úðúåðù U-î äðåùä úøçà äçåú� äöåá÷ ïéà .1

,íéøéöä éðååéëì ìéá÷îä ïáìî úåáéëøîä úåãå÷ð òáøà ïéà øîåìë ,"äòø-2 äéöøåâé�ðå÷" ïéà .2

U íéð�á z

2

-å z

1

-ù åìàë ,w

2

= (x

2

; y

1

) ,w

1

= (x

1

; y

2

) ,z

2

= (x

2

; y

2

) ,z

1

= (x

1

; y

1

)

.

�

U íéð�á w

2

-å w

1

åìéàå

äéáâìù äòø-k äéöøåâé�ðå÷ì äøãâä íéðúåðå ,�

2

(�U) = 0-ù éàðúä àìì íâ ïåëð è�ùîäù íéøòùî [7℄

k ìù úåöåá÷ éúù àéä äòø-k äéöøåâé�ðå÷ :U ú�ù ìò éàðúä àìì úåìé÷ùä úà çéëåäì íéòãåé íä

úåäæ íéøéöä ìò úåöåá÷ä éúù úåìèäù êë ,

�

U íéð�á w

i

-å U íéð�á z

i

,w

1

::w

k

,z

1

::z

k

,úåðåù úåãå÷ð

.íé-w

i

-å íé-z

i

ìù äååù ø�ñî êúåç (y =  åà) x =  ,øéöì ìéá÷îä øùé ìë ,øîåìëÿ

[18℄ åòéöäù é�ë ,äöåá÷ì úùøå�î äçñåð úúì øù�à ,äéúåìèä éãé-ìò úåãéçéá úòá÷ð äöåá÷ íà

:(õðøåì è�ùîî úòáåð áåù äçëåää)

æà Q(y)-å P (x) äéúåìèä éãé-ìò úåãéçéá úòá÷ð E íà 8 è�ùî

(2.8) E = f(x; y)jP (x) � Q

y

(Q(y))g

.ñ�à äãéî úìòá äöåá÷ éãë ãò

,õðøåì ìù íéðåîéñá

E =

n

(x; y)jP (x) � q

�1

(Q(y))

o
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X � Y

�

X �

�

Y

�

X �

�

Y

�

X �

�

Y

�

X �

�

Y

ìåâéòá íåñç ïáìî :2.5 øåéà

Figure 2.5: Retangle insribed in a irle

ïäéúåìèäî úåãéçéá úåòá÷ðù øåùéîá úåöåá÷ä ìù óñåð éøèîåàâ ïåé�à àåöîì ïúéð 8 è�ùîúøæòá

:äàáä äøåöá (2.8) é�ì E ìù äâöää úà áúëùì øù�à .íéøéöä ìò

E =

[

a>0

fxjP (x) � ag � fyja � Q

y

(Q(y))g =

[

a>0

X

a

� Y

a

øùàë

X

a

= fxjP (x) � ag ; Y

a

= fyja � Q

y

(Q(y))g

àéä äìëääå ,A äöåá÷ä ìù íéìùîä úà ïîñî

�

A øùàë)

�

X

a

�

�

Y

a

�

�

E-ù íâ úåì÷á çéëåäì øù�à

:úåàáä úåøãâää úà åøéãâä [18℄ ,äæ øù÷äá .(�(AnB) = 0 íà A � B :äãéî ìù úåòîùîá ïáåîë

úåãéãî úåöåá÷ X; Y � R äðéäú .úé�åñ äãéî úìòá øåùéîá äãéãî äöåá÷ E äéäú 10 äøãâä

ïðùé êà ,äèåù� äöåá÷ ìù éèø� äø÷î àåä ïáìî .äèåù� äãéãî äöåá÷ àø÷ú X � Y .øùéá

E-á (measurably insribed) äîåñç àéä X � Y -ù øîàð .ïáìî ïðéàù úåèåù� úåöåá÷ ïáåîë

íà

X � Y � E

�

X �

�

Y �

�

E

úåèåù� úåöåá÷ ìù ãåçéà àéä íà (measurably insribable) äîéñç-úá àéä E äöåá÷äù øîàð

.äá úåîåñçä

.2.5 øåéàá ,ìåâéòá íåñçä (äèåù� äöåá÷ ìù éèø� äø÷î àåäù) ïáìîì äîâåã äàø

[18℄ .äîéñç-úåðá íâ ïä íéøéöä éðååéëá ïäéúåìèäî úåãéçéá úåòá÷ðä øåùéîá úåöåá÷ ,åðéàøù é�ë

:è�ùî åçñéðå ,êå�ää ïååéëä úà íâ åçéëåä

éðååéëá äéúåìèä éúù éãé-ìò úåãéçéá úòá÷ð úé�åñ äãéî úìòá øåùéîá äãéãî äöåá÷ 9 è�ùî

.äîéñç-úá àéä íà ÷øå íà íéøéöä

åéúåìèä éãé-ìò òá÷ð ìåâéòäù êëì ú�ñåð äçëåä úåàøì øù�à äîéñçä âùåî úøæòá 2 äîâåã

íéðáìî ìù ãåçéàë äâöäì ïúéð ìåâéòäù úåàøì ì÷ .úåãéãîä úåöåá÷ä ìë ïéáî íéøéöä éðååéëá

:C äãéçéä ìåâéòá íéîåñçù íéðáìîì úùøå�î äçñåð .(2.6 øåéà äàø) åá íéîåñçä

C =

1
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x=0

�

[�x; x℄ � [�

p

1� x

2

;

p

1� x

2

℄

�
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íéðáìîäî äùåìù ìù äîâåã :åá íéîåñçä íéðáìî ãåçéà àåä ìåâéòä :2.6 øåéà

Figure 2.6: The irle is the union of irles insribed within it: example of three of the

retangles

:àáä è�ùîä úà çéëåî íâ [18℄ ,äîåãá

éðååéëá äéúåìèä éúù éãé-ìò úåãéçéá úòá÷ð úé�åñ äãéî úìòá øåùéîá äãéãî äöåá÷ 10 è�ùî

íà ÷øå íà íéøéöä

F =

[

a2Q

X

a

� Y

a

-ù êë øùéä ìò úåãéãî úåöåá÷ ïä Y

a

-å X

a

øùàë

X

�

� X

�

() � � �

Y

�

� Y

�

() � � �

.(íééìðåéöøä íéø�ñîä úöåá÷ àåä Q) �; � 2 Q øùàë

úðúéð äöåá÷ íàä ä÷éãáì óñåð ïåéøèéø÷ [7℄-á åøéãâä Shepp-å Reeds ,Lagarias ,Fishburn

:íéøéöä éðååéëá äéúåìèäî ãéçé øåæçùì

g(y)-å f(x) úåîåñç úåãéãî úåéö÷ðå� úåîéé÷ íà úéáéèéãà úàø÷ð øåùéîá E äöåá÷ 11 äøãâä

-ù êë

(x; y) 2 E () f(x) + g(y) � 0

øåùéîá ïåëð àáäè�ùîä .g(y) = 1=2�y

2

,f(x) = 1=2�x

2

íò ,éáéèéãààåääãéçéä ìåâéò ,äîâåãì

êà ,úåãéçéì éçøëä àì êà ÷é�ñî éàðú àåä úåéáéèéãà íù øúåé íéäåáâ íéãîéîì ,áâà ,ïåëð àì àåä)

:(øåùéîá ÷ø åæ äãåáòá ÷åñòð åðà

àéä íà ÷øå íà úéáéèéãà E éæà .úé�åñ äãéî úìòá øåùéîá äãéãî äöåá÷ E äéäú 11 è�ùî

.íéøéöä éðååéëá äéúåìèä éúù éãé-ìò úåãéçéá úòá÷ð
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øúåé åà íéðååéë äùåìùá úåìèä 2.2.2

-á ïîñðå ,"úéòáè" íéðååéë úöåá÷ ïéà øáë ,øúåé åà íéðååéë äùåìùî úåìèäá øáåãî øùàë

S = fu

1

; : : : ; u

n

g

.úåìèää úà òöáð ïäá øåùéîá íéðååéëä úöåá÷ úà

óà ïéàù øøáúî .úåãéãîä úåöåá÷äî ÷ìç ÷ø ìù ãéçé øåæçù øù�àî íéøéöä éðååéë âåæù åðéàø

:úåãéãîä úåöåá÷ä ìë ìù ãéçé øåæçù úøù�àîù S úé�åñ íéðååéë úöåá÷

àìù (úéè÷�îå÷ åìé�àå) äãéãî úéøåùéî äöåá÷ úîéé÷ S úé�åñ íéðååéë úöåá÷ ìëì 12 è�ùî

.(úåãéãîä úåöåá÷ä ìë ïéáî) S íéðååéëá äéúåìèä éãé-ìò úåãéçéá úòá÷ð

äøåöá âåúéî-áéëø àéäù úé�åñ úåãå÷ð úöåá÷ íéøéãâî :äîâåã éãé-ìò ([21℄ õðøåì ìù) äçëåää

-S àø÷ð úåøæ úåé�åñ úåöåá÷ ìù F [ G ãåçéà :(íéðååéë éðùì åðì äúéäù äøãâäì äîåãä) äàáä

éðååéëî ãçàá øùé ìë øîåìë ,úåäæ S éðååéëáG,F úåìèä íà (S-swithing omponent) âåúéî-áéëø

úöåá÷ ìëìù S-á íéðååéëä ø�ñî ìò äéö÷åãðéàá íéàøî .G-áå F -á úåãå÷ð ìù äååù ø�ñî êúåç S

äîâåãä úìá÷ì ïè÷ ÷é�ñî ìåâéòá äãå÷ð ìë óé÷äì æàå ,âåúéî-áéëø-S úåðáì øù�à S úé�åñ íéðååéë

.äùåøãä

:øúåé äðè÷ äç�ùîîíé�åâ ïéáî íâ ïéçáäì éãë ÷é�ñî àì íéðååéë ìù é�åñ ø�ñî åðøòöì ,ïë ìò øúé

:íééáëåë íé�åâ

åéúåìèä éãé-ìò úåãéçéá òá÷ð àìù úéùàøá éáëåë òìåöî íéé÷ S úé�åñ íéðååéë úöåá÷ ìëì 13 è�ùî

.úéùàøá íééáëåëä íéòìåöîä ìë ïéáî S íéðååéëá

úéùàøá-íééáëåë íéòìåöî éðù íéàöåî S íéðååéë úöåá÷ ïúðäá øîåìë ,äîâåã éãé-ìò äçëåää áåù

øðãøâ ìù äàìîä äéðáä .é�åñ âåúéî-áéëø-S áéáñ äîâåãä úà íéðåá áåù .S éðååéëá úåìèä ïúåà íò

.[66 ãåîò ,11℄-á ïëå ,[10℄-á äòé�åî

:øúåé êáåñî àåä úåøåî÷ä úåöåá÷ä úç�ùîá áöîä ,(2.3.1 ÷ø�á 21 è�ùî) êùîäá äàøðù é�ë

úåöåá÷ä úç�ùî ïéáî äøåî÷ äöåá÷ ìë ìù ãéçé øåæçù úåøù�àî ïëù úåé�åñ íéðååéë úåöåá÷ ïðùé

.úåøåî÷ä

éðååéë âåæ ìù øù÷äá) íãå÷ä ÷ø�á åðéàøù .åëå ,úåéáéèéãà ,äîéñçä éâùåî ìù äììëä åéùëò äàøð

øáã ,øåî÷ óåâì úåøãâää úà øéãâð ,[11℄ øðãøâ úåá÷òá .S íéðååéë ìù éäùìë úé�åñ äöåá÷ì (íéøéöä

øåæçùì ïúéð äæ óåâ íàä äìàùá ïéðòúð äæ óéòñá íå÷î ìëáù øåëæì ùé êà .úåøãâää úà èù�îù

äãéãî äöåá÷ì øúåé úåéììë úåøãâä íâ øéãâäì øù�à .úåøåî÷ä àìå ,úåãéãîä úåöåá÷ä ìë ïéáî ãéçé

.([7℄ ìùîì äàø) éäùìë

K íéð� íà äîéñç-øá-S àåä K øåî÷ óåâù øîàð .úé�åñ íéðååéë úöåá÷ S äéäú 12 äøãâä

úçà ìëùå ,(K ú�ù ìò íäéã÷ã÷ ìëù ,øîåìë) K-á íéîåñçä íéøåî÷ íéòìåöî ìù ãåçéà àåä

.S éðååéëî ãçàì äìéá÷î íäéúåòìöî

:êùîäá íé�ñåð íéùåîéù äá äàøð êà ,äîéñç-éðá íé�åâá ìå�éèì úéùåîéù äàáä äîìä

øåî÷ òìåöîQ äéäé .øåùéîá äøåî÷ äöåá÷K äéäú .øåùéîá úé�åñ íéðååéë úöåá÷ S äéäú 1 äîì

,ìëåî Q éæà .S éðååéëî ãçàì äìéá÷î åéúåòìöî úçà ìëù ,(�K ìò Q éã÷ã÷ù êë) K-á íåñçä

.S íéðååéëá K åîë úåìèä ïúåà íò E äãéãî äöåá÷ ìëá ,ñ�à äãéî úìòá äöåá÷ éãë ãò
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éãé-ìò øãâåîä çåú�ä øåùéîä éöç úàE

i
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2
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= �
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.Q � E ïáåîë øøåâù ,En ([

i

E

i

) = Q ïëìå

:àáä è�ùîä èø�á òáåð åæ äîìî

ìë ïéáî òá÷ð äîéñç-øá-S àåäù øåî÷ óåâ æà .úé�åñ øåùéîá íéðååéë úöåá÷ S äéäú 14 è�ùî

.S éðååéëá åéúåìèä éãé-ìò úåãéãîä úåöåá÷ä

(ìéòì åðéàøù é�ë) úåé�åñ úåöåá÷á ùîúùäì øçåá øðãøâ ,âåúéî-éáéëø øåáò äøãâää úà èù�ì éãë

ìù äø÷îá åðéùòù äîì äîåãá øúåé úéììë äøãâä áåúëì äéä øù�à ,áåù .÷éø-àì íéð� úåìòá úåöåá÷å

.íãå÷ä óéòñá íéøéöä éðååéë

âåúéî-áéëø-S ùéù êë äãéãî äöåá÷ E äéäú .úé�åñ øåùéîá íéðååéë úöåá÷ S äéäú 15 è�ùî

äöåá÷ úîéé÷ æà .G � int(R

2

nE)-å F � intE íò (íãå÷ åðøãâäù é�ë úåé�åñ úåöåá÷) F [ G

éðååéëá E åîë úåìèä ïúåà íò (ñ�à äãéî éãë-ãò ääæ àì ,øîåìë) E-î úéúåäî äðåùä E

0

äãéãî

.úéè÷�îå÷ E

0

íâ àåöîì øù�à ,úéè÷�îå÷ E íà .S

ìë ïéáî ,íéáöéð íéðååéë âåæá åéúåìèäî ãéçé øåæçùì ïúéð ìåâéòù íãå÷ä óéòñá åðéàø ,äîâåãì

äãéãî äöåá÷ì äîâåã íéàåø 2.7 øåéàá .áöéð àì íéðååéëä âåæùë úåãéçé ïéà êà .úåãéãîä úåöåá÷ä

-áéëø ìò ïáåîë äéåðá äîâåãä .íéáöéð àì íéðååéë âåæá ìåâéòä åîë úåìèä ïúåà íò (øå�àá) ú�ñåð

:úåøåî÷ä úåöåá÷ä ìë ïéáî åìé�à ãéçé øåæçùì ïúéð àì ìåâéòä ,áöéð àì íéðååéëä âåæùë ,áâà .âåúéî

.úåìèä ïúåà íò äðåù äñ�éìà úðúåð êùîäá 28 è�ùî úçëåäî � óå÷éùä úéöîøå�ñðøè

:úéììë íéðååéë úöåá÷ì úåéáéèéãàä úøãâä úà ìéìëî [11℄ øðãøâ

äòåá÷ äéö÷ðå�ä íà u ïååéëì áöéðá (ridge funtion) ñëø úéö÷ðå� úàø÷ð f äéö÷ðå� 13 äøãâä

.u ïååéëá øùé ìë êøåàì

:íà úéáéèéãà-S úàø÷ð E äãéãî äöåá÷ .øåùéîá íéðååéë ìù úé�åñ äöåá÷ S äéäú

E =
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.úéáéèéãà äöåá÷ì àø÷ð æà íâå ,�-á óéìçäì øù�à åæ äøãâäá >-ä
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íéáöéð àì íéðååéë âåæá åéúåìèäî òá÷ð àì ìåâéò :2.7 øåéà

Figure 2.7: A irle is not determined by its projetions in a pair of non-orthogonal

diretions

:ä� íâ íéàøî ,íéøéöä éðååéë ìù äø÷îá åîë ÷åéãá

.S éðååéëá äéúåìèä éãé-ìò úåãéãîä úåöåá÷ä ïéá úòá÷ð úéáéèéãà-S äöåá÷ 16 è�ùî

:úåéáéèéãà úøæòá çëåîù ïééðòî è�ùî [9℄-á äàøä øðãøâ

,((x; y) 2 E () (�x; y) 2 E ,øîåìë) y øéöì úéñçé éøèîéñä øåùéîá óåâ E äéäé 17 è�ùî

íâ ïëìå) éáéèéãà-S àåä E éæà .(ïååðî éìåà) òè÷ ïúåð y øéöì áöéðä øùé íò åìù êåúéç ìëù çéððå

ïååéë úà äìéëîä äöåá÷ àåä S øùàë (S ïååéëá åéúåìèäî úåãéãîä úåöåá÷ä ïéáî ãéçé øåæçùì ïúéð

.íé�ñåð íäùìë íéðååéë éðùå x-ä

äæ ,áâà .E = f(x; y) 2 R

2
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2

� g(y)

2

g-ù êë g äãéãî äéöðå� ùé åðìù úåçðääî :äçëåä

.(!4.3.1 ÷ø�î 32 è�ùî úà çéëåî ïëìå) íéøéöä éðååéë âåæì úéñçé úéáéèéãà E äàøî ãéî

íä ,ïáåîë) úéùàøä êøã íäùìë íéðåù íéøùé éðù ,a

1

6= a

2

,i = 1; 2 ,a

i
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i

x = 0 åéäé

,åéùëò .(y-ä åà x-ä øéö àì
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2
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2
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1
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1
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2
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,y+a

2

x = 0-å y+a

1

x = 0 ,x-ä øéö ïååéëì úåáöéð ,äéåöøä äøåöá ñëø úåéö÷ðå� íåëñ àåä ïéîé óâà

.åðéöøù åîë

øåæçùìíé÷é�ñîíä ,y-åxíéáöéðä íéðååéëä úàíéðååéë éðùëíéç÷åì øùàë ,äçëåäá åðøëæäù é�ë

.éùéìù ïååéëá êøåö ïéàå è�ùîá äæ åîë óåâ ìù ãéçé

[73 ãåîò ,11℄ øðãøâ .úéçøëä àéä ,òè÷ àåä y øéöì áöéðá óåâä êåúéçù ,íãå÷ä è�ùîá äçðää

.íéîéåñî íéðååéë éðù ãåòå x ïååéë éãé-ìò úòá÷ð àìù (ìåâò øåç íò ìåâéò) úòáè ìù äîâåã äàøî

è�ùîä úìò�äå ,úåéáéèéãàä úðåëú ìù äëé�ä úéøàðéì äéöîøå�ñðøèì úåéèðàéøååðéàä ììâá

:äàáä äð÷ñîä úìá÷úî ,ìåâéò ìò ïåøçàä
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ïëìå úéáéèéãà-S àéä äñ�éìà .øåùéîá íäùìë íéðåù íéðååéë äùåìù ìù äöåá÷ S äéäú 1 äð÷ñî

.S ìù íéðååéëá äéúåìèä éãé-ìò úåéãéãîä úåöåá÷ä ïéáî úòá÷ð

úåéáéèéãàä éàðú ,(íéøéöä éðååéë éðù ìùäø÷îì ãåâéðá)S úé�åñíéðååéë úöåá÷ìù áìíéùìùé ,áâà

íéðååéë äùåìù ìëî øåæçùì ïúéð ìåâéò ,äîâåãì .ãéçé øåæçùì íééçøëä íéàðú íðéà äîéñçä éàðúå

íéðååéëä úéùéìù íò äîéñç-øá-S åðéàù úåàøì øù�à êà (éáéèéãà àåäù ïååéëî ,íãå÷ åðéàøù é�ë)

,éáéèéãà-S íâ àåä äîéñç-øá-S óåâ ìëù äàøî [10℄ øðãøâ .éáåéçä x-ä øéöî 5�=6 ,�=6 ,0 úåéååæá

.ïåëð åðéà êå�ää ïååéëä êà

äöåá÷ äðåúð .ùàøî äòåãé E äãéãî äöåá÷ äðåúð :úåãéãî úåöåá÷ úåîéà ìò øáãì úòë øåáòð

íéðååéë øåçáì øúåî äæ äø÷îá .E-ì ääæ àéä íàä úåìèä úøæòá ÷åãáì íéöåøù ,E

0

,ú�ñåð äãéãî

íéðååéëá E

0

-å E ìù úåìèääù åçéèáéù åìàë íéðååéë øåçáì øù�à íà äìàùäå ,òåãéä E-á íééåìúä

.2.1 ÷ø�á 4 äøãâä åàø .(ñ�à äãéî íò äöåá÷ éãë ãò) íéäæ E

0

-å E íà ÷øå íà úåäæ åìà

:àáä è�ùîä úà çéëåî [10℄ øðãøâ

.úé�åñ íéðååéë úöåá÷ óà úøæòá úåîéàì úðúéð äðéàù äãéãî äöåá÷ úîéé÷ 18 è�ùî

íéòìåöî ìù äéðî-ïá ãåçéà àéäù ,úéè÷�îå÷ äöåá÷ àéä è�ùîä úà çéëåäì éãë äðåá øðãøâù äîâåãä

,úåãå÷ð ìù úé�åñ äöåá÷ àåäù ,âåúéî áéëø-S íéç÷åì øùàëù àåä äçëåää éøåçàî ïåéòøä .íéèåù�

÷é�ñî íéðååéë ç÷éð íà æà ,S éðååéëî ãéçé øåæçùì úðúéð àìù äöåá÷ øåöéì éãë íéìåâéò äáéáñ íéðåáå

.åìà íéðååéë øåáò íâ âåúéî-áéëø ìéëú åðìù äöåá÷ä ,S-ì íéáåø÷

:óñåð è�ùî øîàî åúåàá çéëåî øðãøâ

.íéðååéë äùåìù éãé-ìò úåãéãîä úåöåá÷ä ïéáî úåîéàì ïúéð øåî÷ òìåöî ìë 19 è�ùî

äùåìù éãé-ìò úåøåî÷ä úåöåá÷ä ïéáî úåîéàì ïúéð øåî÷ óåâ ìëù øîåàù 27 è�ùî äàøð êùîäá ,áâà

àåä éðù ãöîå ,úåéãéãîä úåöåá÷ä ìë ïéáî øåæçù ìò øáãîù êëá øúåé ÷æç éçëåðä è�ùîä .íéðååéë

.íéòìåöî øåáò ÷ø úãáåò åúçëåäù êëá øúåé ùìç

úåøåî÷ úåöåá÷ øåæçù 2.3

,úåãéãîä úåöåá÷ä ìë ïéáî äöåá÷ øæçùì úåøù�àä ìò ãåàî äáøä òåãé ,íãå÷ä ÷ø�á åðéàøù é�ë

øåøá úåáåø÷ íéúéòì ,íìåà .øåæçùä úåãéçéì íé÷é�ñîå íééçøëä íéàðú íéòåãé íéðååéë éðùá úåìèäìå

äãéçé äöåá÷ úîéé÷ íàä úòãì íéðéðåòîå ,øù÷ úèåù�å äøéù÷ àéä øæçùì íéñðî äúåàù äøåöäù

ïðéàù (äùòîì ,åìàë óåñðéà) úåøçà úåöåá÷ úåîéé÷ù ïëúéù úåøîì ,úåðåúðä úåìèäì äîéàúîä åæë

.úåðåúðä úåìèäì úåîéàúîå úåøéù÷

úç�ùî àéä íéððåáúî äéìò úåöåá÷ä úç�ùî øùàë åìà úåìàù ìò úåðòì øúåé ì÷ù øøáúî

,òè÷á äøåî÷ äöåá÷ úëúåç ïø÷ù àåä úåøåî÷ úåöåá÷ ìù ïåùàøä øåøáä ïåøúéä .úåøåî÷ä úåöåá÷ä

ä�é÷ò äøåöá úåòáåð úåøåî÷ úåöåá÷ øåæçù ìò úåàöåúäî ÷ìç íìåà .úëáåñî äãéãî äöåá÷á àìå

.úåøéî÷äî øúåé

éãé-ìò äðåùàøì åìòåä ïäéúåìèä êåúî úåøåî÷ úåéøåùéî úåøåö òåá÷ì åà øæçùì ïúéð éúî úåìàùä

æàî .úåøéî÷ àùåðá (AMS) ä÷éèîúîì úéð÷éøîàä äøáçä ìù ñðëá ,1961-á [15℄ P. C. Hammer

.íåçúá òåãéä ìù ä�é÷î äøé÷ñ ìéëî [11℄ ìù 1 ÷ø� .íéáø íéøîàî åîñøå�å ,àùåðá áø ø÷çî òöáúä
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áåø÷á íé÷ñåò [3, 4℄ :éùåîéù êøåö íâ ùé úåøåî÷ä úåøåöä úç�ùî ïéáî úåøåö øåæçùáù øøáúî

êøåöä äìò ä÷éèåáåø ìù øù÷äá íâ .úéæëøî äéøèîéñ úåìòá úåøåî÷ úåøåö éãé-ìò áìä ìù íéëúç

.(íééáçøîå íééøåùéî) íéøåî÷ íé�åâ ìù íäéúåìèäá ìå�éèá

ïééãò íðùé ,äàøðù é�ë .úåøåî÷ úåöåá÷ øåæçù ìò íéòåãéä íéè�ùîä ìù äøé÷ñ àéáð äæ ÷ø�á

íé÷é�ñîå íééçøëä íéàðú íéòåãé àì ìùîìå ,ìçä àùåðá ø÷çîäù æàî úåçåú� åøàùðù úåéòá ø�ñî

.[11℄-á úåòé�åî äæ óéòñá íéè�ùîä áåøì úåçëåä .íéðååéë éðùî úåìèä éãé-ìò äøåî÷ äöåá÷ øåæçùì

äøåî÷ äöåá÷ ìë ìù ãéçé øåæçù úåçéèáîù S íéðååéë úåöåá÷ ïåé�à 2.3.1

íéðååéë úåöåá÷ù�çð øîåìë ,"øåæçùúðåëî"úéðá úåøù�àîùS íéðååéë úåöåá÷ ïåé�àá÷åñòð äæ óéòñá

.S éðååéëá äéúåìèäî äøåî÷ äöåá÷ ìë ìù ãéçé øåæçù úåçéèáîù åìàë S

:äøåî÷ äöåá÷ ìë ìù ãéçé øåæçù åçéèáé úåìèä n ìëù äæë n é�åñ ø�ñî ïéàù áì íéùì øù�à ãéî

íéðåù íéøåî÷ íéòìåöî éðù íéîéé÷ù êë íéðåù íéðååéë n ìù äöåá÷ úîéé÷ n 2 N ìëì 20 è�ùî

.åìà íéðååéëá úåìèä ïúåà íò

ìòå ,Q-á åðîñðù ,úåòìö n ìòá ììëåùî òìåöî ìò ìëúñð :äèåù� äîâåã úéðá éãé-ìò àéä äçëåää

ìù íéðååéëä n-î ãçà ìëì .úåòìö 2n ìòá òìåöî àåäQ

0

-åQ ìù øåî÷ä .Q

0

-á åðîñðù �=n-á åáåáéñ

.úåäæ ïäQ

0

-åQ ìù äæ ïååéëá úåìèääù úåàøì ì÷ ,åìà úåòìö

úáëøåîùS äöåá÷ùàåä äðîî ú�ñåð äð÷ñî :íãå÷ä è�ùîäúçëåä íúñî øúåé äáåùç åæ äîâåã

.äøåî÷ äöåá÷ ìë ìù ãéçé øåæçù çéèáäì äìåëé äðéà ììëåùî òìåöî ìù úåòìöä éðååéë ìù äöåá÷-úúî

äéöîøå�ñðøè àéä � íà :äòáèá úéðé�à äéòá àéä úåìéá÷î úåìèäî øåæçùä úéòá ,ïë ìò øúé

íéåå÷ øéáòî �-ù ïååéëî æà ,u ïååéëá úåìèä ïúåà íò íéøåî÷ íé�åâ íäK

0

-åK-ù çéððå ,äëé�ä úéðé�à

�K

0

-å �K úåðåîúäù òáåð ,íéìéá÷î íéòè÷ ìù íéëøåà ïéá ñçé ìò øîåùå ,íéìéá÷î íéåå÷ì íéìéá÷î

äîâåãä ìò úéðé�à äéöîøå�ñðøè úìò�ä éãé-ìò ,ïàëî .�u ïååéëá úåìèä ïúåà úåìòáå úåøåî÷ ïä

:äàáä äð÷ñîä úà íé÷éñî ,úîãå÷ä

,úéðé�à-ììëåùî òìåöî ìù úåòìöä éðååéë úöåá÷ ìù äöåá÷-úú àéä S íéðååéë úöåá÷ íà 2 äð÷ñî

úéðé�à-ììëåùî òìåöî) S éðååéë ìëá úåìèä ïúåà úà úåðúåðù úåðåù úåøåî÷ úåöåá÷ éúù úåîéé÷ æà

.(ììëåùî òìåöî ìù éäùìë úéðé�à äéöîøå�ñðøè úçú äðåîú àåä

àìà ,øåæçù úåãéçé-éàì ÷é�ñî éàðú ÷ø àì àåä ì"ðä éàðúä :øîåìë ,àåä íâ ïåëð êå�ää è�ùîä

:éçøëä éàðú íâ

òìåöî óà ìù úåòìöä úöåá÷ ìù äöåá÷-úú äðéàù íéðååéë ìù úé�åñ äöåá÷ S äéäú 21 è�ùî

.S íéðååéëá äéúåìèäî äøåî÷ äöåá÷ ìë úåãéçéá øæçùì ïúéð éæà .úéðé�à-ììëåùî

øðãøâ ìù øúåé øçåàîä åø�ñá àåöîì ïúéð øúåé äøåøá äçëåä êà ,[12℄-á äðåùàøì çëåä äæ è�ùî

ùé íà éøìåâø-S àåäQ ïååðî-àì øåî÷ òìåöîù íéøéãâî :äæë àåä äçëåää ïåéòø .[32�37 íéãåîò ,11℄

.Q ìù v

0

óñåð ã÷ã÷ ùâå� u ïååéëá v êøã øùéä æà ,u 2 S-å ,Q ìù ã÷ã÷ v íà :äàáä äðåëúä úà åì

:ù÷åáîä è�ùîä úà úåðúåð ãçéáù úåðòè éúù íéçéëåî æà

íéé÷ æà ,S éðååéëá úåìèä ïúåà íò K

0

,K íéðåù íéøåî÷ íé�åâ éðù ùé øîåìë ,úåãéçé ïéà íà .1

.éøìåâø-S òìåöî
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áéëøä ìò íéìëúñî ,K�K

0

ìù úåøéù÷ áéëø íéç÷åì :úéáéè÷åøèñðå÷ àéä åæ äðòè úçëåä

øù�à) úìá÷ì ãò ,íéðååéëä øàùì åìà íéáéëøî äàìä ïëå ,íéðååéëä ãçà é�ì éðùä óåâá "åìåî"

òìåöî íéøöåé åìà íéáéëø ìù ãáåëä éæëøîù íéàøî .åìàë íéáéëø ìù é�åñ ø�ñî (çéëåäì

.éøìåâø-S

-ììëåùî òìåöî ìù úåòìö éðååéë ìù ìù äöåá÷-úú àåä S æà ,éøìåâø-S òìåöî íéé÷ íà .2

.úéðé�à

ìù úñðëúî äøãñ úéðá úøàúîù ,[5℄ åáøã ìù äðùéå ä�é äîì ìò úññáúî äðòèä úçëåä

êà .R ,úéðé�à-ììëåùî àåäù òìåöîá úîééñîå ,ïåúðä òìåöîá äìéçúîù ,íéøìåâø-S íéòìåöî

äöåá÷-úú íä S éðååéëù øîåà äæå ,äøãñá íéòìåöîä ìë åîë éøìåâø-S àåä íâ äæ ìåáâ òìåöî

éðååéëù òåãéù áì íéùð ,úåòìö n ìòá ììëåùî òìåöîR íà .R ìù íéðåñëìàäå úåòìöä éðååéë ìù

ììëåùî òìåöî ìùíéðåñëìàäå úåòìöä éðååéë ÷åéãáíäúåòìö 2n ìòá ììëåùî òìåöî ìùúåòìöä

ìòá) úéðé�à-ììëåùî òìåöî ìù úåòìöä éðååéë ìù äöåá÷-úú àåä S-ù òáåð ïëìå ,úåòìö n ìòá

.(úåòìö 2n

óåâ ìë úåãéçéá øæçùì äéäé øù�àù éãë S íéðååéëä úöåá÷ ìò ÷é�ñîå éçøëä éàðú åðàöî ïëáå

:ù òáåð èø�á .S íéðååéëá åéúåìèäî øåî÷

äöåá÷ óà êà ,øåî÷ óåâ ìë ìù ãéçé øåæçù úåøù�àî íéðååéë äòáøà ìù úåîéåñî úåöåá÷ 22 è�ùî

.úàæ úøù�àî äðéà (úåç� åà) íéðååéë äùåìù ìù

äîéàúî äëé�ä úéðé�à äéöîøå�ñðøè éãé-ìòù ïååéëî ,ä÷é�ñî àìíéðååéë äùåìù ìù äöåá÷ù øåøá

,íãå÷ åðéàøù é�ëå ,úåòìö äååù ùìåùî ìù úåòìöä éðååéëì íéðåù íéðååéë úéùéìù ìë øéáòäì ïúéð

.úåìèä ïúåà úà íéðúåðù úåòìö éååù íéùìåùî éðù íðùé åìà íéðååéëá

íéàøî ,øåî÷ óåâ ìë ìù ãéçé øåæçùì úå÷é�ñî íéðååéë äòáøà ìù úåîééåñî úåöåá÷ù úåàøäì éãë

.ììëåùî òìåöî úåòìö éðååéë ìù úéðé�à äðåîú úåéäì úåìåëé àìù íéðååéë äòáøà ìù úåöåá÷ ùéù

:íéòå�éù äòáøà ìù (ross-ratio) ìå�ë-ñçé øéãâäì àåä ïåéòøä

hs

1

; : : : ; s

4

i =

(s

3

� s

1

)(s

4

� s

2

)

(s

4

� s

1

)(s

3

� s

2

)

ìù ùøåù øîåìë) éøáâìà ø�ñî àåä ììëåùî òìåöî úåòìö éðååéë ìù ìå�ëä ñçéäù çéëåî [11℄ øðãøâ

ìù äöåá÷ ìë ïëì .úéðé�à äéöîøå�ñðøè éãé-ìò øîùð ìå�ëä ñçéäù ïëå ,(íéîìù íéîã÷î íò íåðéìå�

úåòìöä éðååéë ìù äöåá÷-úú úåéäì äìåëé äðéà (éøáâìà-àì) éèðãðöñðøè ìå�ë-ñçé íò íéðååéë äòáøà

.úéðé�à-ììëåùî òìåöî ìù

(éèðãðöñðøèìå�ë-ñçéíò)íéðååéëäòáøàùåðçëåäùïáåîá ,úéáéè÷åøèñðå÷äðéàì"ðäè�ùîäúçëåä

.åéúåìèä ïúðäá óåâä úà àåöîì ïúéð ãöéë åðàøä àì êà ,åéúåìèäî øåî÷ óåâ ìë øåæçùì íé÷é�ñî

äòáøàá úåìèä úåðåúðùëå íéîééåñî íéø÷îá éùòî øåæçùì øðãøâ òéöäù íúéøåâìà äàøð 3 ÷ø�á

úåìèä úåðåúðùë ,(÷ø àì êà) èø�á ,ãáåòù åðà åðçúé�ù íúéøåâìà äàøð 4 ÷ø�á .åùåîéî úàå ,íéðååéë

.íéðååéë äòáøàá

íéòìåöîä÷øàìå ,øåæçùäúåãéçé-éàìùúåàîâåãäáøäùé ,úåãéçéúðúåðàìùíéðååéëúöåá÷á ,áâà

:(Vol�i� ìù øå÷îá) äàáä äàöåúä úà àéáî [11℄ øðãøâ .íãå÷ åðéàøù (íéááåñî) íé��åçä

íéòìåöîä ø�ñî .úéðé�à-ììëåùî òìåöî ìù úåòìöä éðååéë ìù äöåá÷-úú S äéäú 23 è�ùî

úéìàéöððå�ñ÷àúåç�ì äìåòS íéðååéëáúåìèä ïúåà íäìùéù ,úåòìön éìòá ,íé��åç-àìäíéøåî÷ä

.n íò
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àìù ,"íéòåøâ"ä íéðååéëä úåéòéáø úöåá÷ :äá øéëî øðãøâ íâù ,åéîåãå 22 è�ùîá úéðåø÷ò äéòá ùé

íéðååéë úéòéáø íéç÷åì íà íâ éùòî ï�åàá ïëìå (àáä è�ùîá çéëåðù é�ë) ä�å�ö àéä ,úåãéçé íéðúåð

ìù úåáéöéä úìàù ìò ãåò .úåãéçé äéäú àìå ,"äòåøâ"ì äúåà êå�äì äìåìò äðè÷ äéöáøåèø� ,"äáåè"

.äæ ÷ø� êùîäá ,øåæçùä úéòá

åðà ,(íéðååéë ìù øçà ø�ñî ìëì íâ êëå) úåãéçé úåðúåð àìù úåéòéáøä úå�é�ö úà úåàøäì éãë

:àáä è�ùîä úà íéòéöî

íéøåî÷ íé�åâ éðù íéîéé÷ íà "äòåøâ" àéä íéðååéë n ìù äöåá÷ù ,äæ è�ùî êøåöì ,øîàð 24 è�ùî

.íéðåúðä íéðååéëá úåìèä ïúåà íò íéðåù

,úåøçà íéìéîá .íéðååéëä úåé-n áçøîá ä�å�ö àéä íéðååéë ìù "úåòåøâ"ä úåé-n-ä úöåá÷ éæà

íéðååéë úöåá÷ (u

k

i

)

n

i=1

-ù êë lim

k!1

u

k

i

= u

i

,u

k

i

úåøãñ ùé æà ,íéðååéë n ìù äöåá÷ (u

i

)

n

i=1

íà

.k ìëì "äòåøâ"

øåøá .(0 � � < �) x-ä øéö ïéáì äæ ïååéëá øùé ïéá � úéååæä àéäù ,åúéååæ úà øéãâð ïååéë ìëì :äçëåä

íà ïëì .øåùéîá íéðååéëä ìë úöåá÷á íé�å�ö íä � ìù úéìðåéöø äìå�ë àéäù úéååæ éìòá íéðååéëäù

åðéöøù äð÷ñîä úòáåð ,"äòåøâ" àéä � ìù úåéìðåéöø úåìå�ë ïäù úåéååæ íò íéðååéë úé-n ìëù äàøð

.çéëåäì

äðëî àöîð ,� ìù úåéìðåéöø úåìå�ë ïäù (i = 1 : : : n) �

i

úåéååæ íò íéðååéë n íéðåúð íà ,ïëàå

úçàù úåòìö 2k íò ììëåùî òìåöî ìò ìëúñð íà ,ìáà .(íééòáè m
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Figure 2.8: The isometry �
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íéðååéë éðùî úåîéàì ïúéð àìù øåî÷ òìåöî :2.9 øåéà

Figure 2.9: A onvex polygon that annot be veri�ed from two diretions
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Figure 2.11: Seond ase
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u

1

øùéì äìéá÷î �� � òìöä æà êà

.K ìù ïåñëìàì äìéá÷î úåéäì äìåëé àìK ìù òìöù äçðäì

òá÷ð àì úéæëøî äéøèîéñ ìòá óåâù çéëåäì éãë íé�ñåð íéáø íéø÷îá ùîùì ìåëé � óå÷éùä ,áâà

.(2.5 óéòñá) êùîäá 30 è�ùî ìùîì äàø ÿ íéðåúð íéðååéë âåæá åéúåìèäî úåãéçéá

úåøåî÷ úåöåá÷ ìù íéáìùá äòéá÷ 2.3.4

éðååéë ìë úà òåá÷ì íå÷îá .úåìèä úøæòá äúåà òåá÷ì íéöåøå ,äòåãé äðéà øåî÷ óåâ úøåöù çéðð

äøåöá ïúéð íà .íéîãå÷ä íéðååéëá úåìèää úåàöåú ìò êîúñäá ïååéë ìë òåá÷ì øù�à ,ùàøî úåìèää

.(2.1 ÷ø�á 5 äøãâä äàø) íéáìùá äòéá÷ì ïúéð óåâäù øîàð ,øçà øåî÷ óåâ ìëì ïåúðä óåâä ïéá ïéçáäì åæ

:àáä è�ùîä íâ òé�åî åá ,[6℄-á äðåùàøì òé�åä äæ ïåéòø
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úåìèä éãé-ìò (íéøåî÷ä íé�åâä ìë ïéáî) íéáìùá äòéá÷ì íéðúéð íéøåî÷ íéòìåöî 29 è�ùî

.íéðååéë äùåìùî

òìåöî àåä åìù øðééèù ìøèîéñ íà ÷øå íà òìåöî àåä øåî÷ óåâù úåàøì ì÷ :ä�éå äøö÷ äçëåää

óåâä úà úååùäì ÷é�ñî äùòîìå ,òìåöî àåä óåâäù úåìèääî úòãì øù�à ïëì .(äàáä äîìä úà äàø)

.(íéøåî÷ä íé�åâä ìëì êéøö àìå) íéøåî÷ íéòìåöîì

íà Q ìù ã÷ã÷ êøã øáåò u

i

ïååéëá øùé .íäùìë íéðåù íéðååéë éðù u

2

,u

1

-å ,øåî÷ òìåöî Q äéäé

úé�åñä úùøá úåéäì íéáééçQ éã÷ã÷ ïëì .S

u

Q íéàúîä øðééèù ìøèîéñ ìù ã÷ã÷ ùâå� àåä íà ÷øå

íéã÷ã÷ êøã íéøáåòå u

i

-ì íéìéá÷îù åìà ,íéìéá÷î íéåå÷ ìù úåç�ùî éúù ìù êåúéçä úåãå÷ð ìù F

.(i = 1; 2) S

u

i

Q ìù

äãå÷ð .F -î úåãå÷ð éúù øáçîä å÷ óàì ìéá÷î äéäé àìù êë u

3

éùéìùä ïååéëä úà íéøçåá åéùëò

.S

u

3

Q ìù ã÷ã÷ êøã øáåò u

3

ïååéëá äëøã øùéù F -á äãå÷ð àéä íà ÷øå íàQ ìù ã÷ã÷ àéä

.íéðååéë éðùì äðåøçàä äðòèä úà ø�ùì øù�à éà ,28 è�ùîî

.òìåöî K íâ æà ,òìåöî àåä S

u

K øðééèù ìøèîéñ íà .øåî÷ óåâ K äéäé 3 äîì

úåéö÷ðå� éúùë åúåà âéöäì øù�à æà ,øåî÷K .u ïåúðä ïååéëì úáöéðä äèðéãøåàå÷ x-á ïîñð :äçëåä

úåàøäì åðéìò .(äãå÷ðä ìù u äèðéãøåàå÷ä úà ïúåð f ) äøåî÷ äðåúçú f

2

(x)-å äøåò÷ äðåéìò f

1

(x)

.(ïéòèå÷îì úåéøàðéì) úåéìðåâéìå� ïä f

2

-å f

1

-ù

àéä äìèää íäî ãçà ìëá ,íéòè÷ ìù é�åñ ø�ñîì ÷ìåçî x-á íåçúä ïëìå ,òìåöî S

u

K-ù ïåúð

.úåéøàðéì úåéäì úåáééç f

2

,f

1

íâ äæë íåçú ìëáù äàøð .úéøàðéì äéö÷ðå�

øîåìë ,éøàðéì ìøèîéñä åá íåçú [x

1

; x

2

℄ äéäé

(2.9) f

1

(x)� f

2

(x) = ax+ b

,éøàðéì àì äéä íà .øåò÷ àåä f

1

,øåîàë :éøàðéì f

1

-ù äìéìùá çéëåð .(íéòåá÷ b,a) x 2 [x

1

; x

2

℄-ì

:óéøç ïåéååù-éà íéé÷úî

f

1

�

x

1

+ x

2

2

�

>

f

1

(x

1

) + f

1

(x

2

)

2

(äéö÷ðå� àì ,òåá÷ a :áì åîéù) ïåøçàä ïåéååùä éàîå (2.9)-î íéé÷úî æàå

f

2

�

x

1

+ x

2

2

�

= f

1

�

x

1

+ x

2

2

�

� a

�

x

1

+ x

2

2

�

� b

>

f

1

(x

1

) + f

1

(x

2

)

2

�

ax

1

+ b + ax

2

+ b

2

=

f

2

(x

1

) + f

2

(x

2

)

2

.äøåî÷ àéä f

1

äðåúçúä äéö÷ðå�ä øåîàë éøä éë ïëúé àì éøä äæå ÿ ùîî äøåò÷ äéö÷ðå� f

2

øîåìë

.çéëåäì åðéöøù äî äæå ,äæ íåçúá úéøàðéì f

2

íâ (2.9)-îå ,øáåãîä íåçúá úéøàðéì f

1

ïëáå
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úåáéöéå áèéä-úåøãâåî 2.4

ìëá .íäéúåìèäî íé�åâ ìù ãéçé øåæçù úåøù�à ìò íéøáãîù íéáø íéè�ùî åðéàø ÷ø�ä úìçúäá

áëòúð äéìò äìàùä .íé�ñåð íéàðúå ,úåìèää ,íéøçáðä íéðååéëä ÷éåãîá åðì íéòåãéù åðçðä íéè�ùîä

÷ìç ê�åä äæ íàä ?é�åñ-ïéà ÷åéã éìòá íðéà íéðåúðäùë äøå÷ äî :úåáéöéä úìàù àéä äæ ÷ø�á

?áèéä íéøãâåî àìå ,úåàéöîá úåòîùî-éøñçì åðéàøù íéè�ùîäî

:úåéúéîà øåæçù úåéòáì ñðëäì íéìåëé íéàáä íé÷åéãä-éà

22 è�ùîá .ìáâåîå é�åñ ÷åéãä êà ,óåâä úà äðéø÷ä ïäá úåéååæä úà úòãì äìåëé "äðø÷ä úðåëî" .1

óåâ ìë ìù ãéçé øåæçù íéçéèáîù ,"íéáåè" íéðååéë äòáøà ìù úåöåá÷ ìù ïåé�à åðìáé÷ ,ìùîì

íúåà íéðååéëä äùòîì ïëìå ,ä�å�ö àéä "íéáåè àì"ä íéðååéëä úåéòéáø ìù äöåá÷ä êà .øåî÷

.úéðåìéñ�à úåòè ììâá ãéçé øåæçù øù�àì àì íéìåìò åðç÷ì

úîâãð äìèää úåàéöîá ,ïë ìò øúé .äãéãî éùòø íâ ìéëäì úåìåìòå ,é�åñ ÷åéãá úåããîð úåìèää .2

åìà úåãåãî úåãå÷ð úøæòá ä�éöøä äìèää-úéö÷ðå� áåø÷å ,é�åñ (íééðø÷ åà) úåãå÷ð ø�ñî ìò

úåìèä íàä íéòáå÷ ,íéøéöä éðååéëá úåìèä âåæ ïúðäáù íéè�ùî åðéàø .óñåð ÷åéã-éàì íéîøåâ

úåìåìò úåìèäá úéðåìéñ�à úåòè .äöåá÷ óà ìù åà ,úçà äöåá÷î øúåé ,úçà äöåá÷ ìù ïä åìà

úåìèä úåìòá úåöåá÷ éúùìù ïëúé íàä ÷åãáì ùé ,ïë åîë .äéðùì úçà äéøåâè÷î ïúåà øéáòäì

."íéáåø÷ àì" íéøåæçù íéîéàúî "úåáåø÷"

.åëå ,òìåöî ,äøåî÷ äöåá÷ :íéìéèî åðà äúåà äöåá÷ä ìò úåîéåñî úåçðä åçéðä íéè�ùî ø�ñî .3

ìò ïè÷ õéøç äì øöåðù ìùîì ,äøåî÷ "èòîë" äöåá÷ íàä :åìà íéàðú øéãâäì äù÷ ,úåàéöîá

,íéòìåöî ïðéàù úåøåî÷ úåöåá÷ ììëá ùé íàä ?äøåî÷ äöåá÷ ìùíéè�ùîä úàúîéé÷î ,ä�ùä

?òìåöî éãé-ìò åðéðåöøë áåè áåø÷ì úðúéð äøåî÷ äöåá÷ ìë éøä éë

äáåùú ïéà íéø÷îä úéáøîá ïëìå ,úåçåú� ïä øåæçùä úéòá ìù úåáéöéä úåìàù úéáøî ,åðøòöì

åæ äãåáòá ,íìåà .íéîéåñî íéðååéëî íéîéåñî íé�åâ ,éùòî ï�åàá ,øæçùì ïúéð íàä äìàùì úéèøåàú

(4 ÷ø� ,ñøáðéî) åðìù éðùå (3 ÷ø�) øðãøâ ìù ãçà ,íéðåù øåæçù éîúéøåâìà éðùá ùåîéù úøæòá äàøð

è�ùî íéøéëî àì åðçðà íäá íéø÷îá íâ ÿ åðéñéð íúåà íéø÷îä áåøá ,éùòî ï�åàá éøù�à øåæçùù

.úåáéöé è�ùîå øåæçù úåãéçé

:øåæçùä úéòáì íéòåãé úàæ-ìëáù úåáéöéä éè�ùî ìù äøé÷ñ àéáð äæ óéòñ øúéá

Vol�i� è�ùî 2.4.1

úøãâåî àéä ãéçé øåæçù íéçéèáîù íéðååéë äòáøàî øåî÷ óåâ ìù øåæçùä úéòáù çéëåä [26℄ Vol�i�

.áèéä

úéòéáøì øåî÷ (éøåùéî) óåâ úç÷åìù äéö÷ðå�ä ìù éë�åää úå�éöø úà úåàøäì ùøãð àåä êë íùì

ìøèîéñù äçëåää úà ,áâà) .íéðååéëä úòáøàá øðéèù ìù íéìøèîéñä íäù íéøåî÷ä íé�åâä íé�åâä

([11℄-á ìùîì àåöîì ïúéð øåî÷ àåä íâ øåî÷ óåâ ìù øðééèù

øðééèù éìøèîéñ S

i

(K) åðîñé .äðåúð íéðåù íéðååéë úéòéáø S äéäú :÷éåãîá øúåé çñðì éãë åà

éå�éîä úà �-á ïîñð .(i = 1 : : : 4) åìà u

i

2 S íéðååéëì ñçéáK ìù

�(K) = (S

1

(K); S

2

(K); S

3

(K); S

4

(K))

,åðéàøù é�ë .(øåùéîá úåøåî÷ä úåöåá÷ä áçøî àåä K

2

0

øùàë) K

2

0

� K

2

0

� K

2

0

� K

2

0

-ì K

2

0

-î

äðåúðä íéðååéëä úéòéáø ïëàù çéððå ,úéëøò-ãç-ãç àéä � íéðååéë úåéòéáø ìù úåîéåñî úåøéçá øåáò
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åðúéð �

�1

áåùéç ìù äéòáìå ,äçåú� äéòá ïééãò àéä � ìù çååèä ïåé�à ìù äéòáä ,áâà) úàæë àéä

íéòéöî åðàù ñøáðéî íúéøåâìàå 3 ÷ø�á øðãøâ ìù íúéøåâìàä åîë ,äàìî äçëåä àìì úåðåøú� ÷ø

ú÷éøèîî úòáåðä äéâåìå�åèä úà K

2

0

-á íéç÷åì íàù àåä çéëåä Vol�i�-ù äî .(4 ÷ø�á åæ äãåáòá

ìù øåæçùä úéòá ,Vol�i� ïòåè ,ïëì .àéä íâ ä�éöø äëå�ää äéö÷ðå�äå ,ä�éöø åæ � æà ,óøåãñåàä

.áèéä úøãâåî àéä (íéðååéë äòáøàî øåî÷ óåâ øåæçù)Gardner-MMullen

Longinetti úåëøòä 2.4.2

æà ,íéðåù íéðååéë n-î úåäæK

0

,K íéøåî÷ íé�åâ éðù ìù úåìèää íàù çéëåä [20℄ Longinetti

�

2

(K�K

0

) �

tan(�=n)

8n

�

1

(�(K \K

0

))

2

.åæëøî áéáñ �=núéååæá ááåñîK àåäK

0

-å úåòìöníò ììëåùî òìåöî àåäK-ù äø÷îá÷ø ïåéååù íò

äðéàù àéä åæ äëøòäá äéòáä .úåìèää êåúî àåöîì øù�à �

1

(�(K \ K

0

))-ì ïåéìò íñç ,áâà

,úéèðàéøååðéà äëøòä ïúð Longinetti ìù íãå÷ è�ùî .úåéðé�à úåéöîøå�ñðøè úçú úéèðàéøååðéà

.n > 6-ì òåãé åðéà íù íã÷îä êà ,�

2

(K \K

0

)-á óìçåî �

1

(�(K \K

0

)) äáù

:ãéçé øåæçù úåáéöé éáâì øáã åðúåà úãîìî àìù äàøð êà ,úðéðòî Longinetti ìù åæ äëøòä

àì êà ,íéááåñî íéììëåùî íéòìåöî éðù ìù ,åðøëæä øáëù øúåéá "òåøâ"ä äø÷îá ìá÷úî ïåéååùä

úåãéçé äçéèáî äéøåàúä åáù äø÷îá ïëù-ìë-àì ,"éðé�åà" äø÷îá äøå÷ äî ìò íåìë åðîî íéãîåì

.(ñ�à úåéäì øåîà �

2

(K�K

0

) ïëìå) øåæçù

êë íéøåî÷ íé�åâ íä K

0

-å K-ù çéðð :äðåù âåñî ,ú�ñåð úðéðòî äëøòä ïúåð Longinetti [19℄-á

éúìá òåá÷ àåäC � 14:2 øùàë �

2

(K�K

0

) � C�

2

æà .jjX

u

K �X

u

K

0

jj

1

< � ,u íéðååéëä ìëìù

.(óøåãñåàä ú÷éøèî àéä Æ) Æ(K;K

0

) < 3� æàK \K

0

6= ; íà ,ïë åîë .K

0

-á åàK-á éåìú

íéðååéë ìù é�åñ-ïéà ø�ñîî úåìèäîù òåãé) íéðååéëä ìëî úåìèä ìò úøáãî ì"ðä äàöåúä ,øåîàë

éøä éë ,úéøù�à éúìá åæë úéðåìéñ�à äàöåú ,íéðååéë ìù é�åñ ø�ñî ìò øáåãî íà .(øåæçù úåãéçé ùé

�

2

(K�K

0

) ìáà ,(åðøëæäù íéììëåùîä íéòìåöîä éðù ,ìùîì) íéðååéë n-á úåäæ úåìèä íòK

0

,K ùé

è�ùî òåãé íéðåúð íéðååéë ìù é�åñ ø�ñîå K-ìù äø÷îá åæë äàöåú çéëåäì øù�à íàä .ñ�à åðéà

:úåáéöéì úåìáâî ùé úàæ ìëáù úåàøì øù�à êà ,åæ äìàùì äàìî äáåùú äòåãé àì òâøë ?úåãéçé

øåæçùä úéòá ìù úåáéöé éè�ùî ìò úåìáâî 2.4.3

äòáøàî øåæçùä úéòá ìù úåáéöéä úåéòá ìë úà øú� àì íöòáVol�i�è�ùî òåãî äàøî äàáä äîâåãä

.øåæçùä úéòá øåáò ìá÷ì úå�öì ìëåð àì úåáéöé éè�ùî ìù âåñ äæéà åðì äàøî àéä ïë ìò øúéå ,íéðååéë

úéòéáø ,øîåìë) S "äòåøâ" íéðååéë úéòéáøá úåìèää ïúåà íò íéøåî÷ íé�åâ éðùK

2

,K

1

ìò ìëúñð

.òåá÷ éáåéç àåäK

2

-ìK

1

ïéá (óøåãñåàä ú÷éøèîá ìùîì) ÷çøîä .(ãéçé øåæçù úøù�àîàìù íéðååéë

úåøù�àîù íéðååéëä úåéòéáø úöåá÷) "äáåè" àéäù åðéðåöøë äáåø÷ S

0

-ì íéðååéëä úöåá÷ úà äðùð

ä�éöø øåî÷ óåâ ìù äìèää .(íéðååéëä úåéòéáø ìë úöåá÷á ä�å�ö àéä øåî÷ óåâ ìë ìù ãéçé øåæçù

íéðååéëá K

1

úåìèä ïëìå (øðééèù éìøèîéñ ìò ä÷éøèîá åà L

2

ú÷éøèîá úåç�ì ,úåàøì ì÷) ïååéëá

äçðää) S-á K

2

úåìèäì úååù åìà .(ùåøãä �-ä é�ì S

0

øåçáì åðéìò) åðéðåöøë S-á åìàì úåáåø÷ S

0

.åðéðåöøë S

0

-áK

2

úåìèäì úåáåø÷ åìà áåùå (úéøå÷îä

ïúåà íéðúåð K

2

-å K

1

-ù åæë S

0

"äáåè" íéðååéë úéòéáø ùé � > 0 ìëìù êë K

1

6= K

2

ùé ,ïëáå

.(L

2

ú÷éøèîá) � éãë ãò S

0

íéðååéëá úåìèä
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:íéðåúð íéðååéë âåæî øåæçùä úåáéöé ìò äìáâî àåöîì äîåã äøåöá øù�à

íéùåùîä éðù ,äîâåãì) íéðåúð íéðååéë éðùá úåìèä ïúåà íò K

2

,K

1

íéøåî÷ íé�åâ éðù ìò ìëúñð

áåø÷K

0

1

ùé æà ,åìàíéðååéëî ãéçé øåæçùì úåðúéð úåøåî÷äúåøåöä "áåø"ù åðçëåä .(28 è�ùîá åðéàøù

íéðååéëä âåæá íäéúåìèäî ãéçé øåæçùì íéðúéðK

0

2

,K

0

1

-ù êë åðéðåöøëK

2

-ì áåø÷K

0

2

-å åðéðåöøëK

1

-ì

åéäù äîàúäáK

2

-åK

1

-ì íéáåø÷ íäù ïååéëî (óøåãñåàä ú÷éøèîá ,ìùîì) íé÷åçøK

0

2

-åK

0

1

.ïåúðä

éåðéùì äìèää úå�éöø ììâá ,(L

2

ú÷éøèîá) åðéðåöøë úåáåø÷K

0

2

,K

0

1

ìù úåìèää ìáà .äæî äæ íé÷åçø

.óåâä

÷çøîäù K

0

2

,K

0

1

íéøåî÷ íé�åâ âåæ ùé � > 0 ìëìù êë a > 0 òåá÷ ùé ,íéðååéë âåæ ïúðäá ,ïëáå

åìà íéðååéëá úåìèä êà ,íéðåúðä íéðååéëá åéúåìèäî ãéçé øåæçùì ïúéð íäî ãçà ìëù ,a úåç�ì íäðéá

.(L

2

ú÷éøèîá) � éãë ãò íéáåø÷ íé�åâä éðù ìù

òåáéøä úîâåã 2.5

íéøåî÷äíé�åâä ìë ïéáî ,íééåñîíéðååéë âåæá åéúåìèäîíéåñî óåâ ãéçé ï�åàá øæçùì ïúéð íàääìàùä

ïúðäáù 2.3.2 óéòñá 25 è�ùîá åðéàøù úåøîì .äù÷ äìàùàéä ,íéøéù÷ä åà íééáëåëä íé�åâä ïéáî åà

ïéà ,(úåøåî÷ä úåöåá÷ä úç�ùî ïéáî) íéøåî÷ä íé�åâä "áåø" úà úåãéçéá øæçùì ïúéð ,íéðååéë âåæ

èìçåî ãåâéðá úàæå ÿ íéðåúð íéðååéë éðùî úåìèäî øåæçùì íéðúéðä íéøåî÷ íé�åâ ìù éììë ïåé�à åðì

íéðåéøèéø÷å ,(2.2.1 óéòñá 3 è�ùî) õðøåì è�ùî òåãé íù ,úåãéãîä úåöåá÷ä úç�ùîá øåæçù ìù áöîì

íéðúéðä íéøåî÷ä íé�åâä ïåé�à úéòá úà ïééöî [11℄ øðãøâ .øåæçù úåãéçéì íé÷é�ñîå íééçøëä íé�ñåð

úåáåùçä úåçåú�ä úåéòáä úçàë ,íéðåúð íéðååéë éðùá úåìèäî (íéøåî÷ä íé�åâä ïéáî) ãéçé øåæçùì

.íåçúä ìù

øù�à íàù áåùçì åðééä íéöåø .òåáéøä àåä íäéìò áåùçì øù�àù øúåéá íéèåù�ä íé�åâä ãçà

íéðååéë âåæ ìëì :øù�à éà åðøòöì êà .òåáéø íâ øæçùì øù�àù ,"íé�åâä áåø" úà íéðååéë éðùî øæçùì

ïéáî úåãéçéá òá÷ð åðéà òåáéøä ,òåáéøä ìù íéðåñëìàä éðååéë âåæ åà òåáéøä ìù úåòìöä éðååéë âåæ ãáìî

.(àáä è�ùîä úà äàø ÿ òåáéøä ìù äéøèîéñá àåä íùàä) åìà úåìèä âåæ êåúî úåøåî÷ä úåöåá÷ä

.úåéøå÷î ïä äæ óéòñá úåàöåúä øàùå äìù äçëåää êà åæ äãáåò úåøéëæî ,[11℄ ìùîì ,úåîãå÷ úåãåáò

:éæà .íéðåù íéðååéë âåæ u

2

-å u

1

åéäé .òåáéø J äéäé 30 è�ùî

úåãéçéá òá÷ð òåáéøä æà íéðåñëìàä éðååéë âåæ åà òåáéøä ìù úåòìöä éðååéë âåæ íä u

2

,u

1

íà .1

.åìà íéðååéë âåæî úåìèää úøæòá ,úåãéãîä úåöåá÷ä ïéáî åìé�àå ,úåøåî÷ä úåöåá÷ä ïéáî

úåìèä ïúåà úìòá (úéìéá÷î àéä) J

0

äðåù äøåî÷ äøåö úîéé÷ ,íéøçà u

2

,u

1

íéðååéë úåâåæì .2

.åìà íéðååéëá

:äçëåä

íéðååéë íä åìà íéðååéë úåâåæî ãçà ìë :(4.3.1 óéòñ) 32 è�ùîî úåøéùé òáåð è�ùîä ìù äæ ÷ìç .1

,ïáåîë) òè÷ ãéîú àåä åìà íéðååéëá íéøùé íò åëåúéçå ,íäéìà úéñçé éøèîéñ òåáéøä ,íéáöéð

.(øåî÷ åìé�à òåáéøä

æëøîù úåéììëä úìáâä àìì çéðð :(2.3.3 óéòñ) 2 äîìì åðéàøù äçëåäì äîåã äæ ÷ìç úçëåä .2

u

2

-ì ìéá÷îá l

u

1

êøã óå÷éùä ÿ � úà øéãâð .úéæëøî äéøèîéñ ìòá òåáéøä .úéùàøá òåáéøä

æà øåî÷ J íàù øåøá .J-ì åîë u

2

,u

1

íéðååéëá úåìèä ïúåà �J-ì ,äîìá åîë .ì"ðä äîìá åîë
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u

2

L
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l

u

1
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�
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L

�
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L

�

L

�

'à äø÷î :2.12 øåéà

Figure 2.12: First ase

��

u

2

l

u

1

�

'á äø÷î :2.13 øåéà

Figure 2.13: Seond ase

ïëìå (úéøàðéì ä÷úòä åìé�à àåä) íéìéá÷î íéøùéì íéìéá÷î íéøùé øéáòî �-ù ïë åîëå ,�J íâ

:�J 6= J-ù úåàøäì øúåð .úéìéá÷î àåä �J

:úåéåøù�à éúù ùé

íééðù ,J òåáéøä ìù úéæëøîä äéøèîéñä ììâá :l

u

1

øùéä ìò J ìù ã÷ã÷ óà ïéà íà (à)

çéðð .�-å �-á øùéä ìòî íéã÷ã÷ä éðù úà ïîñð .åéúçúî íéðùå ì"ðä øùéä ìòî åéã÷ã÷î

ïëì .òåáéøá íéã÷ã÷ íä íâ åìà íéã÷ã÷ éðù ìù �-óå÷éùù øîåìë ,�J = J-ù äìéìùá

,úéæëøîä äéøèîéñäî .u

2

-ì ìéá÷î åéúåòìö ìù ãçà âåæå ,2.12 øåéàá åîë àåä òåáéøä

L

�

-å L

�

-ù íâ òáåð úéæëøîä äéøèîéñäî æàå ,øåéàá åîë ,åìà úåòìö ïéá úéùàøäù øåøá

íéðååéëä âåæ ,íåëéñì .l

u

1

-ì úåìéá÷î�����-å��� úåòìöù òáåð äæî êà .íéååù øåéàá

.äçðäì äøéúñá ,úåòìöä éðååéë âåæ àåä åðìù

íéøúåðäå ,øùéä ìò íééðù ùé úéæëøîä äéøèîéñä ììâá æà l

u

1

øùéä ìò J ìù ã÷ã÷ ùé íà (á)

äìéìùá çéðð íà .�-á øùéä ìòî ã÷ã÷ä úà ïîñð .åìù ãö ìëî ãçà ã÷ã÷ :åéããö éðùî

ìéá÷î u

2

-ù øîåà äæ êà .2.13 øåéàá åîë äàøð òåáéøä ïëìå ,ã÷ã÷ �� íâ æà �J = J-ù

íéðååéëä âåæ ,íåëéñì .l

u

1

:éðùä ïåñëìàì ìéá÷î u

1

-å ,�� �� ,òåáéøä ìù ãçà ïåñëìàì

.äçðäì äøéúñá ,íéðåñëìàä éðååéë âåæ àåä åðìù

.ù÷åáîä J

0

ä àåä �J ïëáå

é�åñðéà ø�ñî àåöîì øù�à úåãéçé ïéà øùàëù òåãé ,úåãéãîä úåöåá÷ä úç�ùî ìò íéøáãî øùàë
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u

1

u

2

-1

-0.5

0
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-1 -0.5 0 0.5 1

ááåñîä òåáéøäî äðåù äøåö øåæçùì äîâåã :2.14 øåéà

Figure 2.14: Example of reonstrution of a shape di�erent from the rotated square

,øúåé úåðè÷ úåç�ùî ìò øáåãî øùàë .(2.2.1 óéòñá 6 è�ùî äàø) úåìèä ïúåà úà úåðúåðù úåöåá÷ ìù

ïúåà úðúåðù òåáéøä ãáìî äãéçéä äøåî÷ä äøåöä àéä úéìéá÷îä íàä .òåãé åðéà äæ ïåðâñî è�ùî

ïúåà úðúåðù òåáéøä ãáìî äãéçéä úéáëåëä äøåöä àéä úéìéá÷îä íàä ?ïåúðä íéðååéëä âåæá úåìèä

?ïåúðä íéðååéëä âåæá úåìèä

íé÷åçø"ù íéðååéë úåâåæ) íéðååéëä úåâåæî ìåãâ ÷ìçì úåç�ì ,àì àéä äðåøçàä äìàùì äáåùúä

,åðáúëù "ñøáðéî" úéììëä øåæçùäúðëåúá íééåñéð .(íéáöéð íéðååéë ìù úåâåæ èø�áÿäæî äæ "÷é�ñî

.(2.14 øåéà äàø) úåìèä ïúåà úðúåðù ,òåáéøä ãáìî ,äøåî÷ àì ,ú�ñåð äøåö åìòä ,4 ÷ø�á øàåúúùå

êà éáëåëä ,øçàä óåâä ìù éèéìðàä éåèéáä úà àåöîì åðçìöä úéðëåúä äàéöåäù äøåöá úåìëúñäî

.úåìèä ïúåà ïúåð àåä ïëàù åðçëåäå ,øåî÷ àì

âåæá òåáéøä åîë úåìèä ïúåà úà ïúåðù ì"ðä øåî÷-àìä óåâä úà íéðåá êéà äàøð äæ óéòñ êùîäá

.íéðåúðä íéðååéëä

äøåî÷-àìä äîâåãì äéöéàåèðéà 2.5.1

(íéå÷åå÷îíéåå÷á) òåáéøä åîëúåìèä ïúåàúðúåðùú�ñåðäøåöìàîâåã (íéàìîíéåå÷á)äàøî2.15øåéà

úéðëåúá òåáéøä ìù øåæçùä "éåñéð"á äìá÷úäùäøåöä ÷åéãá éäåæ .u

2

-å u

1

,íéðåúð íéáöéð íéðååéë âåæá

äæ äø÷îá :íéðååéëä âåæá úåìèä ïúåà ïðùé äùãçä äøåöì òåãî úéáéèéàåèðéà ïéáäì ì÷ .ñøáðéîä

äìåò�î åðúùä àì u

2

ïååéëá úåìèää .(2.15 øåéà äàø) íñéñá ìò íéùìåùî éðù "åðë�ä" äùãçä äøåöá

ìù äéøèîéñä ,úåðúùäì úåìåìò åéä ïä åá íåçúáù ïååéëî åðúùä àì u

1

ïååéëá úåìèää åìéàå ,ïáåîë åæ

ïúéðù ïáåî .íééøå÷îä íéùìåùîä íò òåáéøá åéäù úåìèä ïúåà úà ÷åéãá úðúåð íéùìåùîä éðù úëé�ä

úà òöáì ïúéð ,ïë ìò øúé .ú�ñåð äìå÷ù äøåö ìá÷ì êëáå ,éðùä íéùìåùîä ãîö úà à÷ååã êå�äì äéä

.íãå÷ øáë åðéàøù úéìéá÷î äúåà ,úéìéá÷î úìá÷úîù øøáúîåÿ íéëå�éää éðù

.u

1

; u

2

íéáöéð àì íéðååéë éðùá ,òåáéøä åîë úåìèä ïúåà úðúåðù äøåöì äîâåã äàøî 2.16 øåéà

íéòöáîå ,íéðåúðä íéðååéëì úåìéá÷î äéúåòìöù òåáéøá äîåñç úéìéá÷î íéàöåî äæ äø÷îá íâ
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ú�ñåð äìå÷ù äøåöå òåáéøä :2.15 øåéà

Figure 2.15: The square and another equivalent shape
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1
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2

u
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1

äøùé àì úéååæ ,ú�ñåð äìå÷ù äøåöå òåáéøä :2.16 øåéà

Figure 2.16: The square and another equivalent shape, non-orthogonal diretions
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úøîåùù ,(êùîäá éäî äàøð ÿ èåù� êå�éä àì àéä íò�ä) íéùìåùîä ìò úîéåñî äéöîøå�ñøè

"íé÷åçø" úåéäì åëøèöé íä ,åæë äîâåã úéðá åøù�àé u

2

,u

1

íéðååéëù éãë .íéðååéëä éðùá úåìèää ìò

éðååéë úåéäì íéìåëé àì íä íãå÷ä è�ùîì íàúäá ïáåîëå ,êùîäá äàøðù é�ë ,(íéáöéð ,èø�á) ÷é�ñî

.òåáéøä ìù íéðåñëìàä åà úåòìöä

:íéáìù éðùá ,"÷é�ñî íéðåù" íéðååéë âåæ ìëì ,òåáéøì åæë äìå÷ù äøåö ìù äîåé÷ úà íéâãð ,ïëáå

êéà äàøð æàå ,íéðåúðä íéðååéëì úåìéá÷î äéúåòìöù úéìéá÷î éøå÷îä òåáéøá íåñçì ïúéð êéà äàøð

.íéðååéëä éðùá úåìèää ìò äøéîù êåú íéùìåùîä âåæ úà úåðùì ïúéð

:äàáä äðòèäî úòáåð òåáéøá äîåñçä úéìéá÷îä úåáéùç

K-á äîåñç Q úéìéá÷î úîéé÷ù êë íéðååéë âåæ u

2

,u

1

åéäé .øåùéîá òåáéø K äéäé 31 è�ùî

äöåá÷ éãë ãò ,ìëåî Q éæà .íéðåúðä íéðååéëì úåìéá÷î äéúåòìöù ,(òåáéøä ó÷ä ìò äéã÷ã÷ù)

.íéðåúðä íéðååéëá K òåáéøä åîë úåìèä ïúåà úìòá E äãéãî äöåá÷ ìëá ,0 äãéî úìòá

åðöìàð äùòîì ,éåðéù àìì äîåñçä úéìéá÷îä ìò åðøîù êà íéùìåùîä úà åðéðéù äáù äéðáá ,øîåìë

.êë úåùòì

.2.2.2 ÷ø�á 1 äîì :øúåé úéììë äîìî úòáåð åæ äðòè

äîåñçä úéìéá÷îä úàéöî 2.5.2

,òåáéøä úåòìö ìò äéã÷ã÷ùúéìéá÷î òåáéøá íåñçì ïúéðù çéëåäì åðéìò .u

1

; u

2

íéðååéë âåæå ,òåáéø ïåúð

.2.16 øåéàá ACED úéìéá÷îä úà åðéàø ,äîâåãì .u

1

; u

2

íéðååéëì úåìéá÷î äéúåòìöå

ìë äáù ,íéøåéöá åîë äîåñç úéìéá÷î úîéé÷ u

2

,u

1

íéðååéë âåæ ìù äøéçá ìëì àì áì íéùð úéùàø

øåñà ïë åîëå ,íéëå�ä íéòå�éùä éðîéñ úåéäì íéáééç êë íùìù øåøá .òåáéøä ìù äðåù òìö ìò ã÷ã÷

éúùá úåøáåò äé÷åùå ,òåáéøä ìù úçà òìö ìò äùàøù úéååæ) éãî äðè÷ äéäú íéðååéëä ïéá úéååæäù

.(45

Æ

-î äðè÷ úåéäì äìåëé àì ,åæ òìöì úåðëùä úåòìöä

:íéàáäíéàðúäìëíéé÷úäìíéëéøö ,äøåî÷-àìäøåö ïúúåçéìöú ïëàäàøðùäéðáäù éãë ,äùòîì

éðååéë âåæ àåä íéðååéëä âåæ íà) òåáéøä ìù ïåñëìà åà òìö ìù ïååéë åðéà íéðååéëäî ãçà óà .1

ïååéë àåä íéðååéëä ãçà íà .úåãéçéá òá÷ð òåáéøäù øáë åðéàø ,íéðåñëìàä éðååéë âåæ åà úåòìöä

ú�ñåð äøåö ïéà ,ïåñëìà ïååéë àåä íéðååéëä ãçà íàå ,øåî÷ äùåùî àéä ú�ñåðä äøåöä ,òìö

.(úéìéá÷îä úà ùé ìáà åæ äéðá é�ì

.íéëå�ä íéðåúðä íéòå�éùä éðîéñ .2

æà ,45

Æ

-î ìåãâ éáåéçä òå�éùä íà .�45

Æ

-î ïè÷ éìéìùä æà ,45

Æ

-î ïè÷ éáåéçä òå�éùä íà .3

.�45

Æ

-î ìåãâ éìéìùä

,áâà .óéòñä óåñá äéìà øåæçðå ,äæ óéòñ êùîäá úéìéá÷îä úéðáì äîåãá úòöáúî åæ äðòè úçëåä

.åìà íéàðú íéîéé÷î (òåáéøä ìù íéðåñëìàä éðååéëå úåòìöä éðååéë ãáìî) íéáöéð íéðååéë âåæ ìë èø�á

u

1

íéðååéëä éòå�éù úàm

2

-åm

1

-á ïîñð .úîéé÷ àéä øùàë ,äîåñçä úéìéá÷îì äçñåð àöîð úòë

.éìéìùm

2

-å éáåéç àåäm

1

-ù úåéììëä úìáâä àìì çéðð ,ìéòì úåçðäì íàúäá .äîàúäá u

2

-å

.2.17 øåéàá åîë (0; y

0

)-å (x

0

; 0) (úåîìòð òâøë) úåãå÷ð éúùá u

1

ïååéëá íéìéá÷î íéøùé éðù øéáòð

íéîéé÷úî .(1; y

1

) ,(x

1

; 1)úåùãçúåãå÷ðáòåáéøäìùúå�ñåðäúåòìöä éúùúàíéëúåç åìàíéøùé

:íéàáä íéøù÷ä

(2.10) 1� y

0

= m

1

x

1
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u

1

òåáéøá äîåñçä úéìéá÷îä úàéöî :2.17 øåéà

Figure 2.17: Finding a parallelogram insribed in a square

(2.11) y

1

= m

1

(1� x

0

)

,(x

0

; 0)-ì (0; y

0

)-î ïååéëäå ,(1; y

1

)-ì (x

1

; 1)-î ïååéëäù íéöåø åðééä ,úéìéá÷î ìá÷úúù éãë ,åéùëò

:úåàåùîä éúù íéé÷úäì úåëéøö êë íùì .u

2

ïååéëä íäéðù åéäé

(2.12) y

0

= �m

2

x

0

(2.13) 1� y

1

= �m

2

(1� x

1

)

:íéìá÷î (2.13)-á (2.11),(2.10) úåàååùî úáöäî

(2.14) 1�m

1

(1� x

0

) = �m

2

�

1�

1� y

0

m

1

�

:(2.12) úà äæá áéöð

(2.15) 1�m

1

(1� x

0

) = �m

2

�

1�

1 +m

2

x

0

m

1

�

:x

0

úà õìçì øù�à ïàëî

x

0

 

m

1

�

m

2

2

m

1

!

= m

1

� 1�m

2

+

m

2

m

1

x

0

�

m

2

1

�m

2

2

�

= (m

1

�m

2

)(m

1

� 1)

øîåìë

(2.16) x

0

=

m

1

� 1

m

1

+m

2

:y

0

úà ìá÷ð (2.12) úøæòá

(2.17) y

0

= �m

2

x

0

=

m

2

�m

1

m

2

m

1

+m

2
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-ù ìá÷úäù áì íéùð

x

1

=

1� y

0

m

1

=

1 +m

2

m

1

+m

2

= 1� x

0

íò íéùìåùî ú�é�çî :÷åéãá øúåé åà) äéøèîéñ éîòèî éå�ö äéä ïëàù é�ë ,y

1

= 1 � y

0

äîåãáå

.(äååù úçà òìöå ,íéìéá÷î íéåå÷ éìå÷éùî úååù úåéååæ

åðéàøù åìàì úåîåã úåàçñåðä :íãå÷ åðéàøù úéìéá÷îä íåé÷ì íéàðúä úçëåäì äøö÷á úòë øåæçð

íà .u; v > 0 øùàë ,�u,1=v-á íéòå�éùä úà ïîñð ,øúåé úéøèîéñ äàöåú ìá÷ì ìéáùá ìáà ,íãå÷

æàå y = y

1

,x = x

0

úåèù� íùì ïîñð ,2.17 øåéàá åîë úéìéá÷î úîéé÷ ïëà

v =

1� x

y

u =

1� y

x

:ìá÷ð y-å x úà õìçð íà

x =

1� v

1� uv

y =

1� u

1� uv

u; v-ì íéàðúä .0 < y < 1-å 0 < x < 1-ù ïáåîë êéøö ,úîéé÷ äéäú ïëà ì"ðä úéìéá÷îäù éãë ,ìáà

:ïúåð 0 < x < 1 éàðúäù úåàøì ì÷ .íéù�çî åðàù íéàðúä ÷åéãá íä åìàë x; y íéðúåðù

0 < 1� v < 1� uv åà 1� uv < 1� v < 0

íéìåãâ íäéðù åà ,1-î íéðè÷ íäéðù u; v ù êëì ìå÷ù äæ åìéàå ,(äîåã åäùî ïúåð 0 < y < 1 éàðúä)

.íéòå�éùä ìò íãå÷ åðøëæäù éàðúä ÷åéãá åäæ .1-î

íéùìåùîì äéöîøå�ñðøèä 2.5.3

,íéáöéð íéðååéëì .úåìèää ìò øåîùì éãë íéùìåùîì úåùòì êéøöù äéöîøå�ñðøèä úà äàøð åéùëò

íéáöéð àì íéðååéëì êà ,2.15 øåéàá åðéàøù é�ë ,íñéñá ìò íéùìåùîä êå�éä èåù� àéä åæ äéöîøå�ñðøè

íò øçà ùìåùîá äæë ùìåùî óéìçäì éãë .(2.16 øåéà äàø) åéùëò äàøðù é�ë ,øúåé èòî úëáåñî àéä

,éøå÷îä ìù äæì ääæ äáåâ äéäé ùãçä ùìåùîìù ÷é�ñîå éçøëä ,u

2

ïååéëá úåìèä ïúåàå ñéñá åúåà

àöåéù u

2

ïååéëá å÷ä ìò íå÷î åäùæéàá àöîäì êéøö ùìåùîä ìù ùãçä ã÷ã÷ä ïëáå .íéùìåùî ïåéîãî

.ïùéä ã÷ã÷äî

ïååéëá úåìèääù éãë (úàæ úåùòì úîàá øù�àù äàøðå) øçáð ì"ðä øùéä ìò äæ ã÷ã÷ íå÷éî úà

.éøå÷îä òåáéøä ìù åìàì úåäæ åéäé äùãçä äøåöä ìù u

1

åîëå ,2.16 øåéàá u

1

-ì íéìéá÷îä íéåå÷ä ïéáù íåçúì õåçî åðúùé àì u

1

ïååéëá úåìèääù øåøá

àéöåäì ïúéðå äðùî àì úåìèäì äúîåøú ,úéîéð�ä úéìéá÷îä úà úåðùì íéðååéëúî àì åðàù ïååéëî ïë

ñéñáá íéøáåçîDEF -åABC íéùìåùîä éðù :2.18 øåéöä ìò ìëúñäì ÷é�ñî úåøçà íéìéîá .äúåà

éðùî äéåðáä ú�ñåð äøåö àåöîì åðéìò .u

2

ïåúðä ïååéëä àåä åéðåñëìà ãçàù ïáìî íéøöåéå óúåùî
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y

0

x

0

u

2

A;D B

F E;C

u

1

u

2

éðùä ãéì ãçà íéçðåî íéùìåùîä éðù :2.18 øåéà

Figure 2.18: The two triangles laid one beside the other

y

0

x

0

u

2

A;D B

F E;C

u

1

u

2

h äáåâä å÷

�h äáåâä å÷

M

N

Q

íéùãçä íéã÷ã÷ä úéðáå äáåâä éåå÷ :2.19 øåéà

Figure 2.19: The equidistant lines and the new verties
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y

0

x

0

A B

F E

u

1

u

2

M

N

Q

L

äéöîøå�ñðøèä éøçàå éð�ì ,íéùìåùîä éðù :2.20 øåéà

Figure 2.20: The two triangles, before and after the transformation

(u

2

ïååéëá úåìèä ïúåà ìò øåîùì éãë ,äáåâ åúåà íò ,íãå÷î äøòää é�ìå) ñéñá åúåà ìò íéùìåùî

.u

1

ïååéëá úåìèä ïúåà úðúåðù

íéùìåùîä éã÷ã÷ úà òéñäì åðéìò íäéìò u

2

ïååéëá íéøùéä úà íéå÷åå÷î íéåå÷á äàøî 2.19 øåéà

ñéñáä ìòî úåðáì àéä åðúøèî ,øåîàë .(u

2

ïååéëá úåìèä ïúåà ïëìå) äååù äáåâ ìò øåîùì éãë

åøîùéù êë ,íéå÷åå÷îä íéøùéä ìò íé�ñåðä íäéã÷ã÷ù ,øçà íéùìåùî âåæ (AE ,ïáìîä ïåñëìà)

éð�ì ïåéìòä ùìåùîá äøáò ïø÷äù äñî úåîë ìëù âåàãì àåä ùîúùð åá ïåéòøä .u

1

ïååéëá íâ úåìèää

.ê�äìå ,äéöîøå�ñðøèä éøçà ïåúçúä ùìåùîá øåáòú àéä ,äéöîøå�ñðøèä

ùìåùîá äéäù FN êøåàá òè÷ä (2.19 øåéà äàø) F ã÷ã÷äî u

1

ïååéëá FNM øùé øéáòð íà

(jNM j = jFN j øåøá) NM òè÷ä øîåìë ,äéøçà ïåéìòá úåéäì êéøö äéöîøå�ñðøèä éð�ì ïåúçúä

.ñéñáä ìòî ùãçä ùìåùîä ã÷ã÷ àåäM ,øîåìë .äéöîøå�ñðøèä éøçà ïåéìòä ùìåùîá úåéäì êéøö

úçúî ùãçä ùìåùîä ã÷ã÷ àåä ,B-î u

1

òå�éùá øùé ìù êåúéçî�h äáåâä ìò øöåðù ,Q ,ï�åà åúåàá

.ñéñáì

úåîéåñîä úåìèäá ÷ø àìå ÿ u

1

ïååéëá úåìèää ìëá úåìèä ïúåà úà ìá÷ðù çéëåäì ïééãò êéøö

(u

1

-ì øîåìë) MF -ì äìéá÷î ïø÷ ìò ìëúñð :íéùìåùî ïåéîãî øåøá äæ ìáà .íéã÷ã÷ä ãéì åð÷ãáù

äéöîøå�ñøèä éð�ì .(äîåã ìå�éèä AN òè÷á)NE òè÷áN + �(E �N) äãå÷ðá AE úà úëúåçù

,jBLj � (jAN j + �)=jALj äñîä úà ïåéìòä ùìåùîá úëúåç åæ ïø÷ ,(2.20 øåéàá íéàìî íéåå÷)

äñîä úà ïåéìòä ùìåùîá êúåç øùé åúåà ,äéöîøå�ñðøèä éøçà .jFN j ��=jNEj äñîä úà ïåúçúáå

÷åéãá êë ,jMN j = jNF j ,øåëæë) ïåúçúä ùìåùîá äëúçð íãå÷ù äñîì ääæùÿ jMN j � �=jNEj

ääæù ÿ jLQj � (jAN j + �)=jALj äñîä úà ïåúçúä ùìåùîá êúåç øùéä ,äîåãáå ,(M úà åðøçá

.jBLj = jLQj-ù ïååéëî) ïåéìòä ùìåùîá äëúçð íãå÷ù äñîì

,éëðàä ïååéëä íðéà íéðååéëä éðùù äçðäá :(2.20 øåéà äàø) M äãå÷ðì ùøå�î éåèéá àöîð ,úòë

.(A = (0; 0))A äãå÷ðá úéùàøäù çéðð ïë åîë .äîàúäá u

2

-å u

1

íéðååéëä éòå�éù úàm

2

-åm

1

-á ïîñð
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àéäBM øùéä úàååùî æà

(2.18) y = m

2

x+ y

0

:àéä FM øùéä úàååùî .åéìòî y

0

äáåâáMB åìéàå ,A úéùàøá øáåòm

2

òå�éùá AE ïåñëìàä éë

(2.19) y = m

1

x� y

0

:íéøùéä éðù êåúéçáM äãå÷ðä

(2.20) m

1

x� y

0

= m

2

x+ y

0

æà

(2.21) x =

�2y

0

m

2

�m

1

(2.22) y = m

1

x� y

0

= �y

0

m

2

+m

1

m

2

�m

1

íåëéñì øîåìë

(2.23) M = A� y

0

�

2

m

2

�m

1

;

m

2

+m

1

m

2

�m

1

�

ìò ïùéä êå�éä èåù� àåä ùãçä ùìåùîä øîåìë jMAj = jBEj-ù åðìáé÷ ,íéáöéð íéðååéëä âåæùë ,áâà

:úàæ ÷åãáð .åñéñá

(2.24)

M � A

jBEj

=

M � A

y

0

= �

�

2

m

2

�m

1

;

m

2

+m

1

m

2

�m

1

�

:ì ê�åä ,m

1

= �1=m

2

øîåìë ,íéáöéð íéðååéëä øùàëù

(2.25)

M � A

jBEj

= �

 

2m

2

m

2

2

+ 1

;

m

2

2

� 1

m

2

2

+ 1

!

æàå

(2.26)

jMAj

jBEj

=

(2m

2

)

2

+ (m

2

2

� 1)

2

(m

2

2

+ 1)

2

= 1
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3 ÷ø�

íéðååéë äòáøàî øåæçùì øðãøâ íúéøåâìà

úåìèä ïúðäá ,úåøåî÷ä úåöåá÷ä ïéáî øåùéîá äøåî÷ äöåá÷ ìù øåæçùä úåãéçé úà çéèáî 22 è�ùî

úøù�àî äððéàå úéáéè÷åøèñðå÷ äððéà è�ùîäúçëåä ,íìåà .(úåîéåñî úåìáâî úçú) íéðååéë äòáøàá

.åéúåìèä úåòåãé øùàë ,óåâä øåæçù

íéòè÷ àììå ä÷ìç àéä øåî÷ä óåâä ú�ùù äçðäá ,óåâä øåæçùì íúéøåâìà ïúåð [47 ãåîò ,11℄ øðãøâ

úà ïåáùçá úç÷ì éìáî íâ ,äàøðù é�ë ,äàìî àì äæ íúéøåâìàì úéèøåàúä ä÷ãöää íìåà .íéøùé

øåæçùì ÷ø íéàúî øãøâ ìù äæ íúéøåâìàù øåëæì ùé ,ïë åîë .íãå÷ä óéòñá åðøëæäù úåáéöéä úéòá

éúù ÷ø åìé�à åà ùåìù íò íéåñî óåâ øæçùì ïúéðù òåãéùë åìé�à ,íéðååéë (øúåé åà) äòáøàá úåìèäî

.úåìèä

ìò úåéäì úåáééçù úåãå÷ð íéàöåî ,íéðååéë äòáøàá úåìèä ïúðäáù àåä øðøâ ìù íúéøåâìàä ïåéòø

,êéùîð æàå ,óåâä ú�ù ìò úåãå÷ð 3 úàöåîù äîìá ìéçúð .åìà úåìèäì íéàúîù K øåî÷ óåâ ú�ù

ø�ñî åæ äøåöá ìá÷ðù çéëåäì øù�à ,äàøðù é�ë .úåãå÷ð ãåòå ãåò ìá÷ì ,úåðåúðä úåìèää úøæòá

úà ïúåð ïëà åðìáé÷ù úåãå÷ðä úöåá÷ ìù øåâñä íàä äìàùä ìáà ,óåâä ú�ù ìò úåãå÷ð ìù é�åñ-ïéà

.äçåú� äðãåò óåâä ú�ù ìë

K ú�ù ìò úåãå÷ð 3 úàéöî 3.1

.K ú�ù ìò úåéäì úåáééçù úåãå÷ð ùåìù àåöîì ìëåð ,íéðååéë äùåìùá K ìù úåìèä ïúðäáù äàøð

íéîåñç íéùìåùî ìù úåâåæ äòáøà àåöîì øù�à ,íéðååéë äòáøàá úåìèä åðì úåðåúðù ïååéëî ,äùòîì

.ãçà íåñç ùìåùî ÷ø ÷é�ñî åðì êàÿ åìàë

íéùìåùî éðù úåç�ì íéîéé÷ æà .íéðåù íéðååéë äùåìù ,1 � i � 3 ,u

i

åéäéå øåî÷ óåâK äéäé 4 äîì

øúé .u

i

íéðååéëì úåìéá÷î íäéúåòìöù (K ú�ù ìò íäéã÷ã÷ ,øîåìë)K-á íéîåñçä (íéðååðî éìåà)

.íéðååðî íðéà åìà íéùìåùî æà ,÷ìç K íà ,ïë ìò

íéùìåùîä úà àåöîì ïúéð .íéðåù íéðååéë äùåìù ,1 � i � 3 ,u

i

åéäéå øåî÷ óåâ K äéäé 5 äîì

.åìà íéðååéë úùåìùá K úåìèäî 4 äîìî

äùåìùîúåìèä ïúðäáäæëùìåùîúàéöîìíúéøåâìàú÷�ñîå ,úéáéè÷åøèñðå÷äðåøçàääîìäúçëåä

:íéðååéë

49



íéðååéë äòáøàî øåæçùì øðãøâ íúéøåâìà .3 ÷ø� 50

ùìåùîä úà T = T (x

1

; x

2

; x

3

)-á ïîñð .ñ�à àìX

u

i

K åá íåçúá äãå÷ð x

i

äéäú ,1 � i � 3-ì

åðéàùå l

u

i

+x

i

øùéä éãé-ìò øãâåîù øåâñä øåùéîä-éöç úàE

i

-á ïîñð .l

u

i

+x

i

íéøùéä éãé-ìò øöåðù

äéö÷ðå�ä ìò ìëúñð .A

i

= A \ E

i

ïîñð A äöåá÷ ìëì .T úà ìéëî

(3.1) f(x

1

; x

2

; x

3

) = �

2

(T ) +

3

X

i=1

�

2

((S

u

i

K)

i

)

�

2

(K

i

) = �

2

((S

u

i

K)

i

) ,éðéáå�è�ùîî ,ìáà .1 � i � 3 ,u

i

íéðååéëáúåðåúðäúåìèääîáåùéçìúðúéðù

ïëì .i ìëì

(3.2) f(x

1

; x

2

; x

3

) = �

2

(T ) +

3

X

i=1

�

2

(K

i

)

íà ,ïë ìò øúé .K úà úåñëî ,1 � i � 3 ,K

i

-å T úåöåá÷äù ïååéëî ,�

2

(K)-î ïè÷ àì ïéîé óâà

úåöåá÷ä æàK êåúá ã÷ã÷ T -ì ùé íà :�

2

(K)-î øúåé ìåãâ êøò úìá÷î f ,K ú�ù ìò àì T éã÷ã÷

äñëî T -ù éøä K-ì õåçî ã÷ã÷ T -ì ùé íà åìéàå ,K çèùî ìåãâ f -á íéçèùä íåëñå úåëúçð K

i

íéçèùä íåëñ èø�áå ,(K ìë úà íâ êà)K-ì õåçîù çèù ìéëîK

i

-å T ãåçéà ïëìåK-ì õåçîù çèù

.K ìù åçèùî ìåãâ f -á

íøåáòù x

i

éëøò ïëì .K ú�ù ìò T éã÷ã÷ù äø÷îá ÷ø ìá÷úî ,�

2

(K) ,f ìù éìîéðéîä êøòä ïëìå

.f äòåãéä äéö÷ðå�ä ìù äéöæéîéðéî éãé-ìò äàéöîì íéðúéðK-á íåñç T ùìåùîä

K ú�ù ìò úå�ñåð úåãå÷ð úàéöî 3.2

.V

1

= fv

1

; v

2

; v

3

g :K ú�ù ìò u

1

; u

2

; u

3

íéðååéëä úøæòá åðàöîù íéã÷ã÷ä 3 úöåá÷ íò ìéçúð

ãçàä äö÷äùë ,1 � i � 4 ,u

i

íéðååéëä úòáøàî ãçàì íéìéá÷îù K-á íéøúéîä úöåá÷ ìò ìëúñð

:åìàë íéøúéî 4 åéäé ãéîú .ú�ñåð äãå÷ðá (åæ äãå÷ðì áì íéùì ùé) �T úà íéùâå�ùå V

1

-á äãå÷ð íäìù

ìë úöåá÷ úà V

2

-á ïîñð .V

1

ìù íéã÷ã÷ä ãçàî àöåéå u

4

-ì ìéá÷îù k óñåð øúéîå ,T úåòìö ùåìù

øù�à k ìù äæä äö÷ä úà .k ìù éðùä äö÷äå T éã÷ã÷î áëøåî V

2

æà .åìà íéøúéî ìù úååö÷ä

äãáåòäå ,k êøåà úà úðúåð X

u

4

K äìèää :(øåî÷ K-ù äçðääå) úåìèää ìò òãéîä úøæòá àåöîì

ìò àöîð k åáù v ìù ãöä úà úòáå÷ (ú�ñåð äãå÷ðá �K úà ùâå� k-ù åðøîà éë) k \ intT 6= ;-ù

.úåðåúðä úåìèääî áåùéçì ïúéð ,�K éã÷ã÷ íä åá íéã÷ã÷ä ìëù ,V

2

ïëáå .l

u

4

+ v øùéä

íéðååéëäãçàìíéìéá÷îùK ìùíéøúéîäìë ìò ìëúñðn-ä áìùá :äéö÷åãðéàáäøåöäúåàáêéùîð

.ì"ðä äö÷ä ãáìî ú�ñåð äãå÷ðá onvV

n

ú�ù úà íéëúåçùå V

n

-á ãçà äö÷ íäìùå ,u

i

; 1 � i � 4

áåùéçì íéðúéð íéùãçä úååö÷ä ,íãå÷ åîë) åìà íéøúéî ìù úååö÷ä ìë úöåá÷ úåéäì V

n+1

úà øéãâð

.(úåðåúðä úåìèääî

ìò úåãå÷ð ìù V

n

úåé�åñ úåöåá÷ ,ãáìá úåðåúðä úåìèää ìò òãéîá ùåîéù êåú ,íéàöåî åæ äøåöá

.V = [

n

V

n

ïîñð .n ìëì V

n

� V

n+1

øùàë ,K ú�ù

ìë ìù ãéçé øåæçù íéçéèáî úîàáù äìàë íä íéðååéëä úòáøàù äø÷îá) çéëåîå êéùîî øðãøâ

äìàùä ìáà .áìù íåùá øöòé àì ì"ðä íúéøåâìàäù øîåìë ,úé�åñ-ïéà äöåá÷ àéä V -ù ,(øåî÷ óåâ

.äçåú� äéòá äøúåð äðãåò lV = �K íàä ,äáåùçä
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íúéøåâìàä ùåîéî 3.3

ùåîéî òéöî åðéà åîöò øðãøâ .ïåùàø èáîî äîãðù é�ë èåù� åðéà øðãøâ ìù íúéøåâìàä ùåîéî

.åìù èðãåèñ éãé-ìò ùîåî íúéøåâìàäù äøòää ãáìî ,ììë úàæ äãå÷ðì ñçéúî åðéàå íúéøåâìàì

íéîúéøåâìàäå úåðåéòøä úààéáð äæ óéòñá .íéëåáéñ ø�ñîáíéì÷úð äùòîì äëìäíúéøåâìàäùåîéîá

äòé�åî (C ú�ùá) äàìîä úéðëåúä .øðãøâ ìù íúéøåâìàä úà ùîîì éãë åðùîúùä íäá íééæëøîä

.ã ç�ñðá

äéö÷ðå� ìò úòöáúî äéöæéîéðéîä .ä�ùä ìò úåãå÷ðä ùåìù úàéöîì íúéøåâìàä ùåîéîá ìéçúð

.íîöò íéøùéä éðååéëì áöéðä ïååéëá (íéðåúð íäéðååéëù) íéøùéä úåææä íäå ,íéøèîø� äùåìù ìù

àç�ñðáøàåúéù ,[23℄-î"äáîà"íúéøåâìàäúøæòáúéùòð (úéãîéî3 ,íöòá)úéãîéî-áøääéöæéîéðéîä

.("ñøáðéî" úéðëåúì íâ êùîäá åðúåà ùîùé àåä)

úéö÷ðå� ìù ìøâèðéàä àåäù ,(S

u

i

K)

i

çèùä áåùéç àåä f äéöðå�ä áåùéçá øúåéá äù÷ä ÷ìçä

äéöàéøååá ùîúùäù éðåùàø ùåîéî .(ùìåùîäúà ììåë àìù áçøîä éöç) i øùéì øáòîùíåçúá äìèää

äøåöá ìá÷ì éãë ïååéë ìëá íééðø÷ 2000-ë åùøãðå ,÷éåãî àì ãàîë øøáúä äéöøâèðéàì æ�øèä úçñåð ìò

ãáìî) ä÷ìç äéö÷ðå� àéä äìèää úéö÷ðå� ,äùòîì êà .úåù÷åáîä úåãå÷ðä 3 úà ÷é�ñî ú÷éåãî

÷éåãîá øéãâé úéñçé ïè÷ íééðø÷ ø�ñîù úå�öì íéöåø åðééä ïëìå (ä�éöø àì úøæâðä ïäá úåãå÷ð éúù

ïééì�ñ éãé-ìò äìèää úéöðå� úà áø÷ì åðèìçä ïëì .ú÷éåãî äéöøâèðéà äùòð äì ,äìèää úéö÷ðå� úà

.[23℄-î íúéøåâìà úøæòá äùòð äæ ïééì�ñ úàéöî .íéðåúðä íéëøòä úà úåðåúðä íééðø÷á ìá÷îù ,éáå÷

äéöøâèðéà íúéøåâìàá ùîúùäì åð�ãòä êà ,úéèéìðà äøåöá úåùòäì äìëé ïééì�ñä ìù äéöøâèðéàä

éøçà .ú÷éåãîå äøéäî úåñðëúäá ïéé�àúîù [23℄-î âøáîåø ìù íúéøåâìàá åðùîúùä :éììë úéøîåð

ïååéë ìëá (!íãå÷ä ø�ñîäî úéàî) íééðø÷ 20-ë ÷ø äîâåã úéòáá å÷é�ñä äéöøâèðéàä úèéùá äæ øå�éù

.áåè ÷åéãá úåãå÷ðä 3 úà ìá÷ì éãë

úåãå÷ð úàéöîá íúéøåâìàä øåîàë êéùîî ,óåâä ú�ù ìò úåðåùàøä úåãå÷ðä ùåìù úàéöî éøçà

åðøçá ,òìåöîä äðáî úà ïîæ ìëá úòãì ìëåðù éãë ïëìå ,ùàøî òåãé àì øãñá úåàöîð úåãå÷ðä .úå�ñåð

åðàù æëøî ïåúð òìåöîì .(øãåñî éáëåë òìåöî) Sorted Star Polygon :éãåòé íéðåúð äðáîá ùîúùäì

úåøãåñî äðéäú úåãå÷ðä øúéå ,(åðàöî øáëù úåãå÷ðä ùåìù òöåîî ,äæ äø÷îá) åëåúá àöîðù íéçåèá

è�ùîä úçðäù ïååéëî ,äøéáñ àéä éáëåë àåä òìåöîù äçðääù ïáåî .úéååæä øãñ é�ì äæ æëøî áéáñ

.øåî÷ àåä àöîð åðàù òìåöîä :øúåé ä÷æç óà

äéöðå�ä úøæòá úáùåçîä) úåãå÷ðä øåãéñì úùîùîù úéååæä ,íå÷éîä ïåúð òìåöîä ìò äãå÷ð ìëì

øãñá) òìåöîá úîãå÷äå äàáä äãå÷ðä ìà íéòéáöî ,(ùàøî äòåá÷ä æëøîä úãå÷ð ìà ïååéëäå atan2

(äìåîîù úåãå÷ðä úà àåöîì ,øîåìë) åæ äãå÷ðá ì�èì åðéìò íàä ïîñîä ,"ìâã" ïëå (!òìåöîä ìò ïåëðä

.àáä áìùá

äùãç äãå÷ð ä�éñåîù add_ssp_node úçà :úåéø÷éò úåéö÷ðå� éúù íéøéãâî äæ íéðåúð äðáî ìò

íéìåìò åðà ,áåø÷å ìåâéò úåàéâù ììâá .ì"ðä íå÷éîä úà äøéæçîå ,øãñá éåàøä äîå÷îá ,òìåöîì

äø÷îáå (10

�3

ìùîì) ïåìéñ�à úìá÷î åæ äéö÷ðå� ïëìå ,òìåöîá úàöîð øáëù äãå÷ð äúåà áåù "úåìâì"

ú�ñåî àì ,òìåöîá úøçà äãå÷ðì äæ ïåìéñ�à éãë ãò (íéðàéãøá) äúéååæá äáåø÷ äùãçä äãå÷ðäù

ïäìù ìâãäù úåãå÷ðä ìë úîéùø úà äøéæçî ,ssp_findflagged ,äéðùä äéö÷ðå�ä .äùãç äãå÷ð

.äæ ïîæá íøåî

:êë ìòå� óåâä ú�ù ìò úå�ñåð úåãå÷ð úàéöîì íúéøåâìàä ïëáå

íéîéøîå ,úåòåãéä úåðåùàøä úåãå÷ðä ùåìù úà (øãåñîä éáëåëä òìåöîä) íéðåúðä äðáîá íéîù �

.ïäéìâã úà
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àöåé íéðååéëäî ãçà ìë íàä íé÷ãåá ,äæë ã÷ã÷ ìëì .íøåî ìâã íò íéã÷ã÷ä úîéùø ìò íéøáåò �

.(øáåãîä ã÷ã÷á òìåöîä ìù úéååæä êåúá àöîð íéðååéëä ãçà íàä ,øîåìë) óåâä êåú ìà åðîî

äìèää úéö÷ðå� ìù äéöìå�øèðéà éãé-ìò "åìåî" äãå÷ðä úà íéàöåî ,íéàúî íéåñî ïååéë íà

.(åðîî äöåçä àì ,óåâä êåú ìà äòéáöî ïø÷äù êë) ïååéëä ïîéñ ìù äðåëð äøéçáå ,äæ íå÷îá

éãë ãò) úàöîð øáë àéä (øåîàë) íà àìà ,(íøåî ìâã íò) òìåöîì ú�ñåî åæë äùãç äãå÷ð

.åá (ïåìéñ�à

úåéöøèéà ø�ñî åðøáò åà ,äùãç äãå÷ð óà àöåî åðéàù ãò ,áåùå áåù ïåøçàä áìùä ìò íéøæåç �

.ùàøî òá÷ðù åäùìë éìîéñ÷î

ìéòì øàåúù ïåìéñ�àäúòéá÷å ,éìîéñ÷îúåéöøèéà ø�ñîúòéá÷á êøåö äùòîì ïéàù áìíéùì éàãë

ìá÷ì ìëåðù éìîéñ÷îä úåãå÷ðä ø�ñîù ïååéëî úàæ .úéðëåúä úøéöò úà çéèáäì éãë äùòîì ä÷é�ñî

ìëá ,ìáà .2�=� àåä ,åäéðëùî ãçà ìëî �-á úåç�ì åúéååæá ÷åçø ã÷ã÷ ìëù äçðäá ,íúéøåâìàä óåñá

ø�ñî êåú øåöòú úéðëåúä ïëìå (úøöåò äúéä úéðëåúä úøçà) úøçà äãå÷ð úåç�ì òìåöîì ú�ñåð áìù

úåàîâåãáå ,áìù ìëá úçà äãå÷ðî øúåé äáøä úå�ñåð úåéúéîà úåàîâåãá ,äùòîì .íéáìù ìù é�åñ

.íéáìù 30 ãò 10-ë øçàì íééñî íúéøåâìàä úåøéáñ

åùåîéîáå íúéøåâìàá úåéòá 3.4

íéìá÷îù úåãå÷ðäù ììë çéèáî åðéà åìù øåæçùä íúéøåâìà úà ññáî øðãøâ åéìò è�ùîä ,øåîàë

,çéëåî åðéà êà ,øòùî øðãøâù) òåøâä äø÷îá .øæçùì íéñðî åðà äúåà óåâä ú�ù ìò úå�å�ö äðééäú

úåàîâåãá .äãå÷ð óà åéìò ïéàå øæçåù àìù íìù ä�ù òè÷ íò øàùäì íéìåìò åðà (úåø÷ì ìåëé àìù

.øðãøâ úøòùäì úéãâð äîâåã äúìâúä àì ,áâà ,åðéñéðù

:úå�ñåð úåéòá éúù ïðùé (äàøðë ,øçà éùòî ùåîéî ìëáå) åðìù ùåîéîá ,ïë ìò øúé

úåãå÷ð òåðîì éãë ïåìéñ�àá øåîàë åðùîúùä ,íé÷åéã éà ììâá "úåáåøî úåãå÷ð"î òðîäì éãë �

,äùãç äãå÷ð åð�ñåä àìù ììâáù øøáúäì ìåìò ,íìåà .úåîãå÷ úåãå÷ðì éãî úåáåø÷ù úåùãç

êéùîî äéä àåä äúåà íé�éñåî åðééä ïë åìéàå ,íéåñî ä�ù òè÷ "äñéë"ù éð�ì øöòð íúéøåâìàä

."øñç"ä ä�ùä òè÷ úà íâ äñëî óåñáå (åæì åæ úåáåø÷ úåãå÷ð øöéì êéùîîå)

ïè÷ ïåìéñ�àù äàøî ïåéñðä .(10

�3

ìùîì) ïè÷ ïåìéñ�à úç÷ì øù�à ,åæ äéòáá íéãùåç íà

,äøæçá íùîå ,úéùéìù äãå÷ðì ,äìåî äãå÷ðì äãå÷ð úìèä ìù ÷åéãä-éà) õìîåî àì äæî øúåé

úåàîâåãá úåáåè úåàöåú ïúð (5 � 10

�2

ìùîì) äáøäá ìåãâ ïåìéñ�à íâ íìåà .(øúåé ìåãâ àåä

.úåéùòî

íééìáåìâ íéîúéøåâìàá úîéé÷ äððéàù øáèöî ÷åéã-éà ìù äù÷ äéòá ùé øðãøâ ìù íúéøåâìàá �

éãé-ìò ïáåîë úáùåçî 20-ä áìùá úàöîðù äãå÷ð .(àáä ÷ø�á øàåúéù) ñøáðéî åîë øúåé

éãé-ìò áùåçî úåãå÷ðä ïéá ÷çøîä ,øáòî ìëáùë ,äìåîù äãå÷ðì äãå÷ðî íéá÷åò íéøáòî 20

äìåìò 20-ä äãå÷ðä ,÷é�ñî ú÷éåãî äððéà åæ äéöìå�øèðéà íà .äìèää úéö÷ðå� äéöìå�øèðéà

,åìàë úåéåòè ï÷úì äèåð åðéà øðãøâ ìù íúéøåâìàä .äìù ïåëðä íå÷îäî ãåàî ä÷åçø úåéäì

øùàë ãçåéîá ìåãâ åìàë úåéåòèì éåëéñä .ãéúòá úå�ñåð úåéåòèì ñéñá äååääî åæë úåòè ìëå

äæ äø÷îá) äãéãîá éèðøäðéàù íéåñî ÷åéã-éà íäá ùéå ,äãéãîî åòéâä úåìèää ìò íéðåúðä

.(íéðåúðä ìù íéîéã÷î ïå÷éúå ä÷ìçäá êøåö äàøðë äéäé

,øåî÷ àì ,éðöå÷ òìåöîì òú�ì íåøâì ìåëé úåãå÷ðä íå÷éîá "úåé�å÷ñåø÷î" úåéåòè ,ïë ìò øúé

,úåéðéöø úåéòáì íåøâìå ,íúéøåâìàá íéàáä íéáìùä úà úåùîùîù úåçðäì ñéñáä úà èéîùîå
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,øåîàë) äùãçäãå÷ð øáòì äðùé äãå÷ðî úç÷ì êéøöù ïååéëä ïîéñ ìò äðåëð àì äèìçä ìùîì åîë

.(óåâä êåú ìò òéáöéù êë øåçáì ùé ïååéëä úà êà ,äìèää úéö÷ðå�î ïåúð òè÷ä êøåà

ìù áåø÷äå ,ïååéë ìëá íééðø÷ ìù úéñçé-ïè÷ ø�ñî åç÷ìð øùàë åæ äéòá úà åàøä äîâåã úåéòá

ãéì ïéì�ñ áåø÷ù êëî úòáåð äéòáä .íãå÷ øàåú àåäù é�ë ,ïééì�ñ éãé-ìò äùòð äìèää úéö÷ðå�

,0 äìèää úéö÷ðå� åáù óåâì õåçî íåçúä ïéá äãå÷ðá åìàë ùé) úøæâðá úå�éöø éà ìù úåãå÷ð

úåéåøù�àäîúçàøåçáìíéöìàð åæ äéòááùéâøäìàìù éãë .÷åéãî-àì ãåàîàåä (åëåúáíåçúäå

:úåàáä

åá íå÷îá ÷ø ïééì�ñ ,úåç�ì åà) ïéòèå÷îì ïééì�ñ éãé-ìò äìèää úéö÷ðå� úà áø÷ì .1

ïééì�ñ íå÷îá ,(úøæâðá úå�éöøä-éà ìù íå÷îá äðåëð úøæâðå äãå÷ð íò ,0 àì äéö÷ðå�ä

úéúåëàìîäéòá éäåæ ,øîåìë) úå÷éåãî ïäúåðåúðäíééðø÷ä ïëàùäø÷îá .íåçúäìëì ããåá

.úåéòáä úà òðîéå äáøäá áåè äéäé äæ áåø÷ (äãéãîî úòáåð àìå

äîâåã úåéòáì ãçåéîá ì÷å èåù� ïåøú� äæ .íééðø÷ øúåé ìò äìèää úà ãåãîì ,ùàøî .2

,ïéì�ñä ìù ÷åéãä-éà íåçú úà íöîöî íééðø÷ä ø�ñî úàìòä .ïáåîë ,úåéúåëàìî

ìë úà øú� 2000-ì 100-î íééðø÷ä ø�ñî úàìòä ,úîéåñî äîâåãá .÷åéãä-éà úà ïéè÷îå

.úåéòáä

÷åéãä éàù øåøá .íé÷åéã-éàá íééåìú úåç� åéäéù êë íúéøåâìàá íé÷ìç ø�ñî ïå÷éú .3

úà íéøáçî øùàë) òìåöîì úåáåø÷ úåãå÷ð ïðò ìá÷ì íéìåìò åðà ä�é òìåöî íå÷îáå ,øàùé

"úåñâ" úåéåòè íéòöáî åðééä àì åìéà ,ìáà .("éðöå÷" òìåöî íéìá÷î ,úéååæä é�ì úåãå÷ðä

êøåö ùéù ïëúé .äàøåð äë äúéä àì äéòáä æà ìéòì øàåúù é�ë ïååéëä ìù ïîéñä úòéá÷á

íééîå÷î íéðååéë ìò êîúñäì àìå ,äîëç øúåé äøåöá óåâä "êåú ìà" ïååéëä úà òåá÷ì

.íé÷åéã-éà íðùéùë äðåëð àì øáëù úåøéî÷ä úçðäå

,áø ÷åéãä-éàùë .òìåöîá úàöîð øáë äãå÷ð íàä äòéá÷ì ùîùîù ïåìéñ�àä úìãâä .4

.ú÷éåãî àì ,úøçà äãå÷ð ìà øæåç ,äãå÷ð äúåà ìà øåæçì äéä øåîàù úåìèä "ìâòî"

.òìåöîá åìà úåùãç úå÷éåãî àì úåãå÷ð úåò�åä òåðîì ìåëé ïåìéñ�àä úìãâä

íúéøåâìàá ùåîéùì úåàîâåã 3.5

,(è�ùîä éàðúì úåîéàúîù) úå÷ìç úåøåî÷ úåøåö áùçîá åðç÷ì ,øðãøâ ìù íúéøåâìàä úà ÷åãáì éãë

ø�ñî éãë ãò ,íééðø÷ ìù áø ø�ñî åðç÷ì ïååéë ìëá) åðøçáù íéðååéë äòáøàá "úåìèä" ïäì åðòöéá

ìù íúéøåâìàä úøæòá øåæçù åðòöéá åðìáé÷ù úåìèäìå ,(íãå÷ä óéòñá úøàåúîä äéòáä ììâá ,íé�ìà

.øðãøâ

.á ç�ñðá øáñåî äá ùåîéùäù gardner úéðëåúä úøæòá äæ óéòñá äàøðù úåàöåúä ìò øåæçì ïúéð

íéòáåøîíééøâåñ êåúá ,äàöåú äúåàúà ìá÷ì éãë åá ùîúùäìùéùäøãâää õáå÷ åäî øîàð äîâåã ìëì

.[problems/...℄ äøåöá

íéðååéëä úòáøà úà äàøî 3.1 øåéà .[problems/g2℄ úááåñî äñ�éìà äúéä äðåùàøä äîâåãä

åæ úéñçé úå÷åçøä ,úåãå÷ðä .úéñçé ìåãâ (úåéåæ ïéá äãø�ä) ïåìéñ�à íò øåæçùä úàöåú úàå ,åðøçáù

.íéøùé íéåå÷á úåøáåçî ,åæî

ìò úåãå÷ð 2928 åìá÷úä íò�ä .[problems/g4℄ ïè÷ ïåìéñ�à íò ,äéòá äúåà úà äàøî 3.2 øåéà

ìë úà úåñëî úåãå÷ðä ïëàù íéàåøÿ íäðéá íéåå÷ àìì ,ïîöò úåãå÷ðä úà ÷ø íéàøî åðàå óåâä ú�ù

.ïåëð àì íå÷îá úçà äãå÷ð äàöîðù íéàåø åæ äîâåãá áâà ."íéçø÷ íéçèù"-ì íéðîéñ àìì ,óåâä ú�ù
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Figure 3.1: Reonstrution of an ellipse using Gardner's algorithm. � = 5 � 10
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[problems/g5℄ 3000-ì 2000-î ïååéë ìëá åðç÷ìù íééðø÷ä ø�ñî úìãâä ,íãå÷ åøáñåäù úåáéñî

.äðåëð-àìä äãå÷ðä úéòá úà äøú�

íâ ä�é øæçéù íúéøåâìàä .(x

1:6

+ y

1:6

= 1) 1.6 ä÷æç íò ììëåî ìâòî àéä åðéñéðù äàáä äîâåãä

[problems/gball1.6℄ .3.3 øåéàá úåàøì ïúéðù é�ë ,åæ äøåö
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Figure 3.2: Reonstrution of the same ellipse: � = 10

�3

u

2

u

4

u

1

u

3

-1

-0.5

0

0.5

1

-1 -0.5 0 0.5 1

� = 5 � 10

�2

:1.6 ä÷æç íò ììëåî ìâòî øåæçù :3.3 øåéà

Figure 3.3: Reonstrution of a generalized irle with power 1.6: � = 5 � 10
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"ñøáðéî" øåæçùä íúéøåâìà

úöåá÷á åéúåìèäî íéåñî óåâ úåãéçéá øæçùì ìëåðù íéçéèáîù íéðåù íéàðú ø�ñî 2 ÷ø�á åðéàø

úîéåñî äìáâî úçú) íéðååéë äòáøàá úåìèä úøæòáù çéèáî 22 è�ùî ,äîâåãì .úîéåñî íéðååéë

ì"ðä è�ùîä úçëåä .íéøåî÷ä íé�åâä úç�ùî ïéáî øåî÷ óåâ ìë úåãéçéá øæçùì ïúéð ,(íúøéçá ìò

øðãøâ àöî äìèä éðååéë äòáøà ìù äæ ãçåéî äø÷îìù åðéàø íãå÷ä ÷ø�á êà ,úéáéè÷åøèñðå÷ äððéà

.ãéîú çéìöî äæ íúéøåâìàù çéëåäì çéìöä àì àåäù úåøîì ,øåæçù íúéøåâìà

íéðåùàøä éðù :íéãçåéî ãåàî íéø÷îì íéîéàúîù íé�ñåð íéîúéøåâìà íä íâ åàöî [3, 4, 1℄

íúéøåâìà äàøî ïåøçàäå ,íéøéö éðùì úéñçé éøèîéñå øåî÷ óåâäù äø÷îì éèñéøåéä íúéøåâìà íéàøî

.øåî÷ óåâá (ãáìá) íéìåâò íéøåç úàéöîì

25è�ùîîíéòãåé åðà ,äîâåãì .íéé÷ãéçé øåæçùùúåàãååáíéòãåé åðàíäáíéøçàíéø÷éîíðùéêà

åìà íéðååéëá úåìèä úøæòá "øåî÷ óåâ ìë èòîë" øæçùì ïúéð ,ãáìá íéðååéë éðù ïúðäáù (2.3.2 óéòñ)

íéðååéë âåæ úøæòá øåæçùì íéðúéðù íé�åâä ïåé�à ìù äéòáä .íéøåî÷ä íé�åâä øàù ïéáî ãéçé ï�åàá

.äæ øù÷äá ïééðòî ø÷çî éìë àåä ,äæë åðì äéä åì ,øåæçù éìë ïëìå ,äçåú� äéòá äðãåò ïåúð

íéòåãé àì ,äîâåãì .òåãé àì ïééãò àåä êà ,úåãéçé è�ùî íéé÷ íäá íé�ñåð íéø÷î åðëúé ïë åîë

úåöåá÷ä úåç�ùî ïéáî ,úåéáëåë åà ,úåøéù÷ úåöåá÷ øåæçùá úåãéçé ùé éúî íéøîåàù íéè�ùî

úåöåá÷ ,íéøåç íò úåöåá÷ øåæçùá úåãéçé ùé éúî ìåàùì íâ øù�à .äîàúäá úåéáëåëä åà úåøéù÷ä

úåøòùä úåìòäì éìåà íéìåëé åðéä ,åìà íéø÷îá íâ ãáåòù øåæçù éìë åðì äéä åì .äîåãëå ,úåøéù÷ àì

.åìà íéø÷îá (úåãéçéä-éà åà) úåãéçéä éáâì

:úåàáä úåøèîä íò ,"ñøáðéî" ,ùãç øåæçù íúéøåâìà åðçúé� ïëì

,íééáëåë íéòìåöî ìù äììëä åðøãâä :íéøåî÷ íé�åâî øúåé íééììë íé�åâ øåæçùì úåøù�à �

íéøéù÷ àì íéòìåöîå íéøåç íò íéòìåöî íâ øéãâäì úøù�àîù ,éúáëù éáëåë òìåöî äì åðàø÷ù

.4.1 óéòñ äàø ÿ

ïäù ,"íééðø÷ úåàöåú" ìù é�åñ ø�ñî ìá÷ð :åäùìë úåìèä ø�ñîî òãéî ìá÷é øåæçùä éìë �

-åàì ì"ðä íééðø÷ä .(äëøã äøáò ïø÷äù äñîä úåîë) ïø÷ ìë ìù "äàöåúä"å úåðåúð íééðø÷

ùîúùäì øù�àå ,äðåù úéååæá úåéäì äìåëé ïø÷ ìë ,úéðåø÷ò) úåðåù úåéååæ òáøàá úåðååëî à÷ååã

.(åæ äãåáòá úàæ äùòð àì åðà êà ,äãå÷ðî úåðø÷äì íâ äæ éìëá

úåàöåú ïúåà úåìá÷úî åéä ,ì"ðä íééðø÷ä úà åëøã íéøéáòî åðééä åìù ,óåâ ù�çì øåîà éìëä �

íéîééåñî íéø÷îáù çéèáäì úåìåìò úåéèøåàú úåàöåú :ãéçé øåæçù çéèáé àì éìëä .íééðø÷

àåöîì äñðé àåä ,úåáø øåæçù úåéåøù�à ïðùéù äø÷îá êà .ììë øåæçù ïéà åà ,ãéçé øåæçù ïéà
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.ïäî úçà

àåä íúéøåâìàä ìù éúéöîú øáñä .äéöæéîéðéî íúéøåâìà ìò ññáúî åðçúé�ù øåæçùä íúéøåâìà

øåè÷å ÷çøî úà úããåîù äîøåð íéç÷åìå ,úåìèää úåàöåú úà íéàöåî íééåñî ùåçéð óåâì :ïî÷ìãë

ìò íéæéøëîå ,óåâä éåðéù êåú äéöæéðéî úåùòì íéñðî åæ äîøåðì .ù÷åáîä úåàöåúä øåè÷ååî úåàöåúä

.ñ�àì ÷é�ñî äáø÷úä äîøåðäùë äçìöä

,äéöæéîéðéîá ùåîéù êåú (øåæçùä úéòá ,øîåìë) úåìèäì äëå�ää äéòáä úà øúå�ä ,äæ íúéøåâìàì

äèéù àéä ñøáðéî ,íåëéñì .Inverse-åMinimizationúåéìâðàä íéìéîäî ,(Minverse) ñøáðéî åðàø÷

.íäéúåìèäî íééãîéî-åã íé�åâ øåæçùì úéììë

,øåæçù úåãéçé ä÷é�ñî àì ,çéìöé (øçà øåæçù íúéøåâìà ìë åà) äæë øåæçù íúéøåâìàù éãëù ïáåî

,úåìèää ìù ,óåâä ìù) íúéøåâìàá úéùòðä äéöæéèø÷ñéãä ììâá ,øåæçùä úéòá ìù úåáéöé íâ äùåøãå

.íéîéàúî úåáéöé éè�ùî íéòåãé àì íéø÷îä áåøì ,2.4 óéòñá åðéàøù é�ë ,åðøòöì .(íéðååéëä ìùå

åðà ïëìå ,úåáø úåàîâåãá íé�é íéøåæçù ñøáðéîî åðìáé÷ éùòî ï�åàá ,êùîäá äàøðù é�ë ,úàæ úåøîì

.ïúåð ñøáðéîù úåáåèä úåàöåúä úà åøéáñéù íéùãç úåáéöé éè�ùî åìâúé ãéúòáù íéøòùî

.â ç�ñðá äòé�åî ñøáðéî úéðëåú ìù äñ�ãä

íééúáëù íééáëåë íéòìåöî 4.1

,ùàøî äðåúð åæ äãéçà úå�é�ö .äãéçà úå�é�ö íò íééáëåë íéòìåöîá ì�èð åðà ,ñøáðéî íúéøåâìàá

ìë .(òìåöîá úåãå÷ðä ø�ñî úà ìéãâðù ìëë óåâì øúåé áåè áåø÷ ìá÷ð) òìåöîá úåãå÷ðä ø�ñî íâ êëå

÷çøîá úåøãåñî úåãå÷ðä :úéçëåðä úéðëåúá) òìåöîä æëøîì ñçéá ùàøî äòåá÷ úéååæá äéäú äãå÷ð

éáëåëä òìåöîä æëøî .àåöîì êøèöé íúéøåâìàäù äðúùîä àåä æëøîäî ä÷çøîå ,(åæî åæ äååù éúéååæ

.äðúùé àåä íâ åîöò

ø�ñî úðè÷ä úøù�àî (ìùîì íäùìë íéøéù÷ åà ,íéøåî÷ íé�åâ àìå) äæ âåñî íé�åâ úøéçá

å÷ úìá÷ åà ,ä�ùä å÷ ìù éîöò êåúéçî øäæäì êøåö ïéàù ïååéëî ,äéöæéîéðéîä ìò äì÷îå ,íéðúùîä

.(øåî÷ àì ,ìùîì) é÷åç àì ä�ù

ïåøñç íâ êà ,ñøáðéî ìù íéåñî ïåøúé åäæ .íéøåî÷ íé�åâî øúåé íéììë íâ íä íééáëåë íé�åâ

,úéáëåë àéäù äìå÷ù äøåö äì ùéå ,éäùìë äøåî÷ äøåö ìù øåæçù ìá÷ì åððåöøá íà :íéîéåñî íéø÷îá

òåáéøä úîâåã àéä êëì äîâåã .äéåöøä äøåî÷ä äøåöä úà àìå äìá÷ì ìåìò ñøáðéî ,äøåî÷ äðéà êà

äøåî÷ àì äøåö íâ êà ,(úéìéá÷î) ú�ñåð äìå÷ù äøåî÷ äøåö ùé íéðååéë âåæ ïúðäá åì ,(2.5 ÷ø� äàø)

,úåøåî÷ úåøåö ÷ø øæçùì íéöåøá íà .äîâåã úåöéøá åðìáé÷ äúåà à÷ååãù ,ú�ñåð äìå÷ù (úéáëåë êà)

.úåøåî÷ úåøåö óéãòäì åçéøëäìå äéöæéîéðéîä íúéøåâìà úà ï÷úì ïúéð

íééáëåë íéòìåöî åðàø÷íäì ,íééáëåë íéòìåöîî øúåé íéììë íé�åâ åðç÷ì ñøáðéî úéðëåúá ,äùòîì

äòåá÷ äãéçà úå�é�ö íäî ãçà ìëì ,íéàìî íéòìåöî ø�ñîî íééåðá íééúáëù íéòìåöî :íééúáëù

íåëñ àéä óåâä úå�é�ö íéòìåöî éîéð� ø�ñî íéçðåî äá äãå÷ðá øùàëÿ éðùä ìò ãçà íéçðåîù ,åìùî

,ïè÷ ùìåùî øåç íò 1 úå�é�öá òåáéø øàúì ïúéð åæ äøåöá ,äîâåãì .íéîéàúîä íéòìåöîä úåéå�é�ö

íééúáëù íéòìåöî éãé-ìò .�1 úå�é�ö íò ïè÷ ùìåùî åéìòå ,+1 úå�é�öá òåáéø íéç÷åìù êë éãé-ìò

,íäéúåéå�é�ö úàå ,íéòìåöîä ø�ñî úà ùàøî òåá÷ì êøåö ùé ,øåîàë .íéøéù÷ àì íé�åâ íâ øàúì ïúéð

.ñøáðéî úéöéæîéðéîá ìéçúäì ïúéð æàå
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(ox; oy)
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(nx; ny)
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1

p

2

òè÷å øùé êåúéç ú÷éãá :4.1 øåéà

Figure 4.1: Testing whether a line and segment interset

íúéøåâìàä 4.2

äìèä úéöìåîéñ 4.2.1

"äéöìåîéñ" íúéøåâìàì íé÷å÷æ åðà ,íéù�çî åðà åúåà óåâì "áåø÷" åäùìë ùåçéð óåâ íàä ÷åãáì éãë

úà øîåìëÿ åìà íééðø÷ úàöåú úà íééðø÷ úöåá÷å ùåçéð óåâ ïúðäá ,ïúåðù íúéøåâìà øîåìë ,äìèäì

.ïø÷ ìë äøáòù óåâä ìù úå�é�öä ìøâèðéà

,(íãå÷ä óéòñá øãâåäù) éúáëù òìåöîúç÷åìù ,xrayäðéèåøäàéäíúéøåâìàá úéñéñáä ïéðáä ïáà

.ïø÷ä äøáòù "äñî"ä úà äøéæçîå ,(øùé å÷ àéäù) äðåúð ïø÷ íò êåúéç úòöáîå

íéøéãâîù íéòìåöîä úåòìö íò øùéä ìù íéëåúéçä ìë íéàöîð úéùàø :äàáä äøåöá úãáåò xray

íúéøåâìàä úåøéäî íà .øùéì òìö ìë ïéá êåúéç ú÷éãá éãé-ìò úàæ åðéùò .éúáëùä òìåöîä úà

éãé-ìò øúåé ãåò åìòéì åà) ãçà øùé íò òìåöî êåúéç ìù øúåé ìéòé íúéøåâìà úç÷ì ïúéð ,äáåùç àéä

é�ì íéòìåöîä éòè÷ øåãéñ éãé-ìò ìùîì ,ïååéë åúåàá íéøùé úöåá÷ íò òìåöî êåúéçì íúéøåâìà ïåðëú

.(íéøùéä úöåá÷ì áöéðä øùéä ìò íäéìèä

øéãâð .(4.1 øåéà äàø) d = (dx; dy) (äãéçé øåè÷å) ïååéëå (ox; oy) äãå÷ð éãé-ìò ïåúð øùéäù çéðð

p

1

,åìù äö÷ä úåãå÷ð éúù éãé-ìò (àåöîìå) ÷åãáì íéðéðåòî åðà øùéä íò åëåúéç úàù òìåöîä òè÷ úà

n = (nx; ny)-á ïîñð .((ox; oy)úéùàøääøñåçøáë åìàúåãå÷ðúåèðéãøåàå÷îùçéðð äæ ïåîéñá)p

2

-å

úåéîéð�ä úåì�ëîì íà øùéä íò êúçð òè÷ä .(nx; ny) = (dy;�dx) ìùîì ,øùéä ïååéëì áöéð øåè÷å

.(ã÷ã÷á òâå� øùéä æàå ÿ ñ�à ïäî úçà åà) íéëå�ä íéðîéñ (p

2

; n) ,(p

1

; n)

úãå÷ð ïéá òè÷ä êøåà éë ,äø÷ êåúéçä øùéä ìò ïëéä úòãì íéðéðåòî åðà ,òè÷ä úà êúåç øùéä íà

úãå÷ðì äéöæéøèîø� øéãâð .äøáò ïø÷äù úå�é�öä ìøâèðéà úà òáå÷ òìåöîî äàéöéä úãå÷ðå äñéðëä
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Figure 4.2: Finding the intersetion of a line and segment
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äéðùä íò�á úòâå� ïø÷äùë .àáä òè÷á ïåáùçá äæ òìåöî úå�é�ö úç÷ì ùéå òìåöîá àéä äëùîäáù

êùîä øåáò äæ òìåöî úå�é�ö úà ïåáùçá úç÷ì ÷éñ�äì ùéå åðîî äàöé ïø÷äù íéòãåé ,äæ òìåöîá

íééáëåëä íé�åâ øåáò çèáåî äæ ïëàå ,åîöò úà êúåç åðéà òìåöîäù çéðî äæ íúéøåâìàù ïáåî .ïø÷ä

úà ïåáùçá úç÷ì ùé ,éúáëùä òìåöîá íéòìåöî éðù êåúá ïø÷ä íäáù íéòè÷á .íéç÷åì åðà íúåà

.òè÷ä êøåàì úåéå�é�öä íåëñ

.(pseudoode) ãå÷-åãåàñ�ë úòë åúåà àéáð ,úå�é�öä ìøâèðéà áåùéç íúéøåâìà úà øéäáäì éãë

êåúéç ìëì øùàëå ,äìåò � øãñá íéøãåñî íéëåúéç ìù intersetions[℄ êøòî ïåúðù çéðî àáä ãå÷ä

ø�ñîä àåä äæ ãå÷ òè÷ úàöåú .(äæ êåúéçá êúçðù äæ àåä òìåöî äæéà) polygon-å (�) alpha ïåúð

.ïåúðä øùéä êøåàì éúáëùä òìåöîä ìù úå�é�öä ìøâèðéà àåäù ,mass

do i=1..npolygons

inpoly[i℄=0

enddo

density=0

mass=0
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do i=1..nintersetions

/** unless we are at the first point, add the ontribution to the **/

/** mass of the previous setion of the line **/

if i != 1 then

mass = mass + density*(intersetions[i℄.alpha-intersetions[i-1℄.alpha)

endif

if not inpoly[intersetions[i℄.polygon℄ then

/** entering a polygon **/

inpoly[intersetions[i℄.polygon = TRUE

density = density + polygon[intersetions[i℄.polygon℄.density

else

/** exiting a polygon */

inpoly[intersetions[i℄.polygon = FALSE

density = density - polygon[intersetions[i℄.polygon℄.density

endif

enddo

ùåçéðì äëøòä úéö÷ðå�å ,ùåçéð úøåö 4.2.2

ìò äéöøèéà éãé-ìò ìòå� àåä .äéöæéîéðéî íúéøåâìà åø÷éòá àåä ñøáðéî øåæçùä íúéøåâìà ,øåîàë

øå�éùå (äëøòä úéö÷ðå� àø÷ú åæ) úù÷åáîä äøåöäî ÷åçéøä úëøòä ,äøåö ùåçéð :úåìåò�ä úøãñ

ïåãð äæ óéòñá .êùîäá äá ïåãðå ,åîöò äéöæéîéðéîä íúéøåâìàì úòâåð ùåçéðä øå�éù úèéù .ùåçéðä

.ùåçéðä ìù äëøòää úéö÷ðå�áå ,ùåçéð úøåö ìù (áùçîá) äâöää úøåöá

ùàøî òåãé ø�ñîî áëøåîä ,éúáëù òìåöî äéäú ùåçéðä úøåöù êë ìò øáë øáåã íéîãå÷ íé�éòñá

,íúéøåâìàä éãé-ìò íéàöîð àì íúå�é�öå íéòìåöîä ø�ñî) ùàøî äòåãé úå�é�ö íäìù íéòìåöî ìù

àåä òìåöî ìëù åðçðä åæ äãåáòá ùîåîù íúéøåâìàáù êë ìò íâ øáåã .(ùàøî íéòåãé úåéäì íäéìòå

.äòåãé àì úéùàøì ñçéá úéáëåë äøåö

øéãâäì åéìò ,úåìèää éðåúðî øæçùì äöåø ùîúùîä åúåà éúáëùä òìåöîä éðåúð úà øéãâäì éãë

ìë ìù åúå�é�öå ,íéòìåöîä ø�ñî øãâåî äæ éúáëù òìåöîì .ñéñáä òìåöî àø÷ðä éúáëù òìåöî ùàøî

ìò íéã÷ã÷ä ìù úéúéååæä ä÷åìçä úà òåá÷ì éãë .åéã÷ã÷ ø�ñî øãâåî òìåöî ìëì ,ïë åîë .íäî ãçà

íéñåéãø .íéñåéãøá øúåé øçåàî åì�ëåéù ,íéøåè÷å ñéñáä òìåöî éã÷ã÷á áéöäì ùé ,úéáëåëä äøåöä

ñéñáä òìåöî úà ç÷ð ììë êøãá .ùåçéðä úøãâä úà ååäé ,òìåöî ìë ìù æëøîä íå÷éî ú�ñåúá ,åìà

.úååù úåéååæá ,äãéçéä ìâòî ìò úåãå÷ð úåéäì

åðà äúåà äéòáä éäî úòãì ïáåîë äëéøö (úéðëåúá hek_guess äðéèåøä) äëøòää úéö÷ðå�

åìà íéðåúð .øåæçùä òöáúäì êéøö íëåúîù úåðåúð íééðø÷ úåàöåú åìà úåøçà íéìéîá åà ,íéøúå�

:íéàáä íéðåúðä úà ìéëî àåäå ,UserData àø÷ðä íéðåúð äðáîá úéðëåúá íéàöîð

äãå÷ðå ïååéë éãé-ìò úøãâåî ïø÷ ìë) íééðø÷ ìù úé�åñ äöåá÷ ìéëîù ,RaySet âåñî íéðåúð äðáî .1

äùåøãä äøåöäù úå�é�öä ìøâèðéà øîåìë ,äéåöø äàöåú ïø÷ ìëìå ,(íãå÷ä óéòñá øàåúîë ÿ

.åæ ïø÷ øåáò ìá÷ì äøåîà

(ìéòì øáñä äàø) ñéñáä òìåöî àåäù lp éúáëù òìåöî .2
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.úé�åñä äàöåúä úà íéùì ìëåð åá éúáëù òìåöî ìò òéáöî :äàöåúä úáåúë .3

.mind ,lastout ,restarts ,neval ,tryrs :áåùéçä ïîæá éðîæ ï�åàá íéùîùîä íé�ñåð íéðúùî .4

ùåçéðä òìåöîá ïø÷ ìë úàöåú ïéá íéùø�ää ìù íéòåáéøä íåëñ äø÷éòá àéä äëøòä úéö÷ðå�

íúéøåâìàù àåä ïåéòøä :äëøòää úéö÷ðå�ì "úåñð÷" íé�éñåî íéúéòì íìåà .äéåöøä äàöåúäå

ñåéãø ,äîâåãì) "íéé÷åç-àì" íéøèîø� íðùé íìåà .íéøèîø�ä áçøî ìë ìò ìééèì éù�åç äéöæéîéðéîä

ïåøú�ì íéáåø÷ íðéà íä íâù íééåöø-àì íéøèîø� íðùéå ,íéù�çî åðàù ïåøú�ä íðéà éàãååáù (éìéìù

íúéøåâìà ïëìåÿäúåàìéãâîù"ñð÷"äëøòääúéö÷ðå�ìíé�éñåî åðà ,äæëùåçéðíéäæî åðàùë .éåöøä

:íéàáä úåñð÷ä úà íé�éñåî åðà ñøáðéî ìù úéçëåðä äñøâá .åìàë íéùåçéðî ÷çøúé äéöéîéðéîä

äøòää úéö÷ðå�ì íé�ñåî ,éìéìù àåä ùåçéðä øåè÷åá íéñåéãøä ãçà íà :éìéìù ñåéãø ìò ñð÷ .1

.5000jrj éúåøéøù éã ï�åàá ,àåä ñð÷ä òâøë .äæ ïåøú�î ÷çøúäì íúéøåâìàì íåøâì éãë ñð÷

ïåøú�äî ãåàî ÷åçøä éúìçúä ùåçéð íò íúéøåâìàä úà íéìéçúî øùàë :úåéìâòî-éà ìò ñð÷ .2

ïåëðä ïååéëì åæë äææä ìëù ïååéëî .ïåëðä íîå÷îì ãò äáøä æåæì úåëéøö òìåöîä úåãå÷ð ,ïåëðä

,úîàåúî àì äøåöá òåðì úåèåð úåãå÷ðä ,äëøòää úéö÷ðå� úà äðéè÷îå áöîä úà úø�ùî

ìò ñð÷ óéñåäì ,íúéøåâìàä úåñðëúä úìçúäá ,íéöåø åðà ïëì .úéúééòáå "úéðöå÷" äøåö øåöéìå

ìù å�åñá äæ ñð÷ ÷éñ�äì íéáééçù ïáåî .íéðëù íéñåéãø ïéá úåðåù ìò ñð÷ úøåöá ,"úåéðöå÷"

.ìâòî à÷ååã äðéà úù÷åáîä äøåöä éøä :øáã

úéö÷ðå� áåùéç éøçà ñð÷ä úàíé÷éñ�îå ,50�

i

jr

i

�r

i�1

j (úéúåøéøù éã äøåöá) àåä ñð÷ä òâøë

äëøòää úéö÷ðå� øùàë ,òâøë) éåöøä óåâì áåø÷ øáë ùåçéðä óåâù éøçà åà ,íò� 5000 äëøòää

.(20-ì úçúî úãøåé ñð÷ä àìì

ñðëúäì ñøáðéî úà çéøëäì éãë úåøéî÷-éà ìò ñð÷ äîâåãì :íé�ñåð íéø÷îá úåñð÷ óéñåäì ïúéð

.(øåî÷ ãçà êà ,íééáëåë úåðåøú� ø�ñî íéîéé÷ù äø÷îá) øåî÷ä ïåøú�ä ìò

äéöæéîéðéîä úìçúä 4.2.3

Downhill) "ãøåîá ñ÷ì�îéñ"ä íúéøåâìà àåä ñøáðéî úéðëåúá åðùîúä åá äéöæéîéðéîä íúéøåâìà

N -å éúìçúä ùåçéð ùøåã ì"ðä íúéøåâìàä ,íù øáñåéù é�ë .à.1 ç�ñðá øàåúéù (Simplex Method

ìò äãå÷ð ìëì ãçà äðúùî åðì ùé) äéöæéîéðéîá íéðúùîä ø�ñî àåä N øùàë ,åéìò "úåéöáøåèø�"

.(òìåöî ìù æëøî ìëì íéðúùî éðù ãåòå òìåöîä

ìãçîä úøéøá .úåìáâåî éã ïä ñøáðéîá ïåùàøä ùåçéðä éúáëù-òìåöî úøãâäì úåéåøù�àä òâøë

éúìçúä ñåéãø úåðùì ïúéðå ,(éðùä ìò ãçà) 1 ñåéãøá ìâòîì íéìçúåàî íéòìåöîä ìëùë ìéçúäì àéä

íéòìåöîä ìëì ñåéãø åúåà ,òâøë) äéòáä úøãâä õáå÷á �guessirle_rad äéö�åàä éãé-ìò äæ

�guessirle_x úåéö�åàä éãé-ìò íéòìåöîä éæëøî ìò èåìùì øù�à .(éúìçúää éúáëùä òìåöîá

.�guessirle_y-å

äéö�åàä éãé-ìò òá÷ð íéøçàäíéùåçéðäN úìá÷ì ïåùàøäùåçéðä ìò úåìò�åîä úåéöáøåèø�ä âåñ

:�initvar úéø�ñîä

úöìåîîä úåøù�àä åæ .(0:5 ãéîú òâøë) òåá÷á n äðúùîä úìãâä àéä n-ä äéöáøåèø�ä :0 �

íä ùåçéðä éòìåöîù êëî úåòáåðä úåéòá úîøåâ àéä úåéùòî ñøáðéî úåöéøá êà ,[23℄ éãé-ìò

(arti�ial surfae tension) úåéìâòî-éà ìò ñð÷ä óñåð åìà úåéòá ïéè÷äì éãë ."íééðöå÷"

.íãå÷ä óéòñá øàåúù
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òåá÷á ìãâåî æëøî ìù äèðéãøåàå÷ àåäù äðúùî :n äðúùî úåäîá äéåìú n-ä äéöáøåèø�ä :3 �

äîöò äãå÷ðä ìù ñåéãøä ,òìåöîä ìò äãå÷ð ñåéãø ìù äéöáøåèø� ìéáùá åìéàå ,(0:5 ãéîú òâøë)

ìà äìù ÷çøîä é�ì ãøåéä ìãåâá ìãâåî úåøçàä úåãå÷ðä ñåéãøå (0:5 ãéîú òâøë) òåá÷á ìãâåî

.øáåãî äéìò äãå÷ðä

äéö�åàä åæ ,(íéöå÷ ïéà íéù÷åáîä íéòìåöîá éøä éë) "íéöå÷" òåðîì úåñðîù úåéö�åàä ïéáî

úøéøá ,úåðùé úåöéøì øåçàì-úåîéàú ìù úåáéñî êà ÿ äá ùîúùäì õìîåîå ,øúåéá ú÷ãöåîä

.3 àìå ,2 òâøë àéä ìãçîä

íéìãâåî íéëåîñä íéðúùîäå (0:5 ãéîú òâøë) òåá÷á ìãâåî n äðúùîä ,n-ä äéöáøåèø�á :2 ,1 �

÷çøîäùë ìéãâäì íé÷éñ�î 1 äéö�åàá .øáåãî åéìò äðúùîä ìà íäìù ÷çøîä é�ì ãøåéä ìãåâá

.5-î ìåãâ

éðúùîì úåëéîñá øåè÷ååá úåàöîðä úåãå÷ð úææä ïéá éãî ÷æç øù÷ øöåðù åìà úåéö�åàá äéòáä

íìòð åìéàå ,(!úéúéîà úåòîùî ïéà íéðúùîä øåè÷åá úåëéîñì éøä) åîöò æëøîä úææäì ,æëøîä

òìåöîá úåîéåñî úåãå÷ð ïéá éúåëàìî øù÷ øöåð ïë åîë .å�åñå òìåöîä úìçúä ïéá éðåéâää øù÷ä

íééñéñáä íéùåçéðá äéøèîéñ-øñåçì íéúéòì íéîøåâ åìà ìë .éðù òìåöîá úåøçà úåãå÷ðå ãçà

úåàöåú åáéðä åìà úåéö�åà ,úàæ úåøîì .÷éåãîä ïåøú�ì íúéøåâìàä úåñðëúä ìò äù÷îù

øåçàì úåîéàú ìù úåáéñîå ÿ ìãçîä úøéøá äúéä 2 äéö�åà øáòáå ,íéø÷îä úéáøîá úåáåè

.úòë íâ ìãçîä úøéøá àéä

ùãçî äéöæéîéðéîä úìçúä 4.2.4

åðùîúùä äá ("äáîà") ãøåîá ñ÷ì�îéñä úèéù íâ íììëáå) íéðúùî n-á äéöæéîéðéîä úåèéù úéáøî

åéìà áåø÷ åà ,0 ïáåîë äéäé éìáåìâ íåîéðéî åðìöà) éìáåìâ íåîéðéîì úåñðëúä úåçéèáî àì (ñøáðéîá

åà ,éîå÷î íåîéðéîá ,úåéúéîà úåöéøá úò÷úð ïëàå ,ò÷úäì äìåìò äéöæéîéðéîä .(äéöæéèø÷ñéãä ììâá

,äéöæéîéðéîä úà øåöòì íò� éãî éàãëù øøáúî .ïåëðä ïåøú�ì ÷é�ñî áåø÷ åðéà ïééãòù ùåçéð úåáéáñá

.åðàöîù øöåéá áåèä ùåçéðä àåä éúìçúää ùåçéðäùë ùãçî äìéçúäìå

ìë éøçà ùãçî ìéçúäì àéä ìãçîä úøéøá .äéöæéîéðéîä úà ùãçî ìéçúäì éúî òáå÷ ùîúùîä

úøãâä õáå÷á �ngiveup äéö�åàä éãé-ìò éåðéùì ïúéð äæ ø�ñî êà ,äëøòää úéö÷ðå�á íéùåîéù 5000

,�ngiveupmult äéö�åàä êøòá ì�ëåî äëøòää úéö÷ðå�á íéùåîéùä ø�ñî ,äøéöò ìë éøçà .äéòáä

äá ,äöéøä úéùàøá ä�åëú ùãçî-äìçúä øù�àî 1-î ìåãâ êøòá ùåîéù .1:0 àåä åìù ìãçîä úøéøáù

øúåé äéöæéîéðéîä íúéøåâìàì íéðúåð ïåëðä ïåøú�ì íéáø÷úîùë êà ,ïåëðä ïåøú�äî íé÷åçø ïééãò åðà

.úåøéöò ïéá ìåò�ì ïîæ

æåëøîä úéö�åà àéä äéöæéîéðéîä ìù ùãçî-äìçúäì äøåù÷ä íúéøåâìàä ìù ú�ñåð äéö�åà

äøå÷ øùàë :úîéåñî úåéúééòá ùé ,ìéâø äéöæéîéðéî äðúùî àåä òìåöî ìë æëøîù äãáåòá .ùãçî

úà ø�ùé àì øáã íåù ,òìåöîä ú�ùì áåø÷ åðøçá åúåà æëøîä êà ïåëðä òìåöîì "áåø÷-éã" òìåöîäù

éúìçúää ùåçéðä äá äöéøá ïëì .ùåçéðä úà òøú ÷ø (òìåöîä ìë íò ãçé) æëøîä úææä :æëøîä íå÷éî

ïëúé) ïåøú�ä òìåöî æëøîî ÷åçø òìåöîä æëøîì éúìçúää ùåçéðäå ,ïåøú�ä òìåöîî ÷åçø òìåöîì

"èàì" òð òìåöîä æëøî :àáä øáãä úåáåø÷ íéúéòì äøå÷ ,(ïåøú�ä òìåöîì õåçî æëøîä ùåçéðù åìé�à

ãåàî áöî åäæ .ñ�àì íéáåø÷ íéñåéãøäî ÷ìç ïáåîëå ,åú�ù ìò "åæëøî"ù òìåöî íéìá÷îù ãò ,éãî

.(íãå÷î äøòä äàø) íéøåñà íä íééìéìù íéñåéãøù ïååéëî ,éúééòá

õáå÷á �auto_reenter äøåùä éãé-ìò úìò�åîù ,ùãçî æåëøî úéö�åà àåä åðøçáù ïåøú�ä

úà íéðùî ùãçî ìçúåî äéöæéîéðéîä íúéøåâìàù íò� ìëá ,åæ äéö�åà úìò�åîùë .äéòáä úøãâä
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.íàúäá íéñåéãøä ìë úàå òìåöîä úåãå÷ð òöåîî úåéäì æëøîä

ùåçéðä òìåöî ìùîì íà :òìåöîä æëøî ìù úéúìçúää äøéçáì äøåù÷ù ú�ñåð äéòá ùé ,áâà

åæëøîù äãéçé ìâòî àåä ïåøú�ä íà ,äîâåãì) íéðååéëäî ãçà ìëá ïø÷ éãé-ìò íéãø�åî ïåøú�ä òìåöîå

èéìçäì ììë ìåëé àì íúéøåâìàä æà (úéùàøá åæëøîù äãéçé ìâòî àåä äìçúää òìåöî êà (10; 0)-á

æëøî úà äîëåçá øåçáì õìîåî ïëì !ùåçéðä òìåöî úà æéæäì ïååéë äæéàì (åðç÷ìù äîøåðä úøæòá)

éðù úåç�ìî) úåìèää êåúîù ïååéëî ,íééðåéâä ñåéãøå æëøî øåçáì ì÷ .íééúìçúää íéòìåöîä ñåéãøå

.åçèù úàå ,åìù ãáåëä æëøî úà ïëå ,óåâä ìù íñåç òìåöî úòãì úåì÷á øù�à (íéðååéë

íéëéøö ,äéöæéîéðéîä íúéøåâìà úà ùãçî íéìéçúî øùàë :ùãçî äìçúäì øù÷á ú�ñåð äøòä

ìãåâ ,úéçëåðä úéðëåúá .íãå÷ä óéòñá øàåúù é�ë ,éúìçúää ùåçéðä ìò úåéöáøåèø� N øéãâäì

øù�àù øúåé úéðåéâä äèéù .(0:5) äìçúää ïîæá äéäù é�ë ìåãâ ç÷ìð ùãçî äìçúä ïîæá äéöáøåèø�ä

ìù øúåé íéøçåàî íéáìùá ùãçî-äìçúä ïîæá äéöáøåèø�ä ìãåâ úà ïéè÷äì àéä ãéúòá ùîîì äéäé

äáøä íéðè÷íäíéøçåàî íéáìùá òöáúäì íéøåîàùùåçéðä òìåöîîíééåðéùäù éå�ö éøä .úåñðëúää

éãë ,éðù ãöî .ïåëðäî ãåàî ÷åçøå éúåøéøù éã äéäùùåçéð òìåöî ç÷ìð äá ,äìçúäá åùøãðù åìàî øúåé

.øúåé úéðåéâä úòë úùîåîîä äèéùä à÷ååãù ïëúé ,éîå÷î-íåîéðéî ìù áöîî õìçäì ìëåðù çéèáäì

úåàîâåã 4.3

åéúåìèä úààöîð ,(éúáëù òìåöî) ïåúð óåâ ç÷éð ïäá ,ñøáðéî úéðëåúá ùåîéùì úåàîâåã äàøð äæ óéòñá

ï�åàá øæçùî ñøáðéî êéà íéâãð .åìà úåìèäì íéàúîù óåâ øæçùì äñðð æàå ,úîééåñî íééðø÷ úöåá÷á

.'åëå ,øåç íò íé�åâ ,íéøåî÷ àì íé�åâ ììåë ,øåæçù úåãéçé è�ùî íøåáò òåãé àìù íé�åâ íâ éùòî

äòé�åî äúñ�ãäå) á ç�ñðá øàåúî äá ùåîéùäù main5 úéðëåúä úøæòá åöøåä úåàîâåãä ìë

øù�àù) úåàîâåãä èñá åîù úàå ,main5 øåáò äéòáä úøãâä õáå÷ úà äàøð äîâåã ìëì .(â ç�ñðá

ìò øåæçì øù�à åæ äøåöá .[problems/...℄ äøåöá ,íéòáåøî íééøâåñá (á ç�ñðá úåàøåä é�ì ìá÷ì

.äæ óéòñá äàøðù úåàöåúä

íéðååéë éðùî øåæçù 4.3.1

1.6 ä÷æç íò ììëåî äãéçé ìâòî :ãéçé øåæçùì íé�öî åðà äá [problems/ball1.6℄ äîâåãá ìéçúð

úåç� úö÷ äøåöá ,òé�åäù) àáä è�ùîäî òáåð ãéçéä øåæçùä .íéøéöä éðååéë âåæå ,(x

1:6

+ y

1:6

= 1)

:([3℄-á ,úéììë

çéððå ,((x; y) 2 A () (�x; y) 2 A ,øîåìë) y øéöì úéñçé éøèîéñ óåâ A äéäé 32 è�ùî

ìë ïéáî úåãéçéá òá÷ð A éæà .(úåøéî÷î øúåé ùìç éàðú åäæ) íéòè÷ íä y øéöì áöéðá åéëåúéçù

.y ,x íéáöéðä íéøéöä éðååéëá åéúåìèä éãé-ìò úåãéãîä úåöåá÷ä

óåâäù äø÷îìå ,úéùàøäî ææåî K ìù åæëøîù äø÷îì è�ùîä úà ìéìëäì ïáåîë ïúéð 2 äøòä

úìáâä àìì åðçðä ïëìå åðìù íéðåîéñä úà êøåö àìì êáñî äéä äæ êà .íéááåñî úåìèää éøéöå

.y øéö àåä äéøèîéñä øéöù úåéììëä

âùåî úøæòá úéãééî äøåöáå ,(2.2.1 ÷ø� äàø) äîéñçä âùåî úøæòá äæ è�ùî çéëåäì øù�à :äçëåä

Chang and ìù äçëåää êà ,(äæ è�ùî íâ òáåð äðîîù 2.2.2 ÷ø�á 17 è�ùî úçëåä äàø) úåéáéèéãàä
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Figure 4.3: A retangle inside a body that is symmetri relative to the y axis

úåàøäì åðéìò úåãéçéá òá÷ðA-ù çéëåäì éãë :(2.2.1 ÷ø� äàø) "âåúéî-áéëø" âùåîá úùîúùîChow

.âåúéî áéëøA-á úåéäì ìåëé àìù

åäæ) ñ�à äãéî úìòá äðéàù äöåá÷ ìù úåææä éãé-ìò øöåð âåúéî áéëø .âåúéî áéëø ùéù äìéìùá çéðð

äöåá÷ä êåúî êà ,(úåøåî÷ à÷ååã-åàìå ,úåãéãî ÷ø ïäù úåöåá÷ ìò âåúéî áéëø úøãâäá éçøëä ÷ìç

d-å b åìéàå A-á -å a úåãå÷ðäù êëå ,íéøéöä éðååéëá åéúåòìöù d,,b,a ïáìî ìá÷ìå ,äãå÷ð øåçáì ìëåð

.(íéðåîéñä éáâì 4.3 øåéà äàø) .A-ì õåçî

ììâá ,éðîé åãéöî íäù ïáåî æà ,y-ä øéö ìù ãö åúåàî b-å a åéä åìéà .õåçá b åìéàå A-á a-ù åðçðä

éë) y-ä øéö ìù éðîéä åãöî -å d íâ æà .òè÷ àåä A íò y øéöì áöéð øùé êåúéçù äãáåòäå úåéøèîéñä

-ù íéé÷úäì áééçù òáåð òè÷ íò êåúéçäå úåéøèîéñä ììëá áåùå ,(íéøéöì úåìéá÷î ïáìîä úåòìö éøä

.õåçá d-å íéð�á -ù åðúçðäì äøéúñá äæå ,õåçá -å íéð�á d-ù åà ,õåçá íäéðù ,A êåúá íäéðù d-å

ìù å÷çøî úà �-áå ,y-ä øéöî (d-å) a ìù å÷çøî úà �-á ïîñð ,y-ä øéö éãéö éðùî b-å a à÷ååã íà

áééç ,òè÷ àåäù êåúéçäå äéøèîéñä úçðäî æà .õåçá b-å ,óåâä êåúá a-ù åðçðä .øéö åúåàî (-å) b

.äøéúñ åæå ,� > �-ù òáåð ,õåçá d-å óåâä êåúá -ù ïåúðäî ,äîåã äøåöá êà .� < �-ù íéé÷úäì

.íéøéöä éðååéëá åéúåìèäî ììëåîä ìâòîä úà øæçùì çéìöî ïëà ñøáðéî êéà íéàåø 4.4 øåéàá

:main5 úéðëåúä ìù [problems/ball1.6℄ èì÷ä õáå÷ úà äàøð ,úåàáä úåàîâåãä ìëá åîë

�ngiveup 100000 # options start with an "�"

polygs/ball1.6 # the file defining the original layered polygon

1 50 1.0 # guess polygon: one layer, 50 points, density 1.0

300 0.0 1.0 -1.2 1.2 # rays: 300 in diretion (0,1), from -1.2 to 1.2,

300 1.0 0.0 -1.2 1.2 # 300 more in diretion (1,0) from -1.2 to 1.2.

.2.5 ÷ø� äàø ÿ òåáéøä àéä íéðååéë éðùá äéúåìèäî ãéçé øåæçùì úðúéð àìù äøåö ìù äîâåã

äøåî÷-àì äøåöå ,úéìá÷î :úåìèä ïúåà úåðúåðù òåáéøä ãáìî úå�ñåð úåøåö ïðùéù åðéàø ì"ðä ÷ø�á

ùåçéðá äéåìú äùòîì àöîéù äøåöäå ,åìà úåøåöî ãçà ìë àåöîì éåùò äéöæéîéðéîä íúéøåâìà .ú�ñåð

.éúìçúää

å÷) 2.5 ÷ø�î úøëåîä äøåî÷-àìä äøåöä úà åðìáé÷ åá ,ñøáðéî øåæçù ìù äàöåú íéàåø 4.5 øåéàá

øúåé áåø÷ ïëà óéöøä å÷ä .u

2

,u

1

íéðåúðä íéðååéëá úåìèä ïúåà åìù (å÷åå÷î å÷) òåáéøä úà àìå (óéöø
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Figure 4.4: Reonstrution of a generalized irle using Minverse
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Figure 4.5: Reonstrution of a square using Minverse
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Figure 4.6: Reonstrution of the "mushroom"

ñðëúäì äèåð äéöæéîéðéîä ïëìå (1 ñåéãøá ìâòî) äéöæéîéðéîá åðúåà äùîéùù úéúìçää ùåçéðä úøåöì

.òåáéøä ìà àìå ,åéìà

äîåé÷ ìò åðòãéù éð�ì ñøáðéî úøæòá 4.5 øåéàî äøåöä úà åðàöî 2.5 ÷ø�á åðøáñäù é�ë ,äùòîì

úåéùåîéùì äîâåã éäåæ .åæ ú�ñåð äøåöì éøèîåàâ ùåø� àåöîì åðéñéð êë-øçà ÷øå ,éèøåàú ï�åàá

.úéøèîåàâ äé�øâåîåè àùåðá ø÷çîì ñøáðéî

:òåáéøä úîâåãì [problems/2dir-a℄ èì÷ä õáå÷

polygs/ot-square2

1 50 1.0

100 0.1 1.0 -1.5 1.5

100 1.0 0.2 -1.5 1.5

úèåù� àéä øæçùì íéñðî åðà äúåà äøåöä øùàë ãéçé øåæçù ìù äéøåàúä ìò òåãé èòî ,åðéàøù é�ë

ïééðòî ø÷çî éìë úååäì ìåëé ñøáðéî .äøåî÷ àì êà ,(ñøáðéî íò äøæçùì ìëåðù éãë ,úéáëåëå) øù÷

,(äøåî÷ äððéàå úéáëåë àéä òåáéøä åîë úåìèä ïúåà úðúåðù åðéàøù ú�ñåðä äøåöä ,äîâåãì) äæ íåçúá

.ãéçé øåæçù ùé ïëàù íéø÷îá éùåîéù øåæçù éìë åúåéäì óñåðá

íéðîåñîä) íéðååéë éðùî åéúåìèäî ,äéøè� éåîã ,øåî÷-àì óåâ ìù øåæçù äàøî 4.6 øåéà ,äîâåãì

.ïåëðä óåâä øæçåù ïëàùíéàåø ,äæ äø÷îá øåæçùä úåãéçé úà çéèáîä è�ùî òåãé àìù úåøîì .(øåéàá

:[problems/mush1℄

polygs/mushroom-1

1 50 1.0

100 0.1 1.0 -2.3 1.5

100 1.0 0.3 -2.0 2.0
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Figure 4.7: Reonstrution of a irle with a hole

íéøåç íò úåøåö øåæçù 4.3.2

øæçùì úåñðì íéøù�àîù ,íééúáëù íéòìåöî úåéäì íéòìåöîä úà ñøáðéî úéðëåúá åðììëä ,øåîàë

íåçú ìëáùë íéîåçú ø�ñîì áçøîä úà íé÷ìçîù ,íéòìåöî ø�ñî "úîéøò" éãé-ìò íéøãâåîä íé�åâ

úå�é�ö íò øåç åëåúáù 1 úå�é�ö íò óåâ øæçùì åðéðåöøá íà ,äîâåãì .(ùàøî äòåãéå) äòåá÷ úå�é�öä

òìåöî åéìòîå 1 åúå�é�öù òìåöî íò ,éúáëù òìåöî úåéäì (ùåçéðä) äøèîä òìåöî úà øéãâð æà ,0

.�1 åúå�é�öù

onvex ìù éèø�ä äø÷îá åìé�à) íéøåç íò úåöåá÷ ìù øåæçùä úåãéçé ÿ äæ íåçúá äéøåàúä

ø÷çî éìë úååäì ìåëé ñøáðéî ïëìå ,äòåãé-àì äáåøá àéäÿ (øåî÷ øåç íò íéøåî÷ íé�åâ íäù ,annuli

è�ùî êåúîå ,íééìâòî íéøåç íò íéøåî÷ íé�åâ øåæçùá ÷ñåò [1℄ .øåæçùì éùåîéù éìëì óñåðá ,ïééðòî

òáåðù íéàøî íä íéðååéë n-î úåìèä úøæòá úåãå÷ð n úåãéçéá øæçùì ïúéðù øîåàù (íéçéëåî íäù)

óåâä úà øæçùì éãë äùåøãä ,äçðäá) úåìèä n úøæòá íééìâòî íéøåç n íò øåî÷ óåâ øæçùì øù�àù

.(úéðé�à-ììëåùî òìåöî úåòìö éðååéë ìù äöåá÷-úú íðéà íéðååéëäù ,åîöò øåî÷ä

åæëøîù ìåâò øåç íò ,2 åñåéãøå úéùàøá åæëøîù ìåâéòî éåðáù óåâ øåæçù àéä äðåùàø äîâåã

.íéðååéë äùåìùá åéúåìèäî óåâä úà øæçéù ñøáðéî êéà äàøî 4.7 øåéà .0:5 åñåéãøå (0:6;�0:3)-á

åðìáé÷ äîåã äàöåú ,áâà .1 ñåéãøá úéùàøä áéáñ íéìâòî íä íéòìåöîä éðùù äéä éðåùàøä ùåçéðä

.äîâåã íùì ÷ø íä ïàë íéðååéëä úùåìùå ,(íéøéöä éðååéë éðù) ãáìá íéðååéë éðùá ùåîéù éãé-ìò íâ

:[problems/i3℄

�ngiveup 1000

�ngiveupmult 1.5

�guessirle_rad 1.0

�auto_reenter

polygs/irle-in-irle

2 50 1.0 50 -1.0
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Figure 4.8: Reonstrution of a deagon with a deagonal hole

300 1 0 -3.0 3.0

300 0 1 -3.0 3.0

300 -0.5 1 -3.0 3.0

øåéàá .4.8 øåéàäàø :ììëåùîøùåòîàåäíâù øåç åëåúáù ììëåùîøùåòî øåæçùàéäú�ñåð äîâåã

,÷éåãîä øùåòîì ãåàî áåø÷ éîéð�ä òìåöîä .úîìùåî-èòîë äøåöá øæçåù éðåöéçä òìåöîäù íéàåø

äæî úåç� ÷åéãá øæçåù àåä ,äëøòää úéö÷ðå� ìò úéñçé-äðè÷ä åúò�ùäå úåðè÷ä åéúåãéî ììâá êà

:[problems/ami℄ .éðåöéçä òìåöîä ìù

�ngiveup 1000

�ngiveupmult 1.5

�guessirle_rad 1.0

�auto_reenter

�initvar 3

polygs/a-more-interesting

2 50 1.0 50 -1.0

300 1 0 -3.0 3.0

300 0 1 -3.0 3.0

300 -0.5 1 -3.0 3.0

íéááåñî íééòåáéø íéøåç éðù íò ááåñî òåáéø øåæçù àéä [problems/2did1℄ ú�ñåð äîâåã

øåéàá äàöåúä úåìèäå ,úéèéà ãåàî äúéä íúéøåâìàä úåñðëúä åæ äîâåãá .4.9 øåéà äàø :åëåúá

ïåøú�ä ìò ñðëúäì ìéçúä íúéøåâìàù øåøáá íéàåø êë íâ êà ,úåéåöøä úåìèäì ÷é�ñî úåäæ àì ïééãò

.éåöøä
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Figure 4.9: Reonstrution of a square with two square holes

úåøéù÷ àì úåøåö øåæçù 4.3.3

íéøåç øåæçùì úåèéù ìòë úéøèîåàâä äé�øâåîåèä úåèéù ìò áåùçì ïúéð òåãî åðøáñä 2.1 óéòñá

ùéù øåç ãáìî äòåá÷ åúå�é�öù òåãéù ,íåèà éãîéî úìú ,óåâ ïåúðù çéðð :äòåá÷ úå�é�ö éìòá íé�åâá

.óåâä êåúî ãçà éøåùéî êúç ìò øáãð ïëìå úåéøåùéî ïä åðìù úåèéùä .øåçä úà øæçùì íéù÷áîå ,åá

óåâì åðããîðù úåìèää úà øéñçäì ïúéðå ,íéøéùé íéòöîàá ãåãîì ïúéð óåâä ìù úéðåöéçä åúøåö úà

úàöåú .øîåçá ïéèåìçì äàìî äúéä óåâä ìù úéðåöéçä åúøåö åì úåìá÷úî åéäù "úå�åöîä" úåìèääî

äàìî éøå÷îä óåâá øåçä úøåö ÷åéãá àåäù ,éðåéîã óåâî úåìá÷úî åéäù úåìèää ÷åéãá àéä øåñéçä

.éøå÷îä óåâä úå�é�öá øîåçá

ïååéëî éùåîéù-àì äàøð ,íãå÷ä óéòñá åðéùòù é�ë ,øù÷-úèåù� àì äøåö øåæçù ,åæ äéàøá

øæçùì úåñðì øúåé éùåîéù .ìéìòá éðåéâä éúìá øáã ÿ øîåç ùåâ óö øåçáå øåç ùé óåâáù åúåòîùîù

ùàøî ñøáðéîì øîåì ùé ,ìéâøë .óåâá íéøåç éðù íéâöéîù úåøéù÷-éáéëøî éðù ìùîì ,äøéù÷ àì äøåö

øáåãî íà) òìåöî ìë úå�é�ö úàå (úåøéù÷ áéëø äéäé òìåöî ìë) éúáëùä òìåöîá íéòìåöîä ø�ñî úà

.(íéøåçä ìë ìù úå�é�öä øåúá ì"ðä úå�é�öä úà úç÷ì øåîàë ùé ,äòåá÷ úå�é�ö ìòá óåâá íéøåçá

.(4.10 øåéàá íéå÷åå÷î íéå÷ äàø) ìåâéòîå äñ�éìàî úáëøåîù äøéù÷ àì äøåö åðç÷ì äîâåãë

äëøòää úéö÷ðå� øîåìë) çéìöä àì ,øåéà åúåàá ,[problems/nonon2℄ åðìù ïåùàøä øåæçùä ïåéñð

íúéøåâìà éãé-ìò éîå÷î íåîéðéî úàéöî ìù äðëñä úà åá íéàåøå (0:77-á äøöòð êà ,úãøì äçéìöä

åäæ ."äðåëðä" ä÷åìçä àì åæ êà ,íéòìåöîä éðù ïéá ú÷ìåçî úåøåöä úñîíðîàù íéàåø .äéöæéîéðéîä
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ñåéãøá íéìâòî úåéäì íééðåùàøä ùåçéðä éòìåöî éðù úà åðç÷ìùë ìá÷úä äæ éîå÷î íåîéðéî
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Figure 4.10: Unonverged reonstrution of a disonneted shape

éðùä ,ìåâéòä ìò "ùáìúäì" øåîà äéä ãçà) íéòìåöîä éðù ãé÷�ú ìò "èéìçäì" äù÷úî äéöæéîéðéîä
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åðøçá ïëìå �1 < x < 1:5 íåçúá úåàöîð úåøåöä éúù åðìù äø÷îá :úåìèääî (÷éåãî úåéäì êéøö

:[problems/nonon3℄ .4.11 øåéà äàø :ïééåöî ÷åéãá ñðëúä íúéøåâìàä ,åéùëò .íéøéáñ íéæëøî

�ngiveup 1000

�ngiveupmult 1.5

�guessirle_rad 0.5

�guessirle_x 0.0 1.0

�guessirle_y 0.0 0.0

�auto_reenter

�initvar 3

polygs/nonon

2 50 1.0 50 1.0

200 1 0 -2.5 2.5

200 0 1 -2.5 2.5

200 -0.5 1 -2.5 2.5
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Figure 4.11: Converged reonstrution of a disonneted shape
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ìù äéöìé�îå÷ òöáìå ,äðåøçàä äãå÷�ä äøöéù programs (diretory) äéø�ñä úà úëìì ùé æà

äãå÷�ä úøæòá ,úåéðëåúä

make

,gardner ,main-showpolyg ,reate-polygs :úåéðëåúä úà úéçëåðä äéø�ñá úøöåé åæ äìåò�

.main5-å

íééúáëù íéòìåöî éöá÷ á.2

úà÷åãáì åðéöø åðà .óåâä úà ïëåúî øæçùìúåñðîå ,úåìèä ìòíéðåúð úåìá÷î ììë êøãá øåæçùúåéðëåú

íééúéîà íé�åâ úðø÷äá êøåö ïéà .úåìèä ìù úåàîâåã íéëéøö åðééä êë íùìå ,åðìù øåæçùä éîúéøåâìà

77
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òöáì ,(4.1 óéòñá åðøãâäù é�ë ,íééúáëù íéòìåöî ,åðìù äø÷îá) íé�åâ áùçîá úåîãì ÷é�ñî :êë íùì

øåúá åìà úåàöåúá ùîúùäìå ,(4.2.1 óéòñá øàåúù é�ë) úåù÷åáîä íééðø÷á äìèä ìù äéöìåîéñ íäì

.øåæçùä íúéøåâìàì íéðåúðä

òìåöî àåä øåæçùä éîúéøåâìà ú÷éãáì êùîäá äàøðù úåéðëåúì íéáåùçä íéðåúðä ãçà ,ïëáå

:äàáä äîâåãá åîë åúøåöù õáå÷ àåä éúáëù òìåöî .éúáëù

#LPolygon éúáëù òìåöî ìù õáå÷ åäæù úøîåàù äøåù

2 éúáëùä òìåöîá (úåáëùä) íéòìåöîä ø�ñî

1 ïåùàøä òìåöîä úå�é�ö

50 ïåùàøä òìåöîá úåãå÷ðä ø�ñî

1.1 2.3 ïåùàøä òìåöîá äðåùàøä äãå÷ðä

...

1.2 2.4 ïåùàøä òìåöîá (50) äðåøçàä äãå÷ðä

-1 éðùä òìåöîä úå�é�ö

30 éðùä òìåöîá úåãå÷ðä ø�ñî

0.1 0.3 éðùä òìåöîá äðåùàøä äãå÷ðä

...

0.2 0.4 éðùä òìåöîá (30) äðåøçàä äãå÷ðä

,íééúáëù íéòìåöî ìù úåàîâåã äîë úøöåéù reate-polygs úéðëåú åðáúë ,úåàîâåãä ìéáùá

äéø�ñä :åæ úéðëåú õéøäì êøåö ïéà æà ,ìéòì äð÷úää úåàøåä åàìåî íà .polygs äéø�ñá íúåà äîùå

øåöéì äöåø ùîúùîä íà úéùåîéù ì"ðä úéðëåúä íìåà .äëåúá øáë úåàîâåãä íò äòéâî polygs

.sr/reate-polygs.-á øå÷îä-ãå÷ úà äàø :íéùãç íééúáëù íéòìåöî

úå�é�öäúàíéàåøàìäæ øåéàá .á.1 øåéàápolygsäéø�ñáúåàöîðäúåàîâåãä ìëúàúåàøì ïúéð

.�1 úå�é�öá (ùé íà) íééîéð�äå ,1 úå�é�ö íò àåä éðåöéçä ììë êøãá íìåà ,òìåöî ìë ìù

äãå÷�ä .showpolyg úéðëåúá ùîúùäì ùé ,éúáëù òìåöî õáå÷ ìò ìëúñäì éãë

showpolyg polygs/ellipse

åìéàå ,X Window System ìò polygs/ellipse éúáëùä òìåöîä úà äàøî

showpolyg -ps polygs/ellipse

.ps.ps íùá postsript õáå÷ åðîî úøöåé

øðãøâ ìù íúéøåâìàä é�ì øåæçùä úéðëåúá ùåîéù á.3

(åú�ù ìòíéøùé íéòè÷àììå ÷ìç) øåî÷ óåâ ìù øåæçù øù�àî øðãøâ ìùíúéøåâìàä ,3 ÷ø�á åðéàøù é�ë

,íéðååéë äòáøàå äîâåã óåâá äìéçúî åðáúëù gardner ä÷éãáä úéðëåú .íéðååéë äòáøàá åéúåìèäî

.åéúåìèäî óåâä úà øæçùì úåñðì øðãøâ íúéøåâìàá úùîúùî æàå ,åìà íéðååéëá úåìèää úà úàöåî

äéòáä úøãâä õáå÷ ,äîâåãì .äéòáä úøãâä õáå÷ ìù íù :ãçà øèîø� úìá÷î gardner úéðëåúä

:êë äàøð (problems/gball1.6-á àåöîì øù�àù) 3.3 øåéàá úøàåúîä äàöåúä úà ïúðù
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Figure B.1: Examples of layered polygons in the \polygs" diretory
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�epsilon 5e-2 (5e-2 :ìãçîä úøéøá .úéìðåéö�åà äøåù) ïåìéñ�à

polygs/ball1.6 (éúáëù òìåöî) äîâåãä óåâ úà úç÷ì åðîî õáå÷

0 ïàë àì êà (êùîä äàø) ñøáðéîá ùîùîÿ ùåçéð òìåöî úøåö

1000 0.2 1.0 -3.0 3.0 íéðååéëä úòáøàî ãçà úà úðééöî äøåù ìë

1000 1.0 0.2 -3.0 3.0 íéåñî ïååéëá íééðø÷ 1000 ïééöî 1000 ø�ñîä

1000 -0.5 1 -3.0 3.0 (ìîøåðî à÷ååã-åàì) ïååéë ïééöîù øåè÷å àåä (�0:5; 1)

1000 1 0.7 -3.0 3.0 íéååù íé÷çøîá íééðø÷ä åá (áöéðä áçøîá) íåçúä àåä (�3:0; 3:0)

:äéòáä úøãâä õáå÷ éáâì úåøòä äîë

åðç÷ì åæ äîâåãá :ïååéë ìëá íééðø÷ ìù áø ø�ñî úç÷ì éàãë ,3.4 óéòñá åøëæåäù úåáéñ ììâá �

.3000 ãò úç÷ì åðöìàð (ïè÷ ïåìéñ�àùë) íéîò�ì êà ,1000

ùîúùäì íéöåø íàå ,5e-2 àéä ìãçîä úøéøá .3.3 óéòñá åøáñåä åá êøåöäå ïåìéñ�àä úåòîùî �

.�epsilon äøåùä ìò øúååì øù�à æà äá

ñ�ä ìò íéìëúñî :íéåñî ïååéëá úåìèää úåòöáúî åá ñ�ä úà ïééöî (�3:0; 3:0) ì"ðä äîâåãá �

.úéùàøäî �3 ÷çøîá éðùäå 3 ÷çøîá ãçà ,ïåúðä ïååéëì íéìéá÷î íéøùé éðù éãé-ìò øãâåîù

øãâåäù ñ�ä ïëàù âåàãì áåùç .(íééðø÷ä ïéá äååù ÷çøî íò) íééðø÷ 1000 íéç÷åì äæ ñ�á

.ïåúðä óåâä úà äñëî

äàöåú éöá÷ íéøöåð ,gardner problems/gball1.6 ìùîì ,gardner úéðëåúä úöøä éøçà

íéøèîø� àìì gpg .íúñ�ãäìå úåàöåúá äé�öì úùîùî gpg úéðëåúä .out (diretory) äéø�ñá

õáå÷ øöåé àåä -ps øèîø�ä íòå ,X Window System ìò äðåøçàä gardner úöéø úàöåú úà äàøî

éøå÷îä òìåöîä ìò ,øæçù íúéøåâìàäù úåãå÷ðä úà ììë êøãá äàøî gpg .ps.ps íùá postsript

äéø�ñá .-noreal øèîø�á ùîúùäì ùé ,éøå÷îä òìåöîä úà úåàøì íéöåø àì íà .åúéà åðìçúäù

.åúåà äàøî àì gpg òâøë êà ,(best-tri õáå÷) åúìéçúá àöåî íúéøåâìàäù ùìåùîä íâ áúëð out

ïåúðä òìåöîä úà úøééöî àéä :äéòáä úøãâä úà äàøî view5 ,ú�ñåð úåàöåú úâöä úéðëåú

.ps.ps íùá postsript õáå÷ øöéì -ps øèîø� ùé åæ úéðëåúì íâ .åëøã åáùåçù íééðø÷ä úàå ùàøî

ñøáðéî øåæçùä úéðëåúá ùåîéù á.4

ìù é�åñ ø�ñî) úåìèäî éúáëù òìåöî øåæçù :éììë øåæçùì ñøáðéî íúéøåâìà úà åðâöä 4 ÷ø�á

íéðååéë úîéùøå òåãé éúáëù òìåöîá äìéçúî åðáúëù main5 ä÷éãáä úéðëåú .úåðåúð (íééðø÷ úåàöåú

óåâä úà øæçùì úåñðì ñøáðéî íúéøåâìàá úùîúùî æàå ,åìà íéðååéëá úåìèää úà úàöåî ,úåìèäì

(interrupt éãé-ìò) úéðãé äúåà øåöòì ùéå ,úøöåò àì ììë êøãá úéðëåúä ìù úéçëåðä äñøâä .åéúåìèäî

êìäîá íâ øåæçùä ìù íééðéáä úåàöåú ìò íò� éãî ìëúñäì øù�à .äúåñðëúäî äöåøî ùîúùîäùë

.ãéî øéáñðù é�ë ,äöéøä

åîë äàøð äéòáä úøãâä õáå÷ .äéòáä úøãâä õáå÷ ìù íù :ãçà øèîø� úìá÷î main5 úéðëåúä

:äàáä äîâåãá



81 ñøáðéî øåæçùä úéðëåúá ùåîéù .á.4

�... ãéî øàúðù úåéö�åà

polygs/irle-in-irle (éúáëù òìåöî) äîâåãä óåâ úà úç÷ì åðîî õáå÷

2 50 1.0 50 -1.0 �1:0 úå�é�öá éðùå úåãå÷ð 50 íò 1:0 úå�é�öá òìåöî :úåáëù éúù

300 1 0 -3.0 3.0 íéåñî ïååéëá íééðø÷ 300 ïééöî 300 .ïååéë úðééöî äøåù ìë

300 0 1 -3.0 3.0 (ìîøåðî à÷ååã-åàì) ïååéë ïééöîù øåè÷å àåä (0; 1)

300 -0.5 1 -3.0 3.0 íéååù íé÷çøîá íééðø÷ä åá áöéðä áçøîá íåçúä :(�3:0; 3:0)

:äéòáä úøãâä õáå÷ éáâì úåøòä äîë

.úåéö�åà úåðééöîùå ,'�' åúá úåìéçúîù úåøåù ìù åäùìë ø�ñî àåáì úåìåëé õáå÷ä úéùàøá �

:äøö÷á ïäìù äîéùø áåù ä� àéáð êà 4 ÷ø�á òé�åî úåðåùä úåéö�åàä øáñä

íéìéçúîíäéøçàù ,äëøòääúéö÷ðå�ìùúåéöàåìáàø�ñîúàïééöî :�ngiveup <int> {

(5000 :ìãçîä úøéøá) ùãçî äéöæéîéðéîä íúéøåâìà úà

�ngiveup êøò ,ùãçî äìéçúî äéöæéîéðéîäù íò� ìëá :�ngiveupmult <double> {

(1:0 :ìãçîä úøéøá) �ngiveupmult êøòá ì�ëåî íãå÷ä

úøéøá) äæ ñåéãøá ìâòîë ìéçúî ùåçéðä òìåöî :�guessirle_rad <double> {

(1:0 :ìãçîä

éúìçúää ùåçéðä ìù x úåèðéãøåàå÷ úîéùø :�guessirle_x <double>... {

åðà åúåà éúáëùä òìåöîá ïåùàøä òìåöîì íéàúî ïåùàøä :ùåçéðä éòìåöî éæëøîì

(úéùàøá íä íéæëøîä ìë :ìãçîä úøéøá) .äàìä ïëå ,íéù�çî

y úåèðéãøåàå÷ ,ì"ðë :�guessirle_y <double>... {

äéöæéîéðéîäùíò�ìëá"ùãçîæåëøî"òöáúî ,åæäéö�åàäòé�åîíà :�auto_reenter {

.ùãçî úìçúåî

4÷ø�áèåø� äàø .éúìçúääùåçéðä ìò äéöáøåèø�äúèéùúàøçåá :�initvar <int> {

(2 :ìãçîä úøéøá)

ñ�ä ìò íéìëúñî :íéåñî ïååéëá úåìèää úåòöáúî åá ñ�ä úà ïééöî (�3:0; 3:0) ì"ðä äîâåãá �

.úéùàøäî �3 ÷çøîá éðùäå 3 ÷çøîá ãçà ,ïåúðä ïååéëì íéìéá÷î íéøùé éðù éãé-ìò øãâåîù

äñëî øãâåäù ñ�ä ïëàù âåàãì áåùç .(íééðø÷ä ïéá äååù ÷çøî íò) íééðø÷ 300 íéç÷åì äæ ñ�á

.ïåúðä óåâä úà

,(4.4øåéàáäàöåúäúàïúåðù)main5 problems/ball1.6ìùîì åîë ,main5úéðëåúúöøäïîæá

,äéö÷ðå�ä ìù úåéöàåìáà 100 ìë éøçà (ñ�àì ñðëúäì äøåîàù) äëøòää úéö÷ðå� úà úáúåë úéðëåúä

úåìéëî íééðéáä úåàöåú .out (diretory) äéø�ñá íééðéá-úåàöåú éöá÷ íéøöåð úåéöàåìáà 1500 ìëå

.äæ òìåöî ìù úåìèää úåéö÷ðå� ìòå ,äæ ïîæá (ñ÷ì�îéñá øúåéá áåèä) ùåçéðä òìåöî úøåö ìò òãéî

øåîàëå ,íúñ�ãäì åà X Window System ìò ùåçéðä éòìåöîá äé�öì úùîùî gp5 úéðëåúä

ïåùàø :êå�ä øãñá íéùåçéðä úà äàøî gp5 -r .äöø ïééãò main5-ù ïîæá íâ äá ùîúùäì øù�à

gp5 .úîãå÷ä íééðéáä-úàöåúì íéøáåòEnter úöéçìáå ,äøîùðù äðåøçàä íééðéáä-úàöåú úà íéàåø

úà äàøî gp5 OUT11 .(éúìçúää ùåçéðä àéäù) äðåùàøä íééðéáä úàöåú úà ïåùàø äàøî -r àìì

õáå÷ úøéîùì ìéâøë ùîùî (gp -ps OUT11 ,ìùîì) -ps øèîø�ä .ãáìá 11 ø�ñî íééðéá úàöåú

-animf øèîø�äå (Enter-ì úåëçì àìì) äéöîéðà äùåò -anim øèîø�ä .ps.ps íùá postsript

úìèáî -noreal øèîø�äå ,úåù÷åáîä íééðø÷ä úà íâ øééöî -rays øèîø�ä .øúåé äøéäî äéöîéðà

.åðìçúä åá éøå÷îä òìåöîä úâöä úà
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ùîúùäì ùé ,úåù÷åáîä äìèää úåéö÷ðå�ì íééðéáä-úåàöåúá äìèää úåéö÷ðå� úà âéöäì éãë

viewXX-ì íâ .íééðéáä úàöåú ø�ñî àåä 3 øùàë viewXX XX3 :äàáä äøåöá ,viewXX úéðëåúá

åîë äãå÷�á ùîúùäì ùé íééðéá úåàöåú äîë øééöì éãë) -animf-å ,-anim ,-ps íéøèîø� ùé

.(viewXX out/XX*

ïåúðä òìåöîä úà úøééöî àéä :äéòáä úøãâä úà äàøî ,view5 ,ú�ñåð úåàöåú úâöä úéðëåú

.ps.ps íùá postsript õáå÷ øöéì -ps øèîø� ùé åæ úéðëåúì íâ .åëøã åáùåçù íééðø÷ä úàå ùàøî
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ñøáðéî úéðëåúä

áùçî ìò Linux) Unix úëøòî ìò åöøåäå ANSI � C ú�ùá åáúëð ,4 ÷ø�á åøàåúù ,åìà úåéðëåú

.main5. àéä (äîâåã úåéòá úòöáîä) úéùàøä úéðëåúä .(PC

minverse.

#inlude <stdio.h>

#inlude <math.h>

#inlude "layered polygon.h"

#inlude "xray.h"

#inlude "nrutil.h"

#inlude "stats.h"

#ifdef CONVEXPENALTY

#inlude "onvex.h"

#endif

#inlude "minverse.h"

#define TENSION 50.0 =� AST (arti�ial surfae tension) 50.0 �=

#if 0

#define QUITENEAR 10.0

#endif

=� the hek guess routine aepts two parameters: the guess (a vetor of

doubles) and the UserData - a struture ontaining the information of

HOW to hek the guess (i.e. what should the rays be) and some more

�elds for statistis

�=

typedef strut f

RaySet �rs; =� pointer to an �evaluated� rayset (with evaluated results)

�=

LPolygon lp; =� a base polygon, i.e. a polygon with the same struture

as the required polygon solution (number of polygons,

points in eah one) with all points being the vetors

the oee�ients in the minimized vetor multiply.

Currently this polygon is set to a equal angle rendition

of the unit irle

�=

RaySet tryrs; =� a rayset with same rays as rs, but the hek guess may

evaluate into it �=

LPolygon �resultlp; =� where hek guess may put it's guess polygon. it's

usually the lp given to minverse. NOTE IT IS A

POINTER!!! �=

=� the following variables are used for statistis and outputs �=

int neval;

83
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int restarts;

double lastout; =� value of neval when last output a piture �=

double mind; =� minimum delta (value of funtion) enountered �=

g UserData;

stati void guess reenter(double �d, LPolygon lp);

stati void output minverse result(double �guess, UserData �ud, double d);

stati double

hek guess(double �guess, UserData �ud)

f

int k,i,j;

double d;

double penalty=0;

=� realpenalty variable - for theoretially plausable penalties (i.e.,

ones for whih the real solution will have penalty 0 - like the

unonvexity penalty, and unlike the AST penalty.

Typially, suh penalties will be small, sine they should not

e�et the beginning of the onvergene to the solution, but at the

end they should move us to the orret one.

�=

double realpenalty=0;

=� unpak guess into result polygon �=

k=1;

for(i=0;i<ud!resultlp!npolygons;i++)f

double enterx,entery,r;

double oldr,r0; =� for arti�ial surfae tension �=

enterx=guess[k++℄; =� enter of radial polygon �=

entery=guess[k++℄;

=� AST (arti�ial surfae tension) is still experimental. It also

may not be good, sine it tries to make irles out of shapes whih

are NOT. The TENSION should be hosen somehow to prevent that.

perhaps a seond derivate surfae tension (SDATS) will be better -

we wants the sum of numerial seond deritives ("sudden diretion

hanges") to be minimal. �=

r0=oldr=guess[k℄; =� for arti�ial surfae tension �=

for(j=0;j<ud!resultlp!polygons[i℄.npoints;j++)f

r=guess[k++℄;

#define ABS(x) ((x)<0 ? -(x) : (x))

penalty+=ABS(r-oldr)�TENSION; =� for arti�ial surfae tension �=

if(r<1e-6)f

=� We an't allow a negative radius, so we give a penalty for

one. The penalty is urrenty arbitrary but should be hanged

to something ontinuous. If ontinuous, how do we hoose

the onstant? It should depend on typial r sale. Perhaps

the non-ontinuous is better, but then we should use a

multiplying penalty, not an adding penalty. then we don't

need to stop the penalty - when the real funtion value is

0, multiplying it by a penalty doesn't hurt!

�=

penalty+=5000�ABS(r);

fprintf(stderr,"penalty for negative radius: %gnn",5000�ABS(r));

statPenaltyNeg++;

r=1e-5;

g

=� ud.lp ontains radius vetors (set in minverse(), to

equal angles

�=

ud!resultlp!polygons[i℄.points[j℄.x=

enterx+r � ud!lp.polygons[i℄.points[j℄.x;

ud!resultlp!polygons[i℄.points[j℄.y=

entery+r � ud!lp.polygons[i℄.points[j℄.y;

oldr=r; =� for arti�ial surfae tension �=

g

penalty+=ABS(r-r0)�TENSION; =� arti�ial surfae tension �=
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#undef CONVEXPENALTY

#ifdef CONVEXPENALTY

realpenalty+=0�(ud!neval=10000.0)�onvexPenalty(ud!resultlp!polygons[i℄, enterx, entery);

#endif

g

=� now that we have the guess polygon in �(ud.resultlp), we evaluate the

rayset

�=

xrayset(�(ud!resultlp),ud!tryrs);

=� now alulate the distane between this rayset results and the given

ones in rs

�=

d=0;

for(i=0;i<ud!rs!nrays;i++)f

double e=ud!rs!rays[i℄.result-ud!tryrs.rays[i℄.result;

#undef INFNORM

#ifdef INFNORM

#define QUITENEAR 0.1

if(ABS(e)>d) d=ABS(e);

#else

d+=e�e;

#endif

g

=� We ouput a piture if two onditions are true: the urrent d is

lower then the minimum d got before, and at least some number (1500)

of evaluations have been done sine the previous output.

This ensures two things:

1. outputs are not too lose to one another

2. eah output is not random, but shows a result whih is guaranteed

to be the best result got until now.

�=

if(ud!neval > ud!lastout+1500 && d < ud!mind)f

output minverse result(guess,ud,d);

ud!lastout = ud!neval;

g

if(d<ud!mind) ud!mind=d;

=� add the penalty, unless quite near or the penalty is big �=

#ifndef QUITENEAR

#define QUITENEAR 20.0

#endif

#define BIGPENALTY 500.0

#define ENDOFPENALTY 5e3 =� stop the penalty after some time. �=

#if 1

if((d�QUITENEAR && (ud!neval < ENDOFPENALTY)) jj penalty > BIGPENALTY)

#else

if(!ud!restarts jj penalty > BIGPENALTY) =��� TRYING - penalties until restarts ��=

#endif

d+=penalty;

else f

penalty=0.0;

d+=penalty;

g

d+=realpenalty;

if((ud!neval%100)==0) fprintf(stderr,"%d: %g (of whih penalty: %g,

realpenalty=%g)nn",ud!neval,d,penalty,realpenalty);

ud!neval++;

statEval++;

return d;

g

=� miverse takes a omplete rayset (i.e. the result �eld should be set for

eah ray), and tries to �nd a layered radial polygon whih best �ts

this data. This polygon is put in the given lp variable (whih should be

prealloated with the number of polygons and points you want), and

urrently the density (In a future version, we an try adding the densities
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to the unknown vetor too, and see what that gives us).

�=

#define CONST PI 3.14159265358979323846

void

minverse(RaySet dataRays, LPolygon lp,

onst strut minverse options �opts)

f

double ��p,�y,a;

int ndim,i,j,k,m,ount,ngiveup;

UserData ud;

ud.resultlp=&lp;

ud.rs=&dataRays;

ud.neval=0;

ud.restarts=0;

ud.lastout=-1e6;

ud.mind=1e77;

=� opy the rayset to a plae where hek guess may evaluate �=

NewRaySet(ud.tryrs,dataRays.nrays);

for(i=0;i<dataRays.nrays;i++)f

ud.tryrs.rays[i℄.ox= dataRays.rays[i℄.ox;

ud.tryrs.rays[i℄.oy= dataRays.rays[i℄.oy;

ud.tryrs.rays[i℄.dx= dataRays.rays[i℄.dx;

ud.tryrs.rays[i℄.dy= dataRays.rays[i℄.dy;

g

ngiveup=opts!ngiveup;

=� The minimization problem has the following parameters: they are the

enters of polygons in lp (2 variables for eah polygon), and one

radius for eah point in lp. we must ount them (and put the number

in ndim), then alloate and set the matries needed by ameoba by

some initial guess for a polygon.

We also opy the size of lp to the userdata.

�=

NewLPolygon(ud.lp, lp.npolygons);

ndim=0;

for(i=0;i<lp.npolygons;i++)f

NewPolygon(ud.lp.polygons[i℄,lp.polygons[i℄.npoints,lp.polygons[i℄.density);

ndim+= lp.polygons[i℄.npoints + 2;

for(j=0;j<lp.polygons[i℄.npoints;j++)f

double tet=2�CONST PI=(lp.polygons[i℄.npoints)�j;

ud.lp.polygons[i℄.points[j℄.x=os(tet);

ud.lp.polygons[i℄.points[j℄.y=sin(tet);

g

g

p=dmatrix(1,ndim+1,1,ndim);

y=dvetor(1,ndim+1);

=� pak initial data into vetor p[1℄. Later this initial data might be

given to minverse (this stupid inital data make all polygons the same

irle - although the radius and enters may be given as parameters.

�=

k=1;

for(i=0;i<lp.npolygons;i++)f

=� initial enter �=

p[1℄[k++℄=opts!guessirle x[i℄;

p[1℄[k++℄=opts!guessirle y[i℄;

for(j=0;j<lp.polygons[i℄.npoints;j++)f

=� initial radii �=

p[1℄[k++℄=opts!guessirle rad;

g

g

=� use 'goto RESTART' if you want to restart using a di�erent initial

polygon. Before doing the goto, however, remember to set p[1℄ (as

above) to the polygon you want (or leave it as is to restart the

minimization from the urrent guess
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�=

RESTART:

=� optional: �nd a new enter when restarting minimization �=

if(opts!auto reenter)f

=� output the new polygon before reentering (useful for debugging)

�=

output minverse result(p[1℄,&ud,hek guess(p[1℄,&ud));

guess reenter(p[1℄, ud.lp);

=� output the new polygon after reentering �=

output minverse result(p[1℄,&ud,hek guess(p[1℄,&ud));

g

=� We have an initial guess, and we need a whole "simplex" of guesses,

so we make perturbations on the initial guess, in one of several

optional ways:

�=

swith(opts!initvar)f

ase 0:

=� make the rest of the initial matrix, as suggested in page 306 of

NRC lambda is taken as 0.5 (this should be an option or something!)

This tends to reate large "spikes" in the guess polygons, and

measures suh as the AST (arti�ial surfae tension) should be

taken agains this problem.

�=

for(i=2;i�ndim+1;i++)f

for(j=1;j�ndim;j++)f

if(j==(i-1)) p[i℄[j℄=p[1℄[j℄+0.5;

else p[i℄[j℄=p[1℄[j℄;

g

g

break;

ase 1:

=� an alternative to the previous kotiz �=

for(i=2;i�ndim+1;i++)f

for(j=1;j�ndim;j++)f

int dist=ABS(j-(i-1));

if(dist�5) p[i℄[j℄=p[1℄[j℄+0.5=(1+dist);

else p[i℄[j℄=p[1℄[j℄;

g

g

break;

ase 2:

=� This was the only option ativated in older versions, so it

remains the default for bakward-omatibility reasons. While

the justi�ation for suh a method of perturbation is dubious

at best, it atually produed very good results in many tests

(while appearantly ausing nonoptimal results in others).

�=

for(i=2;i�ndim+1;i++)f

for(j=1;j�ndim;j++)f

int dist=ABS(j-(i-1));

#define FA1 0.5

p[i℄[j℄=p[1℄[j℄+FA1=(1+dist);

g

g

ase 3:

=� This option also tries to irumvent the "spike" problem present

in initvar=0, but unlike initvar=1 or 2 it gives a muh better

treatment to the "enter" variables whih are treated independently,

and to multiple polygons (also treated independently).

This is the reommended option (it is NOT the default, for

bakward-ompatibility reasons).

�=

#define CENTER P 0.5 =� size of perturbations. maybe these should be �=

#define RADIUS P 0.5 =� options. �=

#define RADIUS S 1.0 =� the bigger this is, the sharper the spikes will be �=
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for(m=1;m�ndim;m++)f

k=1;

for(i=0;i<lp.npolygons;i++)f

int minpolyg,dist;

=� enter x oordinate �=

p[m+1℄[k℄=p[1℄[k℄ + ((k==m) ? CENTER P : 0);

k++;

=� enter y oordinate �=

p[m+1℄[k℄=p[1℄[k℄ + ((k==m) ? CENTER P : 0);

k++;

=� is m inside the next polygon? �=

if(m�k && m< k+lp.polygons[i℄.npoints)

minpolyg=m-k;

else

minpolyg=(-1);

for(j=0;j<lp.polygons[i℄.npoints;j++)f

=� if m is not inside this polygon, leave this

polygon as is, otherwise add to it a smoothed-out

spike.

�=

if(minpolyg�0)f

dist=ABS(j-minpolyg);

=� make dist yli �=

if(lp.polygons[i℄.npoints-dist < dist)

dist=lp.polygons[i℄.npoints-dist;

p[m+1℄[k℄=p[1℄[k℄+RADIUS P=(1+dist�RADIUS S);

g else f

p[m+1℄[k℄=p[1℄[k℄;

g

k++;

g

g

g

break;

default:

fprintf(stderr,

"minverse(): got invalid value for initvar option (%d)nn",

opts!initvar);

exit(1);

break;

g

=� evaluate the hek guess at the n+1 initial vetors �=

fprintf(stderr,"heking initial %d guesses: ",ndim+1);

for(i=1;i�ndim+1;i++)f

y[i℄=hek guess(p[i℄,&ud);

fprintf(stderr,".");

g

fprintf(stderr,"done.nn");

ount=ngiveup;

if(amoeba(p,y,ndim,1e-5,hek guess,&i,&ud,&ount))f

fprintf(stderr,"���� amoeba onvergednn");

g else f

fprintf(stderr,"���� amoeba did not onvergenn");

g

=� hoose the best p[i℄, move it to p[1℄ where 'goto RESTART'

expet the initial ondition to be.

�=

k=1;

a=y[1℄;

for(i=2;i�ndim+1;i++)f

if(y[i℄<a)f

k=i;

a=y[i℄;

g
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g

fprintf(stderr,"Best of simplex guesses: node %d: %gnn",k,a);

for(i=1;i�ndim;i++)f

p[1℄[i℄=p[k℄[i℄;

g

#if 0

=� smoothing �=

k=1;

for(i=0;i<lp.npolygons;i++)f

k++; =� leave enter alone �=

k++;

for(j=0;j<lp.polygons[i℄.npoints;j++)f

=� initial radii �=

k++;

if(j 6=0 && j6=(lp.polygons[i℄.npoints-1))

p[1℄[k℄=(p[1℄[k-1℄+2�p[1℄[k℄+p[1℄[k+1℄)=4.0;

g

g

#endif

ud.restarts++;

=� multiply ngiveup by opt->ngiveupmult so thar next time we'll let

the minimization algorithm do more iterations before restarting

it.

�=

ngiveup = (double)ngiveup � opts!ngiveupmult;

goto RESTART;

=� lean up �=

free dmatrix(p,1,ndim+1,1,ndim);

free dvetor(y,1,ndim+1);

=� TODO: FREE LPOLYGON UD.LP as well! �=

FreeRaySet(ud.tryrs);

g

=� In the minverse algorithm, the parameters that the minimization algorithm

tries to �nd are the enter of the polygon, and the radiuses at �xed

angles.

There's a problem, however, that it's hard for the minimization algorithm

to orret a "bad" hoie for a enter, beause moving the enter moves

the entire polygon. Sometimes, when the initial guess polygon is very

far (and o�-enter) from the orret polygon, the enter doesn't move

fast enough, and may even be very lose the the boundary of the polygon -

in whih ase we start getting "negative radius" penalties to try to

�x that problem.

The following routine an be use whenever the minimization algorithm is

stopped and restarted - to hoose a new enter for the polygon (urrently,

simple average of the polygon's points), and resample the polygon at the

given �xed angles from the new enter.

Note: the d vetor must start at 1, as used in the minimization

algorithm above (see hek guess) and is a paking of the enters and

radiuses. d is the output too.

�=

#inlude "spline.h"

stati void

guess reenter(double �d, LPolygon lp)

f

double �p;

double nx,ny;

int np,i,j,k;

double �r, �t;

strut splinedata �sd;

p=d+1; =� d[0℄ is unde�ned �=

for(i=0;i<lp.npolygons;i++)f

#define CENTERX p[0℄
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#define CENTERY p[1℄

#define RADIUS(n) p[2+(n)℄

np=lp.polygons[i℄.npoints;

fprintf(stderr,"reentering polygon %d. Old enter: %g %gnn",

i,CENTERX,CENTERY);

=� alulate new enter �=

nx=ny=0;

for(j=0;j<np;j++)f

nx += CENTERX + RADIUS(j)�lp.polygons[i℄.points[j℄.x;

ny += CENTERY + RADIUS(j)�lp.polygons[i℄.points[j℄.y;

g

nx/=np;

ny/=np;

=� prepare arrays r[j℄, t[j℄, where t[j℄ is the angle of the

j'th point relative to the new enter, and r[j℄ is the radius

relative to the new enter. Note that it is the real radius:

it should be divided by the norm of lp.polygons[i℄.points[j℄

before being kept in the RADIUS array.

�=

r=(double �)mallo(sizeof(double)�(np+1));

t=(double �)mallo(sizeof(double)�(np+1));

for(j=0;j<np;j++)f

double x, y;

x = CENTERX + RADIUS(j)�lp.polygons[i℄.points[j℄.x - nx;

y = CENTERY + RADIUS(j)�lp.polygons[i℄.points[j℄.y - ny;

=� �nd angle in [0,2PI℄ �=

t[j℄=atan2(y,x); =� atan2 �nds in [-PI,PI℄ �=

if(t[j℄<0) t[j℄+=CONST PI�2;

r[j℄=sqrt(x�x+y�y);

=�fprintf(stderr,"t,r[%d℄=%g,%gnn",j,t[j℄,r[j℄);�=

g

=� reorder t,r: make t inreasing. Note that if polygon is around

the enter just one, there is only one point of non-inreasing

and we need to �x that - but in fat the polygon might not

be star-shaped from the new enter... We ignore this problem

and fore it beoming star-shaped (albiet, maybe a little

di�erent!)

We use a stupid simple sorting beause this operation is done

only a few times during the algorithm.

�=

k=1;

while(k)f

double tmp;

k=0;

for(j=1;j<np;j++)f

if(t[j℄<t[j-1℄)f

tmp=t[j℄;

t[j℄=t[j-1℄;

t[j-1℄=tmp;

tmp=r[j℄;

r[j℄=r[j-1℄;

r[j-1℄=tmp;

k++;

g

g

g

for(j=0;j<np;j++)f

fprintf(stderr,"t,r[%d℄=%g,%gnn",j,t[j℄,r[j℄);

g

=� again the �rst point �=

t[np℄=t[0℄+2�CONST PI; =� probably 2�PI �=

r[np℄=r[0℄;

=� hek that t is inreasing (this an't be false after our
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sorting above!)

�=

for(j=1;j<np;j++)

if(t[j℄�t[j-1℄)f

fprintf(stderr,"WARNING: GUESS RECENTER FAILED - T ORDERnn");

free(r);

free(t);

return;

g

=� note: 0 is given to prepare spline as adho. the real ondition

would be to make the spline irular, with the two ends atually

the same point �=

sd=prepare spline(t,r,np+1,0.0,0.0);

=� resample the spline, alulating new radiuses and putting them

in r.

�=

for(j=0;j<np;j++)f

double tt;

=� at what angle to sample? �=

tt=atan2(lp.polygons[i℄.points[j℄.y,

lp.polygons[i℄.points[j℄.x);

if(tt<0) tt+=CONST PI�2;

r[j℄=interpolate spline(sd,tt);

if(r[j℄<0)f

fprintf(stderr,"WARNING: GAUSS RECENTER FAILED - NEW R<0nn");

free(r);

free(t);

free spline(sd);

return;

g

g

=� �nally opy the results bak into the vetor �=

CENTERX=nx;

CENTERY=ny;

fprintf(stderr," New enter: %g %gnn", CENTERX,CENTERY);

for(j=0;j<np;j++)f

RADIUS(j)=r[j℄;

g

free(r);

free(t);

free spline(sd);

p+=np+2; =� skip to next polygon �=

g

g

=� output miverse result outputs the latest minverse layered polygon in

a gnuplot format suitable for the 'gp5' viewing sript.

�=

stati void

output minverse result(double �guess, UserData �ud, double d)

f

stati int noutputs=0;

FILE �fp;

har fn[512℄;

int ii,kk,i;

double enterx,entery;

extern har problem name[℄;

fprintf(stderr,"outputting polygon... %dnn",ud!resultlp!npolygons);

sprintf(fn,"out/OUT%d",++noutputs);

if((fp=fopen(fn,"w"))==NULL)f

perror(fn);

g else f

fprintf(fp,"# %d %d %g A%s ",noutputs,ud!neval,d,problem name);
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=� output enters (similar to unpak ode in hek guess) �=

kk=1;

for(ii=0;ii<ud!resultlp!npolygons;ii++)f

enterx=guess[kk++℄; entery=guess[kk++℄;

kk+=ud!resultlp!polygons[ii℄.npoints;

fprintf(fp,"%g,%g ",enterx,entery);

g

fprintf(fp,"nn");

outputLPolygon(�(ud!resultlp),fp);

flose(fp);

g

sprintf(fn,"out/XX%d",noutputs);

if((fp=fopen(fn,"w"))==NULL)f

perror(fn);

g else f

for(i=0;i<ud!rs!nrays;i++)f

fprintf(fp,"%d %g %gnn",i,ud!rs!rays[i℄.result,ud!tryrs.rays[i℄.result);

g

flose(fp);

g

printStats(stdout);

g

minverse.h

#ifndef INCLUDED MINVERSE H

#define INCLUDED MINVERSE H

strut minverse options f

int ngiveup; =� after how many iterations give up the minimization,

and restart it with new perturbations. �=

double ngiveupmult; =� every time we give up, we multiply ngiveup

again my ngiveupmult (so that next time we'll

let it run for more iterations) �=

double guessirle rad; =� radius of initial guess irle �=

#define GUESSCIRCLE MAXN 10

double guessirle x[GUESSCIRCLE MAXN℄; =� enters of upto 10 polygons �=

double guessirle y[GUESSCIRCLE MAXN℄;

int auto reenter; =� reenter when restarting minimization �=

int initvar; =� type of perturbations to make on initial guess to

reate the guess simplex. �=

g;

void minverse(RaySet dataRays, LPolygon lp,

onst strut minverse options �opts);

#endif

main5.

#inlude <stdlib.h>

#inlude <stdio.h>

#inlude <math.h>

#inlude "layered polygon.h"

#inlude "xray.h"

#inlude "minverse.h"

double RadPolyg irle(tet,id)

double tet,id;

f

return id;

g

=� �le format:

# some omments

# and more omments
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�options

polygs/polygontohek

3 50 -1 50 -1 50 1 <- de�nition of guess polygon

50 0.1 1.0 -3 3 <- rayset

50 1.0 0.2 -3 3 <- another rayset (more until EOF)

�=

int loadProblem(prs,plp,pguesslp,popts,fn)

RaySet �prs;

LPolygon �plp;

LPolygon �pguesslp;

strut minverse options �popts;

har �fn;

f

FILE �fp;

int ,i,nrs;

double g;

har s[80℄;

strut f

int nrays;

double dx,dy, 1,2;

g def[10℄;

if((fp=fopen(fn,"r"))==NULL)f

perror(fn);

return 0;

g

=� swallow omments and '�' options in beginning �=

fprintf(stderr,"------------------------------------------ reading %s...nn",fn);

while((=get(fp))=='#'jj=='�')f

if(=='#')f

while((=get(fp))6='nn' && 6=EOF) put(,stderr);

put('nn',stderr);

g else f =� '�' options �=

if(!fgets(s,sizeof(s),fp)) goto FAIL;

if(!strnmp(s,"ngiveup ",8)) f

if(ssanf(s,"ngiveup %d",&popts!ngiveup)6=1) goto FAIL;

g else if(!strnmp(s,"ngiveupmult ",12)) f

if(ssanf(s,"ngiveupmult %lg",&popts!ngiveupmult) 6=1) goto FAIL;

g else if(!strnmp(s,"guessirle rad ",16)) f

if(ssanf(s,"guessirle rad %lg",&popts!guessirle rad) 6=1) goto FAIL;

g else if(!strnmp(s,"guessirle x ",15)) f

if(ssanf(s,"guessirle x %lg %lg %lg %lg %lg %lg %lg %lg %lg %lg",

&popts!guessirle x[0℄,&popts!guessirle x[1℄,

&popts!guessirle x[2℄,&popts!guessirle x[3℄,

&popts!guessirle x[4℄,&popts!guessirle x[5℄,

&popts!guessirle x[6℄,&popts!guessirle x[7℄,

&popts!guessirle x[8℄,&popts!guessirle x[9℄

)<1) goto FAIL;

g else if(!strnmp(s,"guessirle y ",15)) f

if(ssanf(s,"guessirle y %lg %lg %lg %lg %lg %lg %lg %lg %lg %lg",

&popts!guessirle y[0℄,&popts!guessirle y[1℄,

&popts!guessirle y[2℄,&popts!guessirle y[3℄,

&popts!guessirle y[4℄,&popts!guessirle y[5℄,

&popts!guessirle y[6℄,&popts!guessirle y[7℄,

&popts!guessirle y[8℄,&popts!guessirle y[9℄

)<1) goto FAIL;

g else if(!strnmp(s,"auto reenter",13))f

popts!auto reenter=1;

g else if(!strnmp(s,"initvar ",8)) f

if(ssanf(s,"initvar %d",&popts!initvar)6=1) goto FAIL;

g else f

fprintf(stderr,"unknown option line �%snn",s);

goto FAIL;

g

g

g

if(==EOF) goto FAIL; else unget(,fp);
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fprintf(stderr,"------------------------------------------ reading done.nn",fn);

=� read polygon �le name �=

fsanf(fp,"%snn",s);

if(!loadLPolygon(plp,s)) goto FAIL;

fprintf(stderr, "Polygon loaded: %s.nn",s);

=� read guess polygon size (in the future we might make this a �le name) �=

if(fsanf(fp,"%d",&nrs)==1)f

NewLPolygon(�pguesslp,nrs);

for(i=0;i<nrs;i++)f

if(fsanf(fp,"%d %lg",&,&g) 6=2) goto FAIL;

NewPolygon(pguesslp!polygons[i℄,,g);

g

g else goto FAIL;

=� read rayset de�nitions �=

nrs=0;

while(fsanf(fp,"%d %lg %lg %lg %lgnn", &(def[nrs℄.nrays),

&(def[nrs℄.dx), &(def[nrs℄.dy), &(def[nrs℄.1), &(def[nrs℄.2))

== 5)

nrs++;

fprintf(stderr, "%d raysets found.nn",nrs);

if(!nrs) goto FAIL;

for(=0,i=0;i<nrs;i++)

+=def[i℄.nrays;

NewRaySet(�prs, );

for(=0,i=0;i<nrs;i++)f

eqdRays(prs!rays+, def[i℄.nrays, def[i℄.dx, def[i℄.dy,

def[i℄.1+1e-10, def[i℄.2+1e-10);

+=def[i℄.nrays;

g

flose(fp);

return 1;

FAIL:

flose(fp);

return 0;

g

har problem name[100℄;

main(arg, argv)

int arg;

har �argv[℄;

f

LPolygon lp,guesslp;

RaySet rs;

strut minverse options opts;

double dx,dy,ox,oy;

double d,weight;

int i;

FILE �fp;

long seed,time();

if(arg6=2)f

fprintf(stderr, "Usage: %s problem-filenn", argv[0℄);

exit(1);

g

=� Default options. The hoie of defaults is mainly for bakwar

d-ompatibility with old problem setups, is are NOT neessarily the

best.

�=

opts.ngiveup=5000;
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opts.ngiveupmult=1.0;

opts.guessirle rad=1.0;

opts.auto reenter=0;

opts.initvar=2;

for(i=0;i<GUESSCIRCLE MAXN;i++)

opts.guessirle x[i℄=opts.guessirle y[i℄=0.0;

if(!loadProblem(&rs, &lp, &guesslp, &opts, argv[1℄))f

fprintf(stderr, "Failed loading problem file %snn",argv[1℄);

exit(2);

g

strnpy(problem name,argv[1℄,sizeof(problem name)-1);

outputLPolygon(lp,"out/gp%d.dat",1);

xrayset(lp,rs);

=� show the on�guration of the problem, to be viewed by view5 �=

outputLPolygon(lp,"out/main5-polyg",1);

debug xray=fopen("out/main5-rays","w");

xrayset(lp,rs);

#undef NOISE

#ifdef NOISE

#define E 0.05= =� maximal error 5% �=

seed=time((long�)0);

srand48(seed);

#define RANDOM ((drand48()-0.5)�2�E) =� random number in [-E,E℄ �=

for(i=0;i<rs.nrays;i++)f

rs.rays[i℄.result � = 1+RANDOM;

g

#endif

flose(debug xray);

debug xray=(FILE �)0;

fprintf(stderr,"minverse options: ngiveup=%d, guessirle rad=%g, "

"auto reenter=%d, ngiveupmult=%g, initvar=%dnn",

opts.ngiveup,opts.guessirle rad,opts.auto reenter,

opts.ngiveupmult,opts.initvar);

minverse(rs,guesslp,&opts);

exit(0);

g

layered polygon.h

=� A layered polygon is 2D shape omposed of multiple overlayed polygons

of various densities. A density of point is the sum of densities on it.

For example, a hole within a unit density polygon will be in itself a

polygon with density -1.

This formulation will allow, for example, a hole to "move outside" the

enlosing polygon during minimization iterations, without ausing fatal

errors only beause suh polygons annot be represented. Of ourse a

real solution will �nally have the hole �inside� the other polygon.

�=

typedef strut f

double x;

double y;

g Point;

typedef strut f

int npoints; =� number of points in polygon �=

Point �points; =� polygon's points. the last point is onneted to

the �rst in the polygon �=

double density;
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g Polygon;

typedef strut f

int npolygons;

Polygon �polygons;

g LPolygon;

=� use NewLPolygon to alloate a n-polygon Layered-polygon in the variable lp.

use NewPolygon to alloate a n-point polygon with density d FOR EACH of the

polygons in the LPolygon (lp.polygons[i℄).

�=

#define AlloateLPolygon(lp) ((lp).polygons=(Polygon�)mallo((lp).npolygons�sizeof(Polygon)))

#define NewLPolygon(lp,n) ((lp).npolygons=(n),AlloateLPolygon(lp))

#define AlloatePolygon(p) ((p).points=(Point�)mallo((p).npoints�sizeof(Point)))

#define NewPolygon(p,n,d) ((p).density=(d),(p).npoints=(n),AlloatePolygon(p))

layered polygon.

#inlude <stdlib.h>

#inlude <stdio.h>

#inlude <math.h>

#inlude "layered polygon.h"

=����������������������������������������������������������������������������=

=� puts a radial polygon in Polygon p, based on the funtion f (with seond

parameter id so a similar f an serve a few polygons) sampled at equidistant

angles (as many as there are points alloated in p), and moved to enter

(enterx,entery).

�=

#define CONST PI 3.14159265358979323846

void SetRadialPolygon(p,enterx,entery, f,id)

Polygon p;

double (�f)();

double id;

double enterx,entery;

f

int i;

double r,tet;

for(i=0;i<p.npoints;i++)f

tet=2�CONST PI=(p.npoints)�i;

r=f(tet,id);

p.points[i℄.x=enterx+r�os(tet);

p.points[i℄.y=entery+r�sin(tet);

g

g

=� a more advaned version �=

void SetARadialPolygon(p,enterx,entery,rot,f,id)

Polygon p;

double (�f)();

double id;

double enterx,entery;

double rot; =� rotation (1/2 means 180degrees, or 2PI�1/2 radians)

rot must be between -1 to 1 �=

f

int i;

double r,tet;

for(i=0;i<p.npoints;i++)f

tet=(1.0=(p.npoints)�i + rot);

if(tet>1) tet-=1;

if(tet<0) tet+=1;

tet=2�CONST PI�tet;

r=f(tet,id);

p.points[i℄.x=enterx+r�os(tet);

p.points[i℄.y=entery+r�sin(tet);

g

g
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=� for example, with the following funtion,

double RadPolyg irle(tet,id)

double tet,id;

f

return id;

g

one an do:

NewLPolygon(lp,2);

NewPolygon(lp.polygons[0℄,10,1.0);

SetRadialPolygon(lp.polygons[0℄, 0.0,0.0, RadPolyg irle, 2.0);

NewPolygon(lp.polygons[1℄,10,-1.0);

SetRadialPolygon(lp.polygons[1℄, 0.0,0.0, RadPolyg irle, 1.0);

�=

=����������������������������������������������������������������������������=

=� outputLPolygon outputs an Lpolygon in gnuplot format.

example usage: outputLPolygon(lp,"output%d.dat",7)

the resulting �le num must be less then 512 hars long.

�=

void outputLPolygon(lp,�letemplate,n)

LPolygon lp;

har ��letemplate;

int n;

f

int i,k;

har fn[512℄;

FILE �fp;

sprintf(fn,�letemplate,n);

if((fp=fopen(fn,"w"))==NULL)f

perror(fn);

return;

g

for(i=0;i<lp.npolygons;i++)f

for(k=0;k<lp.polygons[i℄.npoints;k++)f

fprintf(fp,"%g %gnn",lp.polygons[i℄.points[k℄.x,

lp.polygons[i℄.points[k℄.y);

g

=� and return to the �rst point, and leave an empty line for the

end of polygon

�=

fprintf(fp,"%g %gnnnn",lp.polygons[i℄.points[0℄.x,

lp.polygons[i℄.points[0℄.y);

g

flose(fp);

g

=� similar, but doesn't open the �le. should be alled in outputLPolygon

instead of repliating the ode �=

void outputLPolygon(lp,fp)

LPolygon lp;

FILE �fp;

f

int i,k;

for(i=0;i<lp.npolygons;i++)f

for(k=0;k<lp.polygons[i℄.npoints;k++)f

fprintf(fp,"%g %gnn",lp.polygons[i℄.points[k℄.x,

lp.polygons[i℄.points[k℄.y);

g

=� and return to the �rst point, and leave an empty line for the

end of polygon

�=

fprintf(fp,"%g %gnnnn",lp.polygons[i℄.points[0℄.x,

lp.polygons[i℄.points[0℄.y);

g

g

=� ompat format for saving and later inputting LPolygons. note that
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the load alloates the new polygon �=

int saveLPolygon(lp,fn)

LPolygon lp;

har �fn;

f

int i,k;

FILE �fp;

if((fp=fopen(fn,"w"))==NULL)f

perror(fn);

return;

g

fprintf(fp,"#LPolygonnn%dnn",lp.npolygons);

for(i=0;i<lp.npolygons;i++)f

fprintf(fp,"%gnn",lp.polygons[i℄.density);

fprintf(fp,"%dnn",lp.polygons[i℄.npoints);

for(k=0;k<lp.polygons[i℄.npoints;k++)f

fprintf(fp,"%g %gnn",lp.polygons[i℄.points[k℄.x,

lp.polygons[i℄.points[k℄.y);

g

g

flose(fp);

g

int loadLPolygon(plp,fn)

LPolygon �plp;

har �fn;

f

int i,k;

FILE �fp;

har s[80℄;

if((fp=fopen(fn,"r"))==NULL)f

perror(fn);

return 0;

g

fgets(s,80,fp);

if(strmp(s,"#LPolygonnn"))f

fprintf(stderr,"not a polygon %s: %s",fn,s);

return 0;

g

fsanf(fp,"%dnn",&plp!npolygons);

AlloateLPolygon(�plp);

for(i=0;i<plp!npolygons;i++)f

fsanf(fp,"%lgnn",&plp!polygons[i℄.density);

fsanf(fp,"%dnn",&plp!polygons[i℄.npoints);

AlloatePolygon(plp!polygons[i℄);

for(k=0;k<plp!polygons[i℄.npoints;k++)f

fsanf(fp,"%lg %lgnn",&plp!polygons[i℄.points[k℄.x,

&plp!polygons[i℄.points[k℄.y);

g

g

flose(fp);

return 1;

g

void freeLPolygon(lp)

LPolygon lp;

f

int i,k;

for(i=0;i<lp.npolygons;i++)f

free(lp.polygons[i℄.points);

g

free(lp.polygons);
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g

xray.h

#inlude <stdio.h>

=� a single xray: has a diretion (dx,dy) and origin (ox,oy). Note that the

origin is only used for the aÆne translation - the spei� origin point

is not important

�=

typedef strut f

double ox,oy,dx,dy;

double result;

g Ray;

=� a set of X-rays �=

typedef strut f

Ray �rays;

int nrays;

g RaySet;

=� use NewRaySet to alloate a n-ray rayset in the variable rs. �=

#define AlloateRaySet(rs) ((rs).rays=(Ray�)mallo((rs).nrays�sizeof(Ray)))

#define NewRaySet(rs,n) ((rs).nrays=(n),AlloateRaySet(rs))

#define FreeRaySet(rs) (free((rs).rays))

double xray();

void xrayset();

void eqdRays();

extern FILE �debug xray;

xray.

#inlude "layered polygon.h"

#inlude "xray.h"

#inlude <math.h>

#inlude <stdio.h>

#define EPSILON 1e-14

FILE �debug xray=(FILE �)0; =� set to a �le pointer to see the lines xray

does �=

=� xray returns the integral of density of polygons a line.

the line is a vetor (dx,dy) starting at (ox,oy)

MAKE SURE THAT (dx,dy) is a normalized vetor. Xray urrently doesn't

do it.

�=

typedef strut f =� struture speifying an intersetion with a polygon �=

int polygon; =� polygon number interseted �=

double alpha; =� where on the line it uts this polygon edge. The

intersetion is (ox,oy)+alpha�(dx,dy) �=

g Interset;

int omparealpha(i1,i2)

Interset �i1,�i2;

f

if(i1!alpha < i2!alpha) return -1;

if(i1!alpha > i2!alpha) return 1;

return 0;

g

double xray(lp, ox,oy,dx,dy)



ñøáðéî úéðëåúä .â ç�ñð 100

LPolygon lp;

double ox,oy,dx,dy;

f

int i,k;

#define MAXINTER 100

#define MAXPOLY 100

stati Interset intersetions[MAXINTER℄; =� TODO: make this malloed on

demand. this limit is the limit on the

number of polygon edges whih an be

interseted with the line �=

int nintersetions=0;

stati int inpoly[100℄; =� TODO: make this malloed on demand - aording

to lp.npolygons. I an even add a 'ag' �eld

in the Polygon struture, but this is ugly �=

double nx, ny; =� normal vetor to (dx,dy). �=

double x1,y1, x2,y2; =� two points of edge we are working on, after

the origin (ox,oy) is subtrated

�=

double a1,a2; =� will be de�ned as the shortest (i.e. perpendiular)

(signed) distane between x1,x2 and the line.

�=

double density, mass; =� this is the value we are trying to alulate

density is used temorarily �=

nx=dy; ny=-dx; =� orthogonal to (dx, dy) but not normalized urrently �=

for(i=0;i<lp.npolygons;i++)f

for(k=0;k<lp.polygons[i℄.npoints;k++)f

int km; =� (k-1) mod lp.polygons[i℄.npoints �=

if(k>0)f

km=k-1;

g else f

km=lp.polygons[i℄.npoints - 1;

g

x1=lp.polygons[i℄.points[km℄.x - ox;

y1=lp.polygons[i℄.points[km℄.y - oy;

x2=lp.polygons[i℄.points[k℄.x - ox;

y2=lp.polygons[i℄.points[k℄.y - oy;

=� if they the projetions have opposite signs (see piture "xray"

on page (1) of my notes) the edge uts the line �=

a1=x1�nx+y1�ny;

a2=x2�nx+y2�ny;

=� ONLY UNTIL I FIX THE PROBLEM: �=

#define ABS(x) ((x)<0 ? -(x) : (x))

if(ABS(a1)<1e-15 jj ABS(a2)<1e-15)f

fprintf(stderr,"NOT YET DONE: CASE NOT HANDELED IN XRAY.Cnn");

abort();

g

if( a1 � a2 � 0 && a26=0)f

=� The reason for the "a2!=0" hek: if a line intersets in a

vertex exatly, we will get two uts: one of one edge (with

a1=0) and one of a seond edge (with a2=0). So we don't

ount the intersetion with a2=0 - only the other

�=

intersetions[nintersetions℄.alpha=

(x1�dx+y1�dy)�(a2=(a2-a1)) + (x2�dx+y2�dy)�(a1=(a1-a2));

intersetions[nintersetions℄.polygon=i;

nintersetions++;

g
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g

g

=� all intersetions of the line with the polygons have been found. we

will now sort them in order of inreasing alphas, i.e. sort the

intersetion points along the given line (whih has a diretion: that

of (dx,dy). �=

=� in the future I might onvert this to a simple sort, whih will

probably even be faster for sorting �4 numbers (whih will require

at most 16 ompares, but not alling large funtions and ompare

funtions.

�=

qsort(intersetions, nintersetions, sizeof(Interset), omparealpha);

if(debug xray)f

for(i=0;i<nintersetions;i++)f

fprintf(debug xray,"%g %gnn",ox+dx�intersetions[i℄.alpha,

oy+dy�intersetions[i℄.alpha);

if(i==nintersetions-1)fprintf(debug xray,"nn");

g

g

=� now that we have a sorted the intersetions along the line, we will

go along this sorted list and �nd the total mass under the line �=

for(i=0;i<lp.npolygons;i++) inpoly[i℄=0;

density=0;

mass=0;

for(i=0;i<nintersetions;i++)f

=� unless we are at the �rst point, add the ontribution to the

mass of the previous setion of the line �=

if(i)f

mass += density�(intersetions[i℄.alpha-intersetions[i-1℄.alpha);

g

if(inpoly[intersetions[i℄.polygon℄==0)f

=� entering a polygon: �=

inpoly[intersetions[i℄.polygon℄ = 1;

density += lp.polygons[ intersetions[i℄.polygon ℄.density;

g else f

=� exiting a polygon: �=

inpoly[intersetions[i℄.polygon℄ = 0;

density -= lp.polygons[ intersetions[i℄.polygon ℄.density;

g

g

if(density6=0)f

fprintf(stderr,"INTERNAL INCONSISTENCY: density!=0 after xray finishesnn");

fprintf(stderr," given: (ox,oy)=(%g,%g), (dx,dy)=(%g,%g)",ox,oy,dx,dy);

fprintf(stderr," alulated: mass=%g, density=%gnn",mass,density);

abort(); =� this is a bug if density!=0 this is ause by the

not good a2!=0 �x �=

g

return mass;

g

=� ray sets �=

void xrayset(lp,rs)

LPolygon lp;

RaySet rs;

f

int i;

for(i=0; i<rs.nrays; i++)f

rs.rays[i℄.result = xray(lp, rs.rays[i℄.ox, rs.rays[i℄.oy,

rs.rays[i℄.dx, rs.rays[i℄.dy);

g

g

=� eqdRay builds an equidistant ray set in the Ray vetor rays (nrays
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rays). It an also be used to build a �part� of a bigger rayset (alled

multiple times with several ofsets into the rays array.

the rays have a diretion dx,dy, and they are equally distributed between

two parallel lines in that diretion - whose oordinates orthogonal to this

diretion (starting at 0) are 1..2.

The ray diretions 1,2 don't have to be normalized - eqdRayset will do it

for you.

�=

void eqdRays(rays,nrays, dx,dy, 1,2)

Ray �rays;

int nrays;

double dx,dy, 1,2;

f

double nx,ny,d;

int i;

=� normalize dx,dy �=

d=sqrt(dx�dx + dy�dy);

dx=dx=d; dy=dy=d;

=� orthogonal vetor to dx,dy �=

=� the sign is hosen here so if a x-axis vetor is given, the y-axis

vetor (to the right) is the orthogonal. I might reverse the sign

if I want.

�=

nx=-dy;

ny=dx;

=� make the equidistant rays �=

for(i=0; i<nrays; i++)f

rays[i℄.dx=dx; =� note that (dx,dy) is already normalized �=

rays[i℄.dy=dy;

rays[i℄.ox=nx�(1+(2-1)�(((double)i)=(nrays-1)));

rays[i℄.oy=ny�(1+(2-1)�(((double)i)=(nrays-1)));

g

g

amoeba.

=� Multidimensional minimization. Taken from "Numerial Reipes in C - The Art

of Sienti� Computing", 1988, page 305

�=

#inlude <math.h>

#define NMAX 1e8 =� The maximum allowed number of funtion evaluations, �=

#define ALPHA 1.0 =� and three parameters de�ning expansions and �=

#define BETA 0.5 =� ontrations. �=

#define GAMMA 2.0

#define GET PSUM for (j=1;j�ndim;j++) f for (i=1,sum=0.0;i�mpts;i++)n

sum += p[i℄[j℄; psum[j℄=sum;g

=� I have added a 'ount' variable, whih is deremented on every step,

and amoeba stops (returning 0) when gets to 0 �=

int amoeba(p,y,ndim,ftol,funk,nfunk,userData,ount)

double ��p,y[℄,ftol,(�funk)();

int ndim,�nfunk,�ount;

har �userData; =� a general pointer, to be given to the evaluated funtion

so that it will know its onstant parameters �=

=� multidimensional minimization of the funtion fun(x) where x[1..ndim℄ is

a vetor in nim dimensions, by the downhill simplex method of Nelder and

Mead. The matrix p[1..ndim+1℄[1..ndim℄ is input. Its ndim+1 rows are

ndim-dimensional vetors whih are the verties of the starting simplex.

Also input is the vetor y[1..ndim+1℄, whose omponents must be

pre-initialized to the values of funk evaluated at the ndim+1 verties
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(rows) of p; and ftol the frational onvergene tolerene to be ahived

in the funtion value (n.b.!). On output, p and y will have been reset to

ndim+1 new points all within ftol of a minimum funtion value, and nfunk

gives the number of funtion evaluations taken.

�=

f

int i,j,ilo,ihi,inhi,mpts=ndim+1;

double ytry,ysave,sum,rtol,amotry(),�psum,�dvetor();

void nrerror(),free dvetor();

psum=dvetor(1,ndim);

�nfunk=0;

GET PSUM

for (;;) f

=� �rst we must determine whih point is the highest (worst),

next-highest, and lowest (best), by looping over the points

in the simplex.

�=

ilo=1;

ihi = y[1℄>y[2℄ ? (inhi=2,1) : (inhi=1,2);

for (i=1;i�mpts;i++) f

if (y[i℄ < y[ilo℄) ilo=i;

if (y[i℄ > y[ihi℄) f

inhi=ihi;

ihi=i;

g else if (y[i℄ > y[inhi℄)

if (i 6= ihi) inhi=i;

g

rtol=2.0�fabs(y[ihi℄-y[ilo℄)=(fabs(y[ihi℄)+fabs(y[ilo℄));

=� ompute the frational range from the highest to lowest and

return if satisfatory �=

if (rtol < ftol) break;

if (((�ount)--)==0)f =��� NYH ���=

free dvetor(psum,1,ndim);

return 0;

g

if (�nfunk � NMAX) nrerror("Too many iterations in AMOEBA");

=� begin a new interation. First extrapolate by a fator ALPHA

through the fae of the simplex aross from the high point,

i.e. reet the simplex from the high point. �=

ytry=amotry(p,y,psum,ndim,funk,ihi,nfunk,-ALPHA,userData);

if (ytry � y[ilo℄)

=� gives a result better than the best point, so try an

additional extrapolation by a fator GAMMA �=

ytry=amotry(p,y,psum,ndim,funk,ihi,nfunk,GAMMA,userData);

else if (ytry � y[inhi℄) f

=� the reeted point is worse than the seond-highest, so

look for an intermediate lower point,i.e. do a

one-dimensional ontration. �=

ysave=y[ihi℄;

ytry=amotry(p,y,psum,ndim,funk,ihi,nfunk,BETA,userData);

if (ytry � ysave) f

=� an't seem to get rid of that high point. better

ontrat around the lowest (best) point. �=

for (i=1;i�mpts;i++) f

if (i 6= ilo) f

for (j=1;j�ndim;j++) f

psum[j℄=0.5�(p[i℄[j℄+p[ilo℄[j℄);

p[i℄[j℄=psum[j℄;

g

y[i℄=(�funk)(psum,userData);

g

g

=� keep trak of funtion evaluations �=

�nfunk += ndim;

GET PSUM

g

g
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g =� go bak for the test of doneness and the next iteration �=

free dvetor(psum,1,ndim);

return(1);

g

double amotry(p,y,psum,ndim,funk,ihi,nfunk,fa,userData)

double ��p,�y,�psum,(�funk)(),fa;

int ndim,ihi,�nfunk;

har �userData;

=� exterpolates by a fator fa through the fae of the simplex aross from

the high point, tries it, and replaes the high point if the new point is

better �=

f

int j;

double fa1,fa2,ytry,�ptry,�dvetor();

void nrerror(),free dvetor();

ptry=dvetor(1,ndim);

fa1=(1.0-fa)=ndim;

fa2=fa1-fa;

for (j=1;j�ndim;j++) ptry[j℄=psum[j℄�fa1-p[ihi℄[j℄�fa2;

ytry=(�funk)(ptry,userData); =� evaluate the funtion at the trial point �=

++(�nfunk);

if (ytry < y[ihi℄) f

=� if it's better than the highest, then replae the highest �=

y[ihi℄=ytry;

for (j=1;j�ndim;j++) f

psum[j℄ += ptry[j℄-p[ihi℄[j℄;

p[ihi℄[j℄=ptry[j℄;

g

g

free dvetor(ptry,1,ndim);

return ytry;

g

#undef ALPHA

#undef BETA

#undef GAMMA

#undef NMAX

nrutil.h

oat �vetor();

oat ��matrix();

oat ��onvert matrix();

double �dvetor();

double ��dmatrix();

int �ivetor();

int ��imatrix();

oat ��submatrix();

void free vetor();

void free dvetor();

void free ivetor();

void free matrix();

void free dmatrix();

void free imatrix();

void free submatrix();

void free onvert matrix();

void nrerror();

nrutil.

#inlude <stdlib.h>

#inlude <stdio.h>

void nrerror(error text)
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har error text[℄;

f

void exit();

fprintf(stderr,"Numerial Reipes run-time error...nn");

fprintf(stderr,"%snn",error text);

fprintf(stderr,"...now exiting to system...nn");

exit(1);

g

oat �vetor(nl,nh)

int nl,nh;

f

oat �v;

v=(oat �)mallo((unsigned) (nh-nl+1)�sizeof(oat));

if (!v) nrerror("alloation failure in vetor()");

return v-nl;

g

int �ivetor(nl,nh)

int nl,nh;

f

int �v;

v=(int �)mallo((unsigned) (nh-nl+1)�sizeof(int));

if (!v) nrerror("alloation failure in ivetor()");

return v-nl;

g

double �dvetor(nl,nh)

int nl,nh;

f

double �v;

v=(double �)mallo((unsigned) (nh-nl+1)�sizeof(double));

if (!v) nrerror("alloation failure in dvetor()");

return v-nl;

g

oat ��matrix(nrl,nrh,nl,nh)

int nrl,nrh,nl,nh;

f

int i;

oat ��m;

m=(oat ��) mallo((unsigned) (nrh-nrl+1)�sizeof(oat�));

if (!m) nrerror("alloation failure 1 in matrix()");

m -= nrl;

for(i=nrl;i�nrh;i++) f

m[i℄=(oat �) mallo((unsigned) (nh-nl+1)�sizeof(oat));

if (!m[i℄) nrerror("alloation failure 2 in matrix()");

m[i℄ -= nl;

g

return m;

g

double ��dmatrix(nrl,nrh,nl,nh)

int nrl,nrh,nl,nh;

f

int i;

double ��m;
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m=(double ��) mallo((unsigned) (nrh-nrl+1)�sizeof(double�));

if (!m) nrerror("alloation failure 1 in dmatrix()");

m -= nrl;

for(i=nrl;i�nrh;i++) f

m[i℄=(double �) mallo((unsigned) (nh-nl+1)�sizeof(double));

if (!m[i℄) nrerror("alloation failure 2 in dmatrix()");

m[i℄ -= nl;

g

return m;

g

int ��imatrix(nrl,nrh,nl,nh)

int nrl,nrh,nl,nh;

f

int i,��m;

m=(int ��)mallo((unsigned) (nrh-nrl+1)�sizeof(int�));

if (!m) nrerror("alloation failure 1 in imatrix()");

m -= nrl;

for(i=nrl;i�nrh;i++) f

m[i℄=(int �)mallo((unsigned) (nh-nl+1)�sizeof(int));

if (!m[i℄) nrerror("alloation failure 2 in imatrix()");

m[i℄ -= nl;

g

return m;

g

oat ��submatrix(a,oldrl,oldrh,oldl,oldh,newrl,newl)

oat ��a;

int oldrl,oldrh,oldl,oldh,newrl,newl;

f

int i,j;

oat ��m;

m=(oat ��) mallo((unsigned) (oldrh-oldrl+1)�sizeof(oat�));

if (!m) nrerror("alloation failure in submatrix()");

m -= newrl;

for(i=oldrl,j=newrl;i�oldrh;i++,j++) m[j℄=a[i℄+oldl-newl;

return m;

g

void free vetor(v,nl,nh)

oat �v;

int nl,nh;

f

free((har�) (v+nl));

g

void free ivetor(v,nl,nh)

int �v,nl,nh;

f

free((har�) (v+nl));

g

void free dvetor(v,nl,nh)

double �v;

int nl,nh;

f

free((har�) (v+nl));

g
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void free matrix(m,nrl,nrh,nl,nh)

oat ��m;

int nrl,nrh,nl,nh;

f

int i;

for(i=nrh;i�nrl;i--) free((har�) (m[i℄+nl));

free((har�) (m+nrl));

g

void free dmatrix(m,nrl,nrh,nl,nh)

double ��m;

int nrl,nrh,nl,nh;

f

int i;

for(i=nrh;i�nrl;i--) free((har�) (m[i℄+nl));

free((har�) (m+nrl));

g

void free imatrix(m,nrl,nrh,nl,nh)

int ��m;

int nrl,nrh,nl,nh;

f

int i;

for(i=nrh;i�nrl;i--) free((har�) (m[i℄+nl));

free((har�) (m+nrl));

g

void free submatrix(b,nrl,nrh,nl,nh)

oat ��b;

int nrl,nrh,nl,nh;

f

free((har�) (b+nrl));

g

oat ��onvert matrix(a,nrl,nrh,nl,nh)

oat �a;

int nrl,nrh,nl,nh;

f

int i,j,nrow,nol;

oat ��m;

nrow=nrh-nrl+1;

nol=nh-nl+1;

m = (oat ��) mallo((unsigned) (nrow)�sizeof(oat�));

if (!m) nrerror("alloation failure in onvert matrix()");

m -= nrl;

for(i=0,j=nrl;i�nrow-1;i++,j++) m[j℄=a+nol�i-nl;

return m;

g

void free onvert matrix(b,nrl,nrh,nl,nh)

oat ��b;

int nrl,nrh,nl,nh;

f

free((har�) (b+nrl));

g
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stats.h

extern int statPenaltyNeg; =� number of negative radius penalties �=

extern int statEval; =� number of hek guess alls �=

extern void printStats();

extern void initStats();

stats.

#inlude "stats.h"

#inlude <stdio.h>

int statPenaltyNeg;

int statEval;

void

initStats()f

statPenaltyNeg=0;

statEval=0;

g

void

printStats(f)

FILE �f;

f

fprintf(f,"nnStatistis:nn-----------nn");

fprintf(f,"PenaltyNeg: %dnn",statPenaltyNeg);

fprintf(f,"Eval: %dnn", statEval);

fprintf(f,"-----------nnnn");

g
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gardner.

=� Gardner's reonstrution algorithm for a onvex set, given 4 raysets

(X rays in 4 mutually nonparallel diretions).

The algorithm is desribed in

Rihard J. Gardner, "Geometri Tomography", Enylopedia of

Mathematis and its Appliations vol. 58, Cambridge University Press,

1995

in pages 48-49.

The implementation is desribed in my thesis.

�=

=� TODO: in the present version, the interpolation of the funtion is done

by a single spline. This is exelent for �nding the �rst 3 points, but

for determining subsequent points the relatively-large inauray of the

spline approximation near a point of derivative disontinuity (i.e., the

point where the xrays start overing the body) auses substantial errors

in some ray lengths when the number of rays is not very big. These errors

then ause WRONG deisions in the diretion of res (see below) whih auses

ompletely wrong points to be generated... Maybe that last problem an

be solved.

But the most thorough solution is to use a pieewise-spline approximation,

or more easily: �gure out (by exrapolation) the exat points where the

funtion stops being 0 at both ends, and in between do a spline

approximation with a given (extrapolated) derivative at both ends.

This problem an also be irumvented by inreasing ALPHA EPS.

See disussion in my thesis.

�=

#inlude <stdlib.h>

#inlude <stdio.h>

#inlude <math.h>

#inlude "layered polygon.h"

#inlude "xray.h"

#inlude "nrutil.h"

#inlude "spline.h"

#inlude "romberg.h"

#inlude "ssp.h"

109
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=� ALPHA EPS: angle epsilon - two points with an angle of less then ALPHA EPS

between them are onsidered "too lose", and the new point is not added

to the polygon (see disussion in my thesis). The default value is 5e-2,

and it an be hanged with a �epsilon option in the problem �le.

note that my experiene shows that the auray of the 3 points we �nd

in the �rst step of the algorithm is above alpha eps=3e-4, so 1e-3 is a

reasonable ALPHA EPS. ALPHA EPS of 5e-2 generates muh better results

when onsidering the bad interpolation near a derivative disontinuity of

small number of rays, and the erronous deision of res sign.

�=

double ALPHA EPS=5e-2;

=� problem �le format:

# some omments

# and more omments

�epsilon 2e-5 <- optional line

polygs/polygontohek

0 <- de�nition of guess polygon

50 0.1 1.0 -3 3 <- rayset

50 1.0 0.2 -3 3 <- another rayset (more until EOF)

for gardner., the guess polygon (used by minverse) is useless, hene the

lone 0 on th line, and 4 raysets must be supplied.

�=

int loadProblem(prs,plp,fn)

RaySet prs[4℄;

LPolygon �plp;

har �fn;

f

FILE �fp;

int ,i,nrs;

double g;

har s[80℄;

strut f

int nrays;

double dx,dy, 1,2;

g def[10℄;

if((fp=fopen(fn,"r"))==NULL)f

perror(fn);

return 0;

g

=� swallow omments in beginning �=

fprintf(stderr,"------------------------------------------ reading %s...nn",fn);

while((=get(fp))=='#'jj=='�')f

if(=='#')f

while((=get(fp))6='nn' && 6=EOF) put(,stderr);

put('nn',stderr);

g else f =� '�' options �=

if(!fgets(s,sizeof(s),fp)) goto FAIL;

if(!strnmp(s,"epsilon ",8)) f

if(ssanf(s,"epsilon %lg",&ALPHA EPS)6=1) goto FAIL;

fprintf(stderr,"using epsilon=%gnn",ALPHA EPS);

g else f

fprintf(stderr,"unknown option line �%snn",s);

goto FAIL;

g

g

g

if(==EOF) goto FAIL; else unget(,fp);

fprintf(stderr,"------------------------------------------ reading done.nn",fn);
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=� read polygon �le name �=

fsanf(fp,"%snn",s);

if(!loadLPolygon(plp,s)) goto FAIL;

fprintf(stderr, "Polygon loaded: %s.nn",s);

=� read and ignore guess polygon size (whih is irrelevant in gardner,

and is a reli from the minverse program)

�=

if(fsanf(fp,"%d",&nrs)==1)f

if(nrs>0)

for(i=0;i<nrs;i++)

if(fsanf(fp,"%d %lg",&,&g) 6=2) goto FAIL;

g else goto FAIL;

=� read rayset de�nitions �=

nrs=0;

while(fsanf(fp,"%d %lg %lg %lg %lgnn", &(def[nrs℄.nrays),

&(def[nrs℄.dx), &(def[nrs℄.dy), &(def[nrs℄.1), &(def[nrs℄.2))

== 5)

nrs++;

fprintf(stderr, "%d raysets found.nn",nrs);

if(plp!npolygons 6=1)f

fprintf(stderr,

"Exatly one polygon is required by gardner's algorithmnn");

goto FAIL;

g

if(nrs6=4)f

fprintf(stderr,

"Exatly 4 raysets are required by gardner's algorithmnn");

goto FAIL;

g

for(i=0;i<nrs;i++)f

NewRaySet(prs[i℄, def[i℄.nrays);

eqdRays(prs[i℄.rays, def[i℄.nrays, def[i℄.dx, def[i℄.dy,

def[i℄.1+1e-10, def[i℄.2+1e-10);

g

flose(fp);

return 1;

FAIL:

flose(fp);

return 0;

g

stati double rs interpolate 1(double), rs interpolate 2(double),

rs interpolate 3(double), rs interpolate 4(double);

=� global variables (I ould have used the userdata method as in minverse

instead).

�=

stati RaySet rs[4℄;

stati strut splinedata �rs sd[4℄; =� spline data built on rayset �=

stati double (�rs interpolate[4℄)(double) =

f =� interpolating funtions �=

rs interpolate 1, rs interpolate 2, rs interpolate 3, rs interpolate 4

g;

#define RS SD XMIN(m) (rs sd[(m)℄!x[0℄)

#define RS SD XMAX(m) (rs sd[(m)℄!x[rs sd[(m)℄!n-1℄)

stati int nount=0;

stati int dodraw=0;

stati double bestresult=1e10;

stati Point besttri[3℄;

stati double rs interpolate 1(double x)f

return interpolate spline(rs sd[0℄,x);
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g

stati double rs interpolate 2(double x)f

return interpolate spline(rs sd[1℄,x);

g

stati double rs interpolate 3(double x)f

return interpolate spline(rs sd[2℄,x);

g

stati double rs interpolate 4(double x)f

return interpolate spline(rs sd[3℄,x);

g

main(arg, argv)

int arg;

har �argv[℄;

f

LPolygon lp;

double dx,dy,ox,oy;

double d,weight,thef();

int i,m;

FILE �fp;

long seed,time();

if(arg6=2)f

fprintf(stderr, "Usage: %s problem-filenn", argv[0℄);

exit(1);

g

if(!loadProblem(rs, &lp, argv[1℄))f

fprintf(stderr, "Failed loading problem file %snn",argv[1℄);

exit(2);

g

outputLPolygon(lp,"out/gp%d.dat",1);

xrayset(lp,rs[0℄);

xrayset(lp,rs[1℄);

xrayset(lp,rs[2℄);

xrayset(lp,rs[3℄);

=� show the on�guration of the problem, to be viewed by view5 �=

outputLPolygon(lp,"out/main5-polyg",1);

debug xray=fopen("out/main5-rays","w");

xrayset(lp,rs[0℄);

xrayset(lp,rs[1℄);

xrayset(lp,rs[2℄);

xrayset(lp,rs[3℄);

flose(debug xray);

debug xray=(FILE �)0;

#if 1

=� debugging: show mass - stupid integration �=

f

int i,j; double mass,nn,np,nx,ny;

for(i=0;i<4;i++)f

nx= -rs[i℄.rays[0℄.dy; ny=rs[i℄.rays[0℄.dx;

mass=0;

for(j=0;j<rs[i℄.nrays-1;j++)f

nn=rs[i℄.rays[j℄.ox�nx+rs[i℄.rays[j℄.oy�ny;

np=rs[i℄.rays[j+1℄.ox�nx+rs[i℄.rays[j+1℄.oy�ny;

mass+=rs[i℄.rays[j℄.result�(np-nn);

g

printf("MASS from diretion %d: %gnn",i,mass);

g

g

#endif

gardner(lp,rs);
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exit(0);

g

=� linereptotri takes a "lines representation" - three lines de�ned by

their slope (dx,dy), and their distane r from the line of that slope

at origin (0,0).

The intersetions of the three lines de�nes a triangle (3 points (x,y))

whih we'll return.

linereprtorei guarantees that the returned point i is opposite the

line i.

�=

void linereptotri(onst double dx[3℄, onst double dy[3℄,

onst double r[3℄,

Point p[3℄)

f

double nx[3℄, ny[3℄;

int i;

=� these vetors are normalized, so it is very easy to �nd the

orthogonal �=

for(i=0;i<3;i++)f

nx[i℄= -dy[i℄; ny[i℄= dx[i℄;

g

=� now, we'll be working in 3 oordinate systems: for eah set we have

it's diretion line (dx,dy), and the orthogonal oordinate in the

diretiond of (nx,ny).

�=

=� nn(i,j) is inner produt of n(i) with n(j). These are atually

independent on x1,x2,x3 so they an be in theory alulated only one.

alpha(i,j) is de�ned so that the intersetion of the lines i,j

is o+r[i℄n[i℄+alpha(i,j)d[i℄

�=

#define nn(i,j) (nx[i℄�nx[j℄ + ny[i℄�ny[j℄)

#define dn(i,j) (dx[i℄�nx[j℄ + dy[i℄�ny[j℄)

#define alpha(i,j) ((r[j℄-r[i℄�nn(i,j))=dn(i,j))

=� �rst �nd the atual (x,y) oordinates of the three points 0 1 and 2 �=

=� note: the points are numbered so that the triangle edge of diretion i

is opposite to the vertex p[i℄ �=

#define interx(i,j) (r[i℄�nx[i℄ + alpha(i,j)�dx[i℄)

#define intery(i,j) (r[i℄�ny[i℄ + alpha(i,j)�dy[i℄)

p[2℄.x= interx(0,1);

p[2℄.y= intery(0,1);

p[1℄.x= interx(0,2);

p[1℄.y= intery(0,2);

p[0℄.x= interx(1,2);

p[0℄.y= intery(1,2);

g

=� thef - as de�ned in Gardner, page 48 �=

=� we assume eah rayset has a onstant diretion (dx,dy), but we do

not assume that rays are equidistant.

�=

double thef(thex)

double thex[4℄;

f

=� we need this beause thef expets an array to start in 0, but

the meaninful data is in positions 1..3.

�=

double �x=thex+1;

double dx[3℄, dy[3℄, nx[3℄, ny[3℄;

Point p[3℄;
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double result;

int i;

=� We'll be working in 3 oordinate systems: for eah set we have

its diretion line (dx,dy), and the orthogonal oordinate in the

diretiond of (nx,ny).

First, �nd the diretions of the 3 raysets. We assume, of ourse,

that eah rayset is in only one diretion.

�=

for(i=0;i<3;i++)f

dx[i℄=rs[i℄.rays[0℄.dx; dy[i℄=rs[i℄.rays[0℄.dy;

g

=� these vetors are normalized, so it is very easy to �nd the

orthogonal �=

for(i=0;i<3;i++)f

nx[i℄= -dy[i℄; ny[i℄= dx[i℄;

g

=� �nd the three points of intersetion of the given lines, whih

de�nes a triangle - and then alulate the area of that triangle

(this is the �rst part of thef).

�=

linereptotri(dx,dy,x, p);

#define ABS(x) ((x)<0 ? -(x) : (x))

result=0.5�ABS( (p[1℄.x�p[2℄.y-p[1℄.y�p[2℄.x)

-(p[0℄.x�p[2℄.y-p[0℄.y�p[2℄.x)

+(p[0℄.x�p[1℄.y-p[0℄.y�p[1℄.x) );

=� now add the seond (sum part) of thef �=

for(i=0;i<3;i++)f

=� �nd area of (SuiK)i (see my thesis). We have integrate the xrays

from x[i℄ to in�nity or -in�nity, depending on where the triangle

is (we integrate the half line whih does not ontain the triangle).

Note that the auray of the integration is extremly important,

as simple integration (suh as the trapezoid rule) requires a

huge number of xrays to give aurate results. Our solution is

to make a ubi-spline approximation funtion of the known xrays

and to integrate this funtion using a very aurate romberg

integration algorithm (note that we ould have even integrated

this funtion analytially by using the spline representation,

but using the general-purpose romberg integration is easier).

�=

=� point p[i℄ is the triangle point whih is opposite to the triangle

edge i. That edge has the n[i℄ oordinate x[i℄, and p[i℄ has

the n[i℄ oordinate npi whih we will now �nd: �=

double npi=p[i℄.x�nx[i℄ + p[i℄.y�ny[i℄;

if(x[i℄>npi)f

=� order is RS SD XMIN(i) < npi < x[i℄ < RS SD XMAX(i)

we should integrate from x[i℄ to RS SD XMAX(i)

�=

result += qromb(rs interpolate[i℄,x[i℄,RS SD XMAX(i));

g else f

=� order is RS SD XMIN(i) < x[i℄ < npi < RS SD XMAX(i)

we should integrate from RS SD XMIN(i) to x[i℄.

�=

result += qromb(rs interpolate[i℄,RS SD XMIN(i),x[i℄);

g

g

printf(">> [%g %g %g℄: %gnn",x[0℄,x[1℄,x[2℄,result);

if(result<bestresult)f

besttri[0℄=p[0℄;

besttri[1℄=p[1℄;
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besttri[2℄=p[2℄;

bestresult=result;

g

return result;

g

gardner(LPolygon lp, RaySet rs[4℄)

f

int i,j,m;

int nfunk,ount;

double ��p, �y;

double x, y;

strut ssp �V;

strut ssp node ��agged;

int nagged;

double dx[4℄,dy[4℄,nx[4℄,ny[4℄;

=��� STAGE 1: preperations ���=

=� prepare a spline approximation of the rays in eah diretion

note that we ASSUME that eah rayset is of a onstant diretion,

but we do not neessarily assume that the rays are equidistant.

�=

for(m=0;m<4;m++)f

double �x,�y; =� note: y hides y from the previous blok �=

int n;

n=rs[m℄.nrays; =� number of rays in this diretion �=

x=(double �)mallo(sizeof(double)�n);

y=(double �)mallo(sizeof(double)�n);

dx[m℄=rs[m℄.rays[0℄.dx;

dy[m℄=rs[m℄.rays[0℄.dy;

=� these vetors are normalized, so it is very easy to �nd the

orthogonal �=

nx[m℄= -dy[m℄; ny[m℄= dx[m℄;

for(i=0;i<n;i++)f

x[i℄=rs[m℄.rays[i℄.ox�nx[m℄ + rs[m℄.rays[i℄.oy�ny[m℄;

y[i℄=rs[m℄.rays[i℄.result;

g

=� make sure that the �rst and last y's are zero (otherwise, our

x rays failed over the entire body!) and that x's are in

inreasing order (if not, we'll have to swith their orders -

let's hope they are

�=

if(fabs(y[0℄)>1e-6 jj fabs(y[n-1℄)>1e-6)f

fprintf(stderr,"gardner(): illegal y'snn");

exit(1);

g

for(i=1;i<n;i++)f

if(x[i℄�x[i-1℄)f

fprintf(stderr,"gardner(): non-inreasing x'snn");

exit(1);

g

g

=� prepare spline, with 0 �rst derivatives at both endpoints (sine

it is expeted for the projetions to be a onstant (zero) there).

�=

rs sd[m℄=prepare spline(x,y,n,0.0,0.0);

free(y);

free(x);

g

=� debugging: print the mass using the 4 diretions �=

for(m=0;m<4;m++)f

printf("mass using spline integration on diretion %d: %gnn",m,

qromb(rs interpolate[m℄,RS SD XMIN(m),RS SD XMAX(m))

);

g

#if 0

=� debugging: print spline interpolations to �le �=
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for(m=0;m<4;m++)f

har s[100℄;

double d;

FILE �fp;

sprintf(s,"zz%d.data",m);

fp=fopen(s,"w");

for(i=0;i<rs sd[m℄!n;i++)f

fprintf(fp,"%g %gnn",rs sd[m℄!x[i℄,rs sd[m℄!y[i℄);

g

flose(fp);

sprintf(s,"zz%d.interp",m);

fp=fopen(s,"w");

for(d=RS SD XMIN(m);d<RS SD XMAX(m);d+=0.01)f

fprintf(fp,"%g %gnn",d,(rs interpolate[m℄)(d));

g

flose(fp);

g

exit(0);

#endif

#define ndim 3

p=dmatrix(1,ndim+1,1,ndim);

y=dvetor(1,ndim+1);

p[1℄[1℄=0; p[1℄[2℄=0; p[1℄[3℄=0;

=��� STAGE 2: �nd the insribed triangle ���=

for(i=2;i�ndim+1;i++)

for(j=1;j�ndim;j++)

p[i℄[j℄=p[1℄[j℄+(j==(i-1))�1.0;

fprintf(stderr,"heking initial %d guesses:nn",ndim+1);

for(i=1;i�ndim+1;i++)

y[i℄=thef(p[i℄);

fprintf(stderr,"done.nn");

ount=1000;

amoeba(p,y,ndim,1e-6,thef,&nfunk,(void �)0,&ount);

if(ount)

printf("Amoeba onverged after %d iterationsnn",nfunk);

else

printf("Amoeba did not onverge...nn");

=� lean up after minimization algorithm �=

free dmatrix(p,1,ndim+1,1,ndim);

free dvetor(y,1,ndim+1);

=� output the best triangle to a �le �=

f

FILE �bestf;

printf("Outputting best triangle...nn");

bestf=fopen("out/best-tri","w");

fprintf(bestf,"#%d: %gnn",nount,bestresult);

fprintf(bestf,"%g %gnn%g %gnn%g %gnn%g %gnnnn",

besttri[0℄.x,besttri[0℄.y,besttri[1℄.x,besttri[1℄.y,

besttri[2℄.x,besttri[2℄.y,besttri[0℄.x,besttri[0℄.y);

flose(bestf);

g

=��� STAGE 3: �nd more points ���=

=� start by putting the 3 points we found so far in a "sorted star

polygon" data struture, whose enter is the enter of the found

triangle (that enter is neessarily inside the polygon whih

we assume is onvex).

�=

x=y=0;

for(i=0;i<3;i++)f
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x+=besttri[i℄.x;

y+=besttri[i℄.y;

g

x/=3; y/=3;

V=new ssp(x,y);

for(i=0;i<3;i++)f

add ssp node(V,besttri[i℄.x,besttri[i℄.y,0.0);

g

debug show ssp(V);

ount=0;

while(1)f

double ,res,newx,newy;

strut ssp node �node;

int nadded;

ount++;

nadded=0;

fprintf(stderr,"iteration %d:nn",ount);

agged=ssp �ndagged(V,&nagged);

for(i=0;i<nagged;i++)f

fprintf(stderr,"proessing flagged point %g %gnn",agged[i℄!x,agged[i℄!y);

for(m=0;m<4;m++)f

agged[i℄!ag=0;

=� if the diretion m from our point i does not go into the

onvex polygon V, we skip it. We hek if the diretion

is outside the angle made by the point and its neighbors.

Note that we hek >= eps instead of >= 0 to illiminate

appearane of double points just beause of trunation

errors. TODO: alibrate eps and add units to it.

�=

if(((agged[i℄!next!x-agged[i℄!x)�nx[m℄+

(agged[i℄!next!y-agged[i℄!y)�ny[m℄) �

((agged[i℄!prev!x-agged[i℄!x)�nx[m℄+

(agged[i℄!prev!y-agged[i℄!y)�ny[m℄) � -1e-6)

ontinue;

=� Find the oordinate of point i normal to diretion m, and

the interpolated xray value there. Note that sine we have

4 �xed diretions, we ould have saved their 4 oordinates

and interpolated values in the node, but the speedup will

be small (if any) beause our agging system usually

prevents us from having to realulate a node again many

times.

�=

=agged[i℄!x�nx[m℄ + agged[i℄!y�ny[m℄;

res=(rs interpolate[m℄)();

if(res<0)f

=� I think there's a problem with the spline approximating

the ray funtion badly around the derivative

disontinuity (i.e., at the end of the body). res<0

is only part of the problem... this �x doesn't seem

to improve anything... �=

fprintf(stderr,"WARNING: res=%gnn",res);

res=0;

g

=� adding plus or minus res (times d[m℄) to the point will

give us the new point. Choosing plus or minus depends

whether plus or minus d[m℄ is inside the angle (we already

know one of them is, beause of our hek above).

Beause this is a onvex body, we know that the part of

the angle that is <180 degrees is the part whih is

inside the body.

�=

=� we know (see ssp.h) that if the orientation �eld of an

SSP is +1 when the inside of the polygon is to the

right of the (node TO node->next) edge. (or to the left
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for orientation -1).

Note that instead of taking a normal to the edge, it's

easier to use the prealulated normal of the m diretion.

�=

if( (agged[i℄!next!x - agged[i℄!x)�nx[m℄ +

(agged[i℄!next!y - agged[i℄!y)�ny[m℄ > 0)

res= V!orientation � res;

else

res= -V!orientation � res;

newx=agged[i℄!x + res�dx[m℄;

newy=agged[i℄!y + res�dy[m℄;

printf("new point: %g %gnn", newx,newy);

=� add the new point, and ag the points neighboring to

this new points (beause their angle hanges and so

suddenly one of the diretions an sueed of being

in that angle

�=

node=add ssp node(V,newx,newy,ALPHA EPS);

if(node)f

=� note that node may be 0 if there's no need to add

a new node! �=

node!next!ag=1;

node!prev!ag=1;

nadded++;

g else f

fprintf(stderr, "ignored same new pointnn");

g

g

g

free(agged);

if(nadded)f

fprintf(stderr,"added %d new points in this iterationnn",nadded);

g else f

FILE �fp;

fp=fopen("out/gardner-polyg","w");

fprintf(stderr,"no new points to be added (up to preision epsilon=%g)nnTotal: %d points in

%d iterations.nn",ALPHA EPS,V!n,ount);

output ssp(V,fp);

flose(fp);

return;

g

if(ount==30)f =� just for debugging �=

FILE �fp;

fp=fopen("out/gardner-polyg","w");

output ssp(V,fp);

flose(fp);

fprintf(stderr,"total found before debugging stop: %d pointsnn",

V!n);

return;

g

g

=� �nal lean up �=

=� TODO: free V with free ssp �=

for(m=0;m<4;m++)

free spline(rs sd[m℄);

g

ssp.h

#ifndef INCLUDED SSP H

#define INCLUDED SSP H

=� Sorted Star Polygon datastruture - used for Gardner's algorithm �=
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=� urrently the SSP datastruture is kept as a doubly linked list.

In the future some more eÆient method (e.g., binary tree) for keeping a

sorted list might be adopted. We need an eÆient "add element and keep

list sorted" operation and an eÆient "�nd all aged element" operation

- urrently this is not done very eÆiently. We also need eÆient

"next node" and "previous node" (in the irular sorted list) operation.

�=

strut ssp node f

double x,y;

double alpha;

strut ssp node �next, �prev;

int ag; =� 1 if this node should be revisited in the next step �=

g;

strut ssp f

int n; =� not really important - an be found by traversing the list �=

strut ssp node �head;

double x,y; =� enter for star polygon �=

=� orientation is 1 if following the polygon in order (from node to

node->next), the inside of the polygon is on the right.

orientation is -1 if the inside is on the left.

In other words, orientation +1 means a �lokwise� polygon around the

inside.

The orientation is automatially determined one the polygon reahes

3 points (it is assumed that one added, points are not hanged).

For polygons with less than 3 points, the orientation is meaningless,

and is set to 0.

�=

int orientation;

g;

strut ssp �new ssp(double x, double y);

strut ssp node �add ssp node(strut ssp �p, double x, double y,

double alpha eps);

void debug show ssp(strut ssp �p);

strut ssp node ��ssp �ndagged(onst strut ssp �p, int �num);

void output ssp(strut ssp �p, FILE �fp);

#endif

ssp.

=� Sorted Star Polygon datastruture - used for Gardner's algorithm �=

=� urrently the SSP datastruture is kept as a linked list. In the future

some more eÆient method (e.g., binary tree) for keeping a sorted list

might be adopted. We need an eÆient "add element and keep list sorted"

operation and an eÆient "�nd all aged element" operation - urrently

this is not done very eÆiently.

NOTE: this is a irular list onnetivity (the prev and next pointers),

but the sorting of alpha is not irular, i.e., the node pointed by head

has the lowest alpha.

�=

#inlude <math.h>

#inlude <stdlib.h>

#inlude <stdio.h>

#inlude "ssp.h"

strut ssp �

new ssp(double x, double y)

f

strut ssp �p;

p=(strut ssp �)mallo(sizeof(strut ssp));

p!n=0;

p!head=0;

p!x=x;
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p!y=y;

p!orientation=0;

return p;

g

strut ssp node �

add ssp node(strut ssp �p, double x, double y, double alpha eps)

f

double alpha;

strut ssp node �newnode;

strut ssp node ��nodep;

alpha=atan2(y-p!y, x-p!x);

fprintf(stderr,"adding %g %g (%g)nn",x,y,alpha);

=� prepare a new node �=

newnode=(strut ssp node �) mallo(sizeof(strut ssp node));

newnode!x=x;

newnode!y=y;

newnode!alpha=alpha;

newnode!ag=1;

=� �nd where to put this node �=

if(!p!head)f

=� the �rst and only node �=

newnode!next=newnode!prev=newnode;

p!head=newnode;

goto NODEADDED;

g else f

nodep=&(p!head);

do f

if(alpha<(�nodep)!alpha)f

if(fabs(alpha-(�nodep)!alpha)<alpha eps jj

fabs(alpha-(�nodep)!prev!alpha)<alpha eps)f

=� we already have a node with this alpha, so we don't

need to add it.

TODO: make sure that the x,y of this node is also lose

to the new ones!!

�=

free(newnode);

return 0;

g

=� insert newnode just before this node �=

newnode!prev=(�nodep)!prev;

newnode!next=(�nodep);

(�nodep)!prev=newnode;

if( (�nodep)!next==(�nodep) )=�(�nodep)->next usually �=

(�nodep)!next=newnode; =�unhanged �=

newnode!prev!next=newnode;

(�nodep)=newnode; =� same as previous line, exept for head �=

goto NODEADDED;

g

nodep=&((�nodep)!next);

g while(�nodep 6=p!head);

=� we're still here (did not return, so we need to put this node at

the end. �=

if(fabs(alpha-p!head!alpha)<alpha eps jj

fabs(alpha-p!head!prev!alpha)<alpha eps)f

=� we already have a node with this alpha, so we don't

need to add it.

TODO: make sure that the x,y of this node is also lose

to the new ones!!

�=

free(newnode);

return 0;

g

newnode!prev=p!head!prev;

p!head!prev!next=newnode;

newnode!next=p!head;

p!head!prev=newnode;
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goto NODEADDED;

g

=� there's no way we an get to this line - all ase have "return"

or goto NODEADDED �=

NODEADDED:

p!n++;

=� if we reahed 3 points, it's time to de�ne the orientation.

See omment in ssp.h for the de�nition of the orientation we're

about to alulate here.

�=

#define P0 (�(p!head))

#define P1 (�(p!head!next))

#define P2 (�(p!head!next!next))

if(p!n==3)f

=� there's only need to de�ne the orientation one, when we reah

3 points. Afterwards, we assume that the 3 points are not hanged,

and that other points are added in orret, sorted, order.

�=

if((P1.x�P2.y-P1.y�P2.x) - (P0.x�P2.y-P0.y�P2.x) +

(P0.x�P1.y-P0.y�P1.x) < 0 )

p!orientation= 1;

else

p!orientation= -1;

fprintf(stderr,"ORIENTATION DEBUG:nn%g %gnn%g %gnn%g %gnnorientation

%dnnnn",P0.x,P0.y,P1.x,P1.y,P2.x,P2.y,p!orientation);

g

return newnode;

g

void

debug show ssp(strut ssp �p)

f

strut ssp node �node;

node=p!head;

if(!node)f

fprintf(stderr,"No points in SSP.nn");

return;

g

do f

fprintf(stderr,"x=%g y=%g alpha=%gnn",node!x,node!y,node!alpha);

node=node!next;

g while (node6=p!head);

g

=� outputs an ssp for gnuplot (�rst point is output also at the end to

lose the loop

�=

void

output ssp(strut ssp �p, FILE �fp)

f

strut ssp node �node;

node=p!head;

if(!node)f

fprintf(stderr,"No points in SSP.nn");

return;

g

do f

fprintf(fp,"%g %gnn",node!x,node!y);

node=node!next;

g while (node6=p!head);

fprintf(fp,"%g %gnn",p!head!x,p!head!y);

g

=� ssp �ndagged makes a list of nodes that are urrently agged.

The Gardner algorithm then proesses eah of these nodes, to reate

new nodes.

Remember to free the returned vetor!
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�=

strut ssp node

��ssp �ndagged(onst strut ssp �p, int �num)

f

int n;

strut ssp node �node;

strut ssp node ��aggednodes;

=� ount agged nodes �rst. this is probably not the most eÆient

solution.

�=

node=p!head;

n=0;

do f

if(node!ag)

n++;

node=node!next;

g while (node6=p!head);

aggednodes=(strut ssp node ��)mallo(n�sizeof(strut ssp node �));

node=p!head;

n=0;

do f

if(node!ag)f

aggednodes[n℄=node;

n++;

g

node=node!next;

g while (node6=p!head);

�num=n;

return aggednodes;

g

spline.h

#ifndef INCLUDED SPLINE H

#define INCLUDED SPLINE H

strut splinedata f

int n;

double �x;

double �y;

double �y2;

g;

strut splinedata �prepare spline(onst double �x, onst double �y, int n,

double yp0, double ypnm);

double interpolate spline(onst strut splinedata �sd, double x);

void free spline(strut splinedata �sd);

#endif =� INCLUDED SPLINE H �=

spline.

=� The following routines have been adapted from:

"Numerial Reipes in C, The Art of Sienti� Computing" seond edition,

by William H. Press, Saul A. Teukolsky, William T. Vettering, and Brian

P. Flannery. Cambridge University Press, 1994.

Note that hanges have been made from the original soure. In partiular,

arrays here start in 0, as expeted in C programs.

�=

#inlude <stdlib.h>
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#inlude "spline.h"

=� prepare spline(): given arrays x[0..n-1℄ and y[0..n-1℄ ontaining tabulated

funtions, i.e., y[i℄=f(x[i℄), with x[0℄<x[1℄<...<x[n-1℄, and given values

yp0 and ypnm for the �rst derivative of the interpolating funtions at

points 0 and n-1, respetively, this routine returns an array y2[0..n-1℄

that ontains the seond derivatives of the interpolating funtions at the

the tabulated points x[i℄ - this information is used by the interpolation

funtion interpolate spline() (see below).

If tp0 and/or ypnm are 1e30 or larger, the routine is signaled to set the

orresponding boundary ondition for a natural spline, with zero seond

derivative on that boundary.

the returned splinedata struture is later used to interpolate the spline,

and ontains all the neessary information: x and y may be freed after

the all to prepare spline. splinedata must be eventually freed by the

user, by alling free spline().

�=

strut splinedata �prepare spline(onst double �x, onst double �y, int n,

double yp0, double ypnm)

f

int i,k;

double p, qnm, sig, unm, �u, �y2;

strut splinedata �sd;

u=(double �) mallo(sizeof(double)�(n-1));

y2=(double �) mallo(sizeof(double)�n);

if(yp0 > 0.99e30)

y2[0℄=u[0℄=0.0;

else f

y2[0℄=-0.5;

u[0℄=(3.0=(x[1℄-x[0℄))�((y[1℄-y[0℄)=(x[1℄-x[0℄)-yp0);

g

=� this is the deomposition loop of the tridiagonal algorithm. y2

and u are used for temporary storage of the deomposed fators �=

for(i=1;i<n-1;i++)f

sig=(x[i℄-x[i-1℄)=(x[i+1℄-x[i-1℄);

p=sig�y2[i-1℄+2.0;

y2[i℄=(sig-1.0)=p;

u[i℄=(y[i+1℄-y[i℄)=(x[i+1℄-x[i℄) - (y[i℄-y[i-1℄)=(x[i℄-x[i-1℄);

u[i℄=(6.0�u[i℄=(x[i+1℄-x[i-1℄)-sig�u[i-1℄)=p;

g

if(ypnm > 0.99e30)

qnm=unm=0.0;

else f

qnm=0.5;

unm=(3.0=(x[n-1℄-x[n-2℄))�(ypnm-(y[n-1℄-y[n-2℄)=(x[n-1℄-x[n-2℄));

g

y2[n-1℄=(unm-qnm�u[n-2℄)=(qnm�y2[n-2℄+1.0);

=� this is the baksubstitution loop of the tridiagonal algorithm �=

for(k=n-2;k�0;k--)

y2[k℄=y2[k℄�y2[k+1℄+u[k℄;

free(u);

sd=(strut splinedata �)mallo(sizeof(strut splinedata));

sd!x=(double �) mallo(sizeof(double)�n);

sd!y=(double �) mallo(sizeof(double)�n);

for(i=0;i<n;i++)f

sd!x[i℄=x[i℄;

sd!y[i℄=y[i℄;

g

sd!y2=y2;

sd!n=n;

return sd;

g
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void free spline(strut splinedata �sd)

f

free(sd!x);

free(sd!y);

free(sd!y2);

free(sd);

g

double interpolate spline(onst strut splinedata �sd, double x)

f

int klo,khi,k;

double h,b,a;

=� we will �nd the right plae in the table by means of bisetion.

This is optimal if sequential alls to this routine are at random

values of x. if sequential alls are in order, and losely spaed,

one would do better to store previous values of klo and khi and

test if they remain appropriate on the next all.

�=

klo=0;

khi=sd!n-1;

while(khi-klo>1)f

k=(khi+klo)�1;

if(sd!x[k℄>x) khi=k;

else klo=k;

g

h=sd!x[khi℄-sd!x[klo℄;

if(h==0.0)f

printf("bad x input to interpolate splinenn");

abort();

g

a=(sd!x[khi℄-x)=h;

b=(x-sd!x[klo℄)=h;

return a�sd!y[klo℄+b�sd!y[khi℄+((a�a�a-a)�sd!y2[klo℄+(b�b�b-b)�sd!y2[khi℄)�(h�h)=6.0;

g

romberg.h

#ifndef INCLUDED ROMBERG H

#define INCLUDED ROMBERG H

double qromb(double (�fun)(double), double a, double b);

#endif

romberg.

=� The following routines have been adapted from:

"Numerial Reipes in C, The Art of Sienti� Computing" seond edition,

by William H. Press, Saul A. Teukolsky, William T. Vettering, and Brian

P. Flannery. Cambridge University Press, 1994.

�=

=� NOTE: I left the 1-oriented arrays here beause their use is only

internal to these routines. �=

=� Romberg Integration qromb():

qromb() returns the integral of the funtion fun from a to b.

Integration is performed by Romberg's method of order 2K, where, e.g.,

K=2 is Simpson's rule.

�=

#inlude <math.h>

#inlude <stdio.h>

#inlude <stdlib.h>
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#inlude "nrutil.h"

#inlude "romberg.h"

=� This routine omputes the nth stage of re�nement of an extended

trapezoidal rule. fun is input as a pointer to the funtion to be

integrated between limits a and b, also input. When alled with n=1,

the routine returns the rudest estimate of nint a^b f(x)dx.

Subsequent alls with n=2,3,.. (in that sequential order) will improve

the auray by adding 2^(n-2) additional interior points.

�=

stati double

trapzd(double (�fun)(double), double a, double b, int n)

f

double x,tnm,sum,del;

stati double s;

int it,j;

#define FUNC(x) ((�fun)(x))

if(n==1)f

return (s=0.5�(b-a)�(FUNC(a)+FUNC(b)));

g else f

for(it=1,j=1;j<n-1;j++) it �= 1;

tnm=it;

del=(b-a)=tnm; =� this is the spaing of the points to be added �=

x=a+0.5�del;

for(sum=0.0,j=1;j�it;j++,x+=del) sum+=FUNC(x);

s=0.5�(s+(b-a)�sum=tnm); =� this replaes s by its re�ned value. �=

return s;

g

g

=� polint() is given arrays xa[1..n℄ and ya[1..n℄ and a value x. It returns

a value y, and an error estimate dy. if P(x) is the polynomial of degree

N-1 suh that P(xa i)=ya i, i=1..n, then the returned value y=P(x).

�=

stati void

polint(double xa[℄, double ya[℄, int n, double x, double �y, double �dy)

f

int i,m,ns=1;

double den,dif,dift,ho,hp,w;

double �, �d;

dif=fabs(x-xa[1℄);

=dvetor(1,n);

d=dvetor(1,n);

for(i=1;i�n;i++)f

=� here we �nd the index ns of the losest table entry �=

if((dift=fabs(x-xa[i℄))<dif)f

ns=i;

dif=dift;

g

[i℄=ya[i℄; =� and initialize the tableau of 's and d's. �=

d[i℄=ya[i℄;

g

�y=ya[ns--℄; =� this is the initial approximation to y. �=

for(m=1;m<n;m++)f =� for eah olumn of the tableau �=

for(i=1;i�n-m;i++)f =� we loop over the urrent 's and d's and update

them. �=

ho=xa[i℄-x;

hp=xa[i+m℄-x;

w=[i+1℄-d[i℄;

if((den=ho-hp)==0.0)f

=� this error an our only if two input xa's are (to

within roundo�) idential. �=

fprintf(stderr, "Error in routine polint.nn");

exit(1);

g
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den=w=den;

d[i℄=hp�den; =� here the 's and d's are updated �=

[i℄=ho�den;

g

=� after eah olumn in the tableau is ompleted, we deide whih

orretion,  or d, we want to add to our aumulating value of

y, i.e., whih path to take through the tableau - forking up or

down. We do this in suh a way as to take the most "straight line"

route through the tableau to its apex, updating ns aordingly

to keep trak of where we are. This route keeps the partial

approximations entered (insofar as possible) on the target x.

The last dy is added is thus the error indiation.

�=

�y+=(�dy=(2�ns<(n-m)? [ns+1℄ : d[ns--℄));

g

free dvetor(d,1,n);

free dvetor(,1,n);

g

=� EPS is the frational aurary desired, as determined by the extrapolation

error estimate. JMAX limits the total number of steps. K is the number of

points used in the extrapolation.

�=

#define EPS =�1e-6�= 1e-9

#define JMAX 20

#define JMAXP (JMAX+1)

#define K 5

double qromb(double (�fun)(double), double a, double b)

f

double ss,dss;

=� these store the suessive trapezoidal approximations and their

relative stepsizes �=

double s[JMAXP+1℄,h[JMAXP+1℄;

int j;

h[1℄=1.0;

for(j=1;j�JMAX;j++)f

s[j℄=trapzd(fun,a,b,j);

if(j�K)f

polint(&h[j-K℄,&s[j-K℄,K,0.0,&ss,&dss);

if(fabs(dss)�EPS�fabs(ss)) return ss;

g

=� this is a key step: the fator is 0.25 even though the stepsize

is dereased by only 0.5. This makes the extrapolation a

polynomial in h^2 as allowed by equation (4.2.1), not just

ap polynomial in h.

�=

s[j+1℄=s[j℄;

h[j+1℄=0.25�h[j℄;

g

fprintf(stderr,"too many step in routine qromb.nn");

exit(1);

g
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